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SCINTILLATION DETECTORS IN GAMMA SPECTRAL LOGGING:
GEOMETRY, ABSORPTION AND CALIBRATION

, By
Ulrich Schimschal

Abstract

. The fheo;y for the evaluatioﬁ'of the effects of geometry
in gamma ray absorption is,developed.forlcylindrical scintillation
détectors as applicable to borehole gammé spectrometry. The
results of a iaboratory experiment are shoﬁﬁ‘for comparison.
A calibration procedure to determine detector efficiency is given
for appliéation‘to borehole probes. It is shoﬁn that the response
of a crystal can be separated invﬁerms of geometric effects and
instrumentation effects. It is also shown that approximating
crystal detectors with point detectors in mathematical theory

is grossly oversimplified.



Introduction

'The theQreticaL response of épé;tfai-ggﬁma—ray logging probes.fOr-
vériousibofehole cdnﬂitions is_usuali& caicuiaﬁéd,by assumiﬁg that the.
probe is a point or line dectedtor_in the borehole. »However;'sizable-
résponse differences:between theoretical calculations and'field.data_caﬁ
be'attribntéd to the fact ﬁhat the geometry and absorption éharactefistiqs
of the scihtilléfion crystal of the probe‘is.not a péiﬁt or a line séurcgy
Thévgffects caused b& the geomgtfy and absorption of the crysta1'Can‘be.
"calculéted from hatheﬁatical ﬁodels-and verified by experime@t. The total
efficieﬁcy~with which the éOmbinatipn of:crysfal agd;photomultiplier tube :
confertfiﬁéidént gamma energy-inﬁo detecfable coun;s~in the”multichannel
énalyéef can be determined ekéerimentally;'after cprrecting“the data for |
ﬁhg éffécfsjqf"geometry and'ébéorptionAin the crystal.>.The'ef£iciénc§ of
energy:conveisidn can.Be'correctedvb§.mﬁ1;iplying tﬁé reséousé by a
| coefficient.. Thié approach then ié designed to éeparaté'the,effec£3'on.
the gamma4iay spectrum from those effects that fail into the realm of ‘
visiblé_;ight and the subsequent conversion of the>1ight into electrical
impulses. Once the effect of the crystal and a point source is calculated,
the effect of distributed sources, made.up from volume elements représéntative.
of pbint soufces,’can be éaléulated by numerical integfation; In order to .
quantify spectral data obtained in the borehble, these~detector.effects
have to be incorporated into the interpretive process in the analfsis-of

field data.
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Theory

Attenuation through absorbing media

Experimental data for the absorption of gamma rays passing through a
medium can be approximated by thé folloéing mathematical expression:
1=1e*R | | | - (D

0

where I = intensity or count rate after passage through thickness R.of

absorber material

[, = intensity or count rate from a given source when no

absorber is used

u = linear attenuation coefficient, units reciprocal to

(R) units
R = distance thrbugh which radiation is absorbed

The above relationship holds for conditions where the gamma beam is

homogenous and collimated, and the absorber material is thin.



Geometrica; Spreédiqg_
' ‘Loss in fnténsffy due to geometrical §preading is a common occhrence
~ with physica]'phenbména. When considering a.sma11 vo]ume of radiating
matérial‘(essegtiélly,a point'SOurce) one7shdﬁid.expect'that over -a E
period,of'ffmé.raﬁiétion Wi]].eécape Uhiformly in all dikectioné. Intensify
- measured: some distancé'away’ffom the»point-source will then be diminished as a

function of distahce (fig. 1). -

) ﬁhere'Ivis thefintensity at a distance R éway‘from a small source with

specific activity I,, and p is the linear attenuation coefficient.




Total intensity from a point source gamma emmitter incident on the cylindrical

surface of a qzlindrical detector

In order to increase the accuracy of the model and hence approach more
closely the‘conditions.encouﬁtered in the hole, the effect of a cylindrical
detector will be-treated next (fig. 1). In the discussion that follows only
the total gamma radiation from a small source Qo\ume incident on the
cylindrical surface of a'right circular cylinder will be'considered. Loss
from this ﬁylinder adds an additional degree of comp1exity and will be

discussed as a separate topic.

Let us consider radiation flux ¢ of intensity I penetrating the surface

~of a cylindrical detector crystal at an arbitrary angle 6.

Then o = ,/rv T. 35"
o ¢ = fl cos § 45 o | (3)
S ) .

all

where = vector intensity

= surface vector

zl

radiation flux

(=4
[}

Using cylindrical coordinates, we get

d 4 ’
AS = AzrA8 = Az E—ge . | (4)



Lét the source be located at Po\ (ro', 60, zo), and let the surface element AS
be located at P .(-g-, 8, z). 4A_The_'tot‘al magnitude of the radi&tign_ inc:'_.dent
-upon the cylindrical surface- can then be found by integrating over't'he' '

appropriate boundary. . The folvlowing" expressions are useful in obtaining a @ -

tractable expression:

e N

on

2= y2 4 (2 - D2 S

= cos 6; x = r°i cos-.e -3 ) . _ 8)

y ‘-'('2-) ‘v-+r°‘-2§-rocose | o - .' E "_(_9)




‘. Po (14,04,2,)

(zo-2)

\‘t_———'\!l:r h—»,

Figure l.--Radiation incident on the cylindrical surface
‘ ' of a detector crystal o
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'Figure 2.--Plan view of cylindriéal detector




Combining equations (5) through (9) we obtain the following expression:

r cos © -4
2
cos § = - :
R , _ (10)
2 d.2- 2 _ N2 : ‘
R (2) + 1z~ - dr cos 8 + (z, z) (11)

From (3) and (2), using (8), (9), and (4) we obtain the following integrable

- equation:

%, 2
¢ =_Io 'J/.. J/. exp
&5 4

1/2
- 2)2]

- dro cos 6 + (zo - 2) .

d.2 2
-u [(2) + ro - dro cos 0 + (zo

4n (%)2 + roz

. a_4 d '
r  cos 6 2 3 dzd6 (12)

The 1imits of iﬁtegration are -shown in Figure 3. There it can be seen that
depending on the location of the source only a portion of the cylinder will be
intercepted by incoming radiation. Both the top and bottom of the cylindrical
crystal are assumed to be thelded.

Equation'(12) is not solvable in closed form, aﬁd is therefore solved

—numerically on a computer.
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Total Intensity from a Poiht Source Gamma Emitter
Absorbed by a Cylindrical Detector Neglecting end-on Radiation

As mentioned earlier not ali of the radiation incident upon a
detector is Absorbed.' In calculating total intensity only the absorbed
portion of the radiatioﬁ will result in a measurable.reSPOnse in the
photoﬁultiplier tube. For the discussion that follows the reader is
refefred to figure 4. |

If I (P)_représents the intensity at a volume element dV (r, 6, 2z)
inside the deteqtor<and R is the total distance betweeﬁ source and volume
element within the detector and Rg is that portion of the total distance
outside the detector and Ry ié that.portion of the total distance inside
the dgtéctor;'then | |

e “(HgRg + ude)

I(p)=_2 ' (13)
4w (R, + Rd)2 ' '

where us ,ud

materials, respectively.

are the attenuation coefficients of the source and detector

11




. Figure 4.--Radiation inten’si-ty at a given_ point inside the detector
o due to a point source located outside the detector
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From figure 4 let R' be the projection of R onto an arbitrary plane

perpendicular to the z-axis, then

‘R=Rs.+Rd_‘_' S | (14)
R"=a+b | - L (15)
2 _ 42 . 2 S '
a® = (2) o+ r” - dro cos O (16)
2 4.2 2 ' 3
b = QE . + g - dr cos B : : Qan
a+B=296 (18)
- 2 2
R' =r + r, - 2rro cos 6 - ' (19)
b | |
—— = cos ¢ ' 20)
Ry ‘ »_
¢ = tan L %o T 2 : o (21)
R' ~
2 2 .
B =R+ (2 - 2)P N | (22
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Cdmbining and simplifying equations (15,V16, 17,.and 18) we obtain:

4.2 2

: : r2 + (QJZ - (R' - a)2

, -1 Y - ,
where £ = cos —
dr

From (23) we'obtéin~the following equations:

- d 2 2 2
(2) + -r°‘ - a.‘

cos 6 cos B + sin 6 sin B = 4
, o

&2 2 _ 2
(2) + To a cos 0O cosVB

sin edrb - sin 6

-gin B =

Using the trigonometric identity sin ZB =1 - cos 28, equation (26) can be

written as:

d 2 2 2 . : . 2
: =) +r -a
1 - cos? B = [(2) 2 JLos 9 cos-B]
. sin edro sin 8

14

¥© o+ o o- 2 (%) r cosi(e T R) . _> '. : (23? :

- (24)

(25)

(26)




Equation (26) can be rewritten as follows, in order to solve for "a":

4.2 2 .22
(5) + ry° -as ) 2
6
1 - cos2 g = \-2 ' + L0579 452 g
sinzeerO2 sin2 6 '

2
( 0%) +ry? - a2) cos & cos B

—
sin edro

f,d.2 \ 2
) . Cos? 8 ,5((-2') M,

sin2 6 s.inzedzro2

4,2 2 2)
> ( (2) t rgt -a cos 8 cos 8

.2'
sin edro

EQ +v6%9%- (R -a)?]z ((é?z + r,2 -a )2 _

sin2 8 -
d? r2 d? ry?
— : 2 cos O d,2 2 .2 v 2 d,2 ' 2) :
| T e ((?) T T 'a) (" ) - R -a) (27)
0

15 ' .




2

dzrzroz 51629 - EOZ] l- +. (_%) -(R’ _a)z_J C o 2 ((%) Fr2 252 /, ,

2 2 '
varegeos 8 () v 2 -a2) (2 (-2 <0

2 0 /
: N L, :d 2 ' d.2
To simplify notation, let ¢ = ré + (-2-) , and ¢, = roz + (72-)' ,. Lhen
N ] ' 2 T2 . .2
d?r2r 2 sin? 6 - r 2 [c - R -2+ 2a R -2 (¢, -a?)

+ 2 rrocos o (c, -a%) (c - R'T -a% + 2aR') =0

DU 2 2 4 2
d?r2r 2 sinZ 8 - r,2 [cz -cR' -ca?+2aR c-cRTFR R Q2.

3 L 2 - : : © 3
~2aR -~ca?+a®R +ad*-2aR" " +2aRc-2aRr -2a R

-1

1

2 g2 2 4 g 2 .
+ 4 a2 R'J r2c0+d.‘2co_a_ + 2rr, cos 8 !foc

2 ‘ : ' 2 l
o R ey a® +2aR ¢y-ca?+a? R+ -2aRY =0

16




Collecting terms in powers of a, we get:

[V
£

-2 - )]
[ rg2-r2+2rr, cos8| +

[}
w

[}74 R' rg2 = 4 rryR' cos é] +
2 2
a2 [?rozc - 6-r02 R'™ + 2 r2¢cy + 2rr, cos‘e (- co-c+ R )] +
a [ r20R'c + r,24R"> 42 rr, cos 82R' ]
= To " To R o ©0s Co
+Ei’-r2 2 sin2e 2 (2 - 2cR'Z + R") - 12 ¢ 2 | 8
ro° sin%e - ry* (c® - 2 + ) - Co“ + 2rr,cos

) .
(cgc-coR)] =0 . (28)
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Equation (28) is a quartic equation'invfa"‘and can be solved in terms of its
coefficfents_(see.Handbook'of Tables for Mathematics, 1962, 4th ed., The

Chemical Rubber Co., p. 132).

let -~ A(r, z, 8) = - ro2 - r2 + 2rry cos 8

B.(r, z, 8) = 4R'r,2 ; 4rr,R' cos 6: ‘
- C (r, z,'e) = 2r02c>f 6r02'R'2 + 2ric,
+ ero. cos 6 (- c:o -Cc+ R-Az)_
D.(r,'z, 8) = - r‘°24R.'c+'r024R'3 +'4rfo‘cos eR'cb
E (r,.§, 8) = dzrzféz sinz;e‘;»roz (cz - 2cR'2 +'R'“)

- r2cy2 + 2rry cos & (c,C - CR') : (29)
then, from (29) and (30)
B c

L o .3 S L2 -_— 3 - =
a+Aa +Aa.+Aa+A (VI

’ B C D E '
let K'---CI,}T\-: Q3 F=C3F= C

L Kk, F
then. a = -T"-z'i:-é'

C1 : _
and a*-—;-%tg ‘ - : S (30)

where the resolvent cubic equation is

y3 ~ 3.2 + (cic3 - 8c,) y - €12 ¢ + Bcpey - €32 = 0 : - (3D

Y

18




. C12 , ) ,
K= Ji— - Co +Yy  where y is any root of the above equation

. 172
13¢,2 . 4cicy - 8c3 - ;3 /
1 .
F=-T—» - K2 -2c2 +- 7K
3¢2 - 4cycy - 8c3 - ¢3 |12
andN=-T-K2-2c2+ T :

If K= 0, then let

3 ¢;2 . : ‘ 12
F’E‘T‘ 'ZCZ"',Z(.YZ"‘CL.)I/ZJ

and
| 32 | 12 12
N = [——I-zcz-z(y2-4c.,)/j
Equati‘on' (31) can be solved also in terms of its coefficients. Details are

given in the Handbook of' Tables of Mathematics, p. 129.

{
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After solving for "a" from (30) we can express (with the use of equations

d

solved numerically on the computer. The total radiation leaving the surface

(14)Vthrough (22)) both RS and R, as function of r,6,z. Equation (13) can be

of the crystal after abéorption-through the crystal can be expressed as:

. . Io e -uSRs (r?e,z) _-ude (r,0,2) :
I (r ,0 ,z2) = ' —— € —_—
P ©o’oo _

4T RZ (z,8,2) n as (32)
~ _where Ip (ro,eo,zo), is the total intensity detected due to a point source
- located at (ro,eo,zb);‘where\ AS is the surface vector and n is thé'

Qnit:vector in. the direction of the gémma ray.

o~
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'TI.{EORETICAL. RESULTS

The results of'the theoreticalvdiACussion presented above were programmed
for computer evaluation. . The program, written in Fortran, was evaluated for a
poinf source located in the midplane of a cylindrical éetector crystal. The
crystal was assumed to be NaI (sodium iodide) with a density of p = 3.667.
The point source was assumed to be Csl37 with an energy peak at 661 Kev and
unit soufce intensity. The surrdunding medium was considered to be air.
Linear attenuation coefficients, interpolated for 661 Rev from the Radiological
Health'Handbook'wére'for'air M, = 9.3 10-5/cm, ana for Nal up = 0.29/cm.
Total'intensity absorbed by the detector crystal was calculéted for
source—-detector spacings ranging from 2 to 34 inches. These calculations were
made for the ;ﬁree‘étystaibsizes presently in use at the U. S. Geological
Survéy, Water Resourées Divisioﬁ, Borehole Geéphysics Research Project. The
crystal sizes'are given in terms of diaﬁeter X length in inches; 1 1/4 x 4,
-3 x 3, and 3 x 12. ‘For each crystal size, the following theoretical results
were plotﬁed:as a function of distance from thé edge of the crystal:

a. incident radiation onto'the cylindrical face'of the crystal, and

b. total absorbéd radiafion in the crystal
The total absorbed intensity for a unit source at a given energy level has
been célled Kq- detector coefficient. |

The results of this evaluation have been plotted in Figure 5. For comparison

the results for a point detector have also been plotted on the same graph.

21
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10 \ Theoretical Curves

AN > |RADIATION:
\ % - Incident
. X A 2 ;v I

102

Total Intensity
b,
9

N : : 4WR?
X ' o Point

. o . Detector
4 ) Ll 1 A R W S
o 70 20 30

Source-Detector. Distance, inches

Figure 5.~~Theoretical curves constructed from model considering
only radiation incident and emerging from the cylindrical
surface of the crystal. The source intensity is equal

to unity. The source~detector distance is to the surface
of the detector.
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Evaluation of Experimental Data

The accuracy of the theory was tested experimentally. The experimental
setup is shown in Figure 6. The source was Csl37, peak energy at 661 Kev,
source intensity I, = 1.4 uCi + 0.1. The source, enclosed in a plastic.
disk, was moved in the midplane of the cylindrical Nal detector and placed
on its edge. A background spectrum was obtained before and after the
experiment for a duration of 1000 seconds. The test itself was also
conducted over a period of 1000 seconds. Background was then subtracted.
Figure 7 shows the e#perimental data. Only the number of counts within the
. photopeék area were plotted. The results have been corrected for Ki, a
calibration coefficient.accounting for conversion efficiency between crystal
and photomultiplier tube. The calculation of the inétrumentation coefficient
K1 is given as:

Source Cs137, peak at 661 Kev

Source strength, I, = 1.4 uCi

Gamma abundance at 661 Kev, vy = 84.6é percent

Total intensity at peak channel, I, = 231 cps

or 231 + 37,000 = 6.24 10~ pci

23



POINT
SOURCE

__

"CYLINDRICAL
DETECTOR

Figure 6.--Mathematical model used in constructing theoretical
curves; radiation through the ends of the crystal
has been neglected in this model.

24




108

Cs'37 peak at 661 kev

108

Total Count for 1000 Seconds

103

L 1 1
0 10 - 20 30
Source-Detector Distance, inches

Figure 7.--Comparison of experimental points to theoretical

curves. The experimental curves have been corrected
for the instrumentation coefficient.
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From theory the detector coefficient, Kd’ calculated for a distance of 6 inches

from the crystal is for the 3 x 3 crystal; Kd = 00,0125 ﬁe then have:

Iy = Ip v Rg iy

S - -3 |
o _ t . 62410 -
o0 K tiyw T T T osder ooy - 04218

The curves in Figure 7 show that this correction for KI gives a close fit to the

experimental data. Figure 8 shows the results of calibrations to determine the

instrumentation coefficient, KI’ as a function of energy for various crystal sizes.

26
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Instrumentation coefficients vs. Energy

"
0.5} o
[,
Q
X 3x12
5 3x3
"o 1Y x4
o. °
°O
0.1 S
0. 1 : .5
0.5 Mev , 1

Figure 8.--Calibration of Nal cylindrical detectors using "point"
sources. The instrumentation coefficient is obtained
experimentally and accounts for efficiency in conversion
of incident gamma energy to electrical energy output
from PM tube. v
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Conclusions

The results of this study can be summarized as follows:

1.

The effect of assuming a finite volume detector can be calculated
with reasonable accuracy.

The calibration of detector effects for the quéntitative borehole-
evaluation of gamma spectra recorded in a borehéle can then be

accomplished in the same manner as in this experiment.

‘The assumptioh of point detectors in the calculation of borehole

effects or bed thickness can cause sizable errors, because the
scintillation crystal has geometric and absorption characteristics
that are dissimilar to a point source. Calibration to account for

non-point source probe effects,is required.
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