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LITHOLOGY 

The geology in the area of study. Figure 2, is summarized 

from a map in the Billings Geological Society Guidebook, Volume 

11, Plate 1, by Adretta and Alsup, and from a map by Vitaliano and 

others published by the Geological Society of America. Lithology 

consists mainly of quartzofeldspathic gneiss with thin Quaternary 

alluvium covering the topographic lows. Approximately a mile west 

of Norris, Tertiary volcanics outcrop about a quarter of a mile 

south of Hot Springs Creek. Small outcrops of hornblende gneiss 

and ultramafic intrusives occur near the volcanics. About a mile 

furthur to the west lies the Tobacco Root Batholith. 
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Figure 2. Generalized Geology of Norris Hot Springs area, 
adapted from Andretta, Vitaliano, and others. 
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STRUCTURAL GEOLOGY 

Structures generally trend north to northwest in the area 

with Norris Hot Springs lying over a northwesterly plunging 

anticline (Chadwick and Leonard, 1979). The anticline may be 

obliquely intersected by a fault, which is speculated to follow 

Hot Springs Creek (Andretta, ibid.). The fault/anticline contact 

may be the pathway used by the hot water (Chadwick, ibid.), which 

forms geothermal seepages at Norris Hot Springs. 

A normal fault (Vitaliano, et. al., ibid.) is located 

about a mile south of the Tertiary volcanics and intersects an arm 

of the Tobacco Root Batholith's eastern extension into the Madison 

Valley. 

GEOPHYSICAL BACKGROUND 

Previous studies of Norris Hot Springs were made by 

Robert A. Chadwick and others, 1978. A shallow Wenner array 

electrical sounding was interpreted by Chadwick to delineate a low 

of 30 ohm-meters at 20 meters of depth roughly circular around Hot 

Springs Creek. At 100 meters of apparant depth the area lessens 

in extent, elongates in the northeast direction, and increases in 

resistivity to 50 ohm-meters. 

A hammer seismic survey (Chadwick, ibid.), with 

penetration to about 70 meters of depth began at a well, which 

bottoms at 23 meters in granitic gneiss, and was profiled in the 

east-north-east direction over the low. A resulting seismic 

pattern of velocities is interpreted by Chadwick to show alluvium 

up to about 30 meters deep underlain by what is probably granitic 

and mafic gneiss respectively. The thickest alluvium is at the 

array center and is directly underlain by the mafic rock. 



ELECTRICAL SURVEYS 

In the summer of 1982, resistivity measurements in the 

area were made using a symmetrical Schlumberger array with a 

portable transmitter and receiver. Figure 3 shows the locations 

of fourteen soundings in the Norris geothermal area. 

Five soundings at half spreads of less than 50 meters 

will aid in determining resistivities of outcropping rocks for 

correlation. Six soundings at half spreads of 300 to 1000 meters 

will help delineate the geographical extent and possibly the depth 

limit of the geothermal area and may help locate a possible 

source. Two soundings at half spaces of 100 meters were obtained 

at desired locations, but were limited in extent because of 

physical access or restraints. These will be useful in 

correlation of the data and somewhat in delineation of the area. 
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Figure 3. East Central 
part of Norris, Montana 
Quadrangle shows survey 
lines for Norris 1 
through 13 and 15. 
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INTERPRETATIOH METHODS 

Field data was interpreted using forward modeling by 

computer methods. A resistivity and depth are given for each layer 

as deduced from a log-lo.g plot of field data. The first two layers 

I are based on curve matching methods, the other layers are estimate.d. 

Resistivity and depth are varied until a curve, which best fits the 

data points, is produced. 

Figures 4 through 17 are computer plotted curves pf the 

fourteen resistivity surveys. The x's are the field data points and 

the curved line Is the computer isi mul ated match based oh the layer 

re sist ivi t; ies and thicknesses listed in the. upper right hand corner 

of the graph. Due to the limits of the plotting programs some 

curves show a basement thickness of 0,00, which means no basement 

thickness wa-s given to compute the curve an.d. implies an infinite 

thickness*. 

Various combinations of resistivities and thicknesses can 

produce simila-r curves ^ecau^se the parameter constant use.d to 

compute the curve is resistivity times thickness. However, 

•resistivity contrasts., which are evident from the changes in the 

curve, are relatively valid. There are eonductive la-̂ yers between 

.more resistive layers in most of these curves or a bottoming out of 

the conductive layer in other curves, due- to limited depth probing. 

GEN E R A L INTERPRET ATI0N 

Curves one and two are modeled oh data taken east ;of the 

Hot iSprlhgs. Both indicate a high-low^high resistivity patte-rn, as 

shown ifl Figures 4 ahd 5 Norris one ijS a north-south array, whilfe 

N.o rri 3 iiwo, is along the north side of Hot Springs .Greek. 
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Figure 4. Norris one - the field data points are x's. 
The smooth curve is simulated by computer using 
the layer data in the upper right hand corner. 

Norris one shows a thicker but more resistive low than 

Norris two. The suspected fault (Andretta, ibid.) or shear zone 

along the Hot Springs creek is possibly a cause of the conductive 

layer in Norris two. Warm water may ascend along a fracture zone 

and then percolate laterally through alluvial sediments. 



The conductive layer of Norris one is more difficult to 

explain as Norris one is situated not over alluvium but over highly 

elevated metamorphic rocks. Norris one lies near inactive mines, 

an indication of mineral enrichment, which may be the result of 

hydrothermal alteration due to ascending waters along fracture 

zones. 
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Figure 5. Norris two - the field data points are x's. 
The smooth curve is simulated by computer using 
the layer data in the upper right hand corner. 
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Figure 6. Norris six - the field data points are x''s. 
The smooth curve is simulated by. computer using 
the layer data in the upper right hand corner. 

Norris six, shp.wn In Figure 6, is acro.ss Highway 289 from 

Norris two. The conductive layer is slightly thinner and more 

resistive than found in Norris two, but definitely exists. The 

sdmilar low furthur supports, a probable shear zone along which hot 

water may ascend to saturate the alluvium and lower the re'Sistivity, 
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Figure 7. Norris seven - the field data points are x's. 
The smooth curve is simulated by computer usinj 
the layer data in the upper right hand corner. 

The shallow resistivity curves. Figures 7 through 11, 

indicate three ranges of resistivities. Shallow alluvium, which 

varies in resistivity, a type layer of about 180 ohm-meters, and a 

third type layer of about 380 ohm-meters. 
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Figure 8. Norris eight - the field data points are x's. 
The smooth curve is simulated by computer using 
the layer data in the upper right hand corner. 

Norris seven and eight show a layer about eight meters in 

thickness of 30 ohm-meter and 15 ohm-meter material respectively, 

which may be warm water saturated or altered alluvium. Beneath 

these layers, resistivity increases to around 380 ohm-meters. 
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Figure 9. Norris nine - the field data points are x's. 
The smooth curve is simulated by computer using 
the layer data in the upper right hand corner. 

Norris nine and thirteen, being next to each other, produce 

complimentary curves. Norris nine is assumed to turn up, but, 

because it was measured to a twenty meter depth, the actual data 

points only show an asymptotic low.- A thin conductive layer between 

the 380 ohm-meter layers may be a localized zone of hydrothermal 

alteration or possibly a vein or lens. 
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Figure 10. Norris thirteen - the field data points are x's. 
The smooth curve is simulated by computer using 
the layer" data in the upper right hand corner. 

Norris ten shows a 380 ohm-meter layer with a gradual 

decline in resistivity to about 160 ohm-meters, which may indicate 

the contact between the two types of metamorphic rocks interpreted 

by the seismic velocity findings of Robert A. Chadwick mentioned in 

the geophysical history section on page 3. 
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Figure 11. Norris ten - the field data points are x's. 
The smooth curve is simulated by computer usin< 
the layer data in the upper right hand corner. 

Norris five, shown in Figure 3, lies between Norris ten and 

thirteen directly across Highway 289 from Norris Hot Springs. A 

matched curve for Norris five (see Figure 12) shows two adjacent 

layers of intermediate resistance with higher resistivities above 

and below them. The sounding was centered approximately over the 

anticlinal feature (Chadwick and Leonard, 1979) shown in Figure two. 
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Figure 12. Norris five - the field data points are x'.s. 
The smooth curve is simulated by computer usini 
the layer data in. the upper right hand corner. 

Norris fifteen sounding, shown in Figure 13, was conducted 

about a month later than the other surveys due to inaccessibility 

because of Hot Springs Creek flooding. 
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Norris fifteenj situated across the creek from the hot 

springs, shows a shallow layer of 15 ohm-meters and beneath it a 

layer of about 24 ohm-meters. The sounding is in an area of 

thickest alluvium, which may act as a reservoire for the ascending 

hot water. 
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Figure 13. Norris fifteen - the field data points are x's, 
The smooth curve is simulated by computer usin̂  
the layer data in the upper right hand corner. 
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Norris eleven is a north-south sounding about a half mile 

southwest of the hot springs, see Figure 1U. Though about ten times 

furthur from the main spring than Norris fifteen, Norris eleven 

shows a greter low, which may indicate fracturing and shearing 

extends to the southwest. 
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Figure 1U. Norris eleven - the field data points are x's. 
The smooth curve is simulated by computer usinj 
the layer data in the upper right hand corner. 
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Figure 15. Norris four - the field data points are x's. 
The smooth curve is simulated by computer using 
the layer data in the upper right hand corner. 

Norris four and twelve exhibit a thick conductive layer as 

shown in Figures 15 and 16, respectively. Norris four is west of 

the normal fault mentioned in the structural geology section. This 

fault may help control geothermal fluids in the Norris Hot Springs 

vicinity. Norris four and twelve show the greatest low and propose 

the interesting possibly of being nearest the source. 
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figure 16. Norris twelve - the field data points are x's. 
The smooth curve is simulated by computer using 
the layer data in the upper right hand corner. 

It is of interest to note that Norris twelve is about a 

half mile south of Norris eleven, which also shows a greater low 

than was measured nearer the hot springs surface manisfestations. 

A possible southwest trend of a thickening conductive layer will 

be explored furthur by geoelectric section later in this report. 
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Figure 17. Norris three - the field data points are x's. 
The smooth curve is simulated by computer using 

' the layer data in the upper right hand corner. 

Norris three, in Figure 17, also has a conductive layer at 

about the same depth as the layer in Norris 12. These last three 

curves, shown in Figures 15 through 17, make a good case for a 

nearby source, or possibly water circulation at depth due to a deep 

seated fault. 
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GEOELECTRIC SECTION INTERPRETATION 

Six geoelectric sections are included as Figures 18 through 

23. Figure I8 is a northwest to southeast line which intersects 

Norris one, two, and six. Because cross-section one does not 

intersect the centers of the arrays it is assumed there is lateral 

continuity in each array, which may not be the case. 

Cross-section one shows a consistant low beneath Norris two 

and six, broadening to a much thicker though slightly more resistant 

layer below Norris one. Basement resistivity is at least I80 

ohm-meters and could possibly be higher according to the curve of 

Norris two, which shows about a.45 degree slope between data points 

taken at 100 and 1000 meters. 

!' i 
The Hot Springs Creek fault (Andretta, ibid.) is not 

apparent from the resistivity cross-section. Lateral migration of 

warm water through alluvium or hydrothermally altered rock may be 

causes of the low. However, a shear zone or fault can not be 

precluded from aiding in the spread of warm waters into the wide 

range they enjoy. 

The existance of warm water throughout the area is 

supported by temperature measurements of discharge water at the 

Waterlode Mine. Located about a quarter mile southeast of Norris 

one, it has an anomalous water temperature year round. The mean 

annual temperature for Montana is about 7 degrees centigrade. The 

water temperatures of the Waterlode were measured to be 10 degrees 

centigrade in August, 1976 and about 9.4 degrees centigrade in 

February, 1978 (Lawson and Sonderegger). More resistivity surveys 

may help pinpoint the source of warm water. 



NW 
HORIZONTAL DISTANCE 

0 

SE 21 

1 5 0 0 METERS 

N end ^ | g ^ 1 4 8 0 METERS 

- 1 4 3 0 

1380 

z 
o 

< 
> 
HI 
_J 
LLI 

1330 

Figure 18. Geoelectric section one, incorporating data 
from Norris soundings one, two, and six 
(locations are marked with x's), shows 
interpreted layer resistivities in 
ohm-meters. Vertical exaggeration is 12:1. 



22 

Figure 19 is a geoelectric section along a line, which lies 

north and nearly parallel to Hot Springs Creek. Section two 

intersects Norris six, two, seven and eight. A conductive layer 

thins to the east and a resistant basement is found at a shallower 

depth. Soundings seven and eight seem to mark the eastern limit of 

the Norris geothermal area. The conductive layer's termination may 

be due to the speculated Hot Springs Creek fault (Andretta, ibid.) 

or to the natural thinning of warm water saturated or altered 

alluvium. 

Figure 20 shows geoelectric section three, through Norris 

nine, thirteen, five and ten. The section begins approximately at 

the western limit of Figure 19. The attitiude is more northeast to 

southwest, but continues to roughly parallel the north bank of Hot 

Springs Creek. No conductive layer is evident from this geoelectric 

section three. The deeper probe, Norris five, approximately in the 

center of the section, has a broad intermediate low which gradually 

increases in resistivity at about 75 meters of depth; Then, it rises 

more steeply (see Figure 12) to an interpreted layer of 380 

ohm-meters. At a minimum of 200 meters of depth, resistivity 

decreases asymptotically to 121 ohm-meters. Inspection of 

geoelectric section three and the contributing curves (Figures 10 

through 13) may indicate a northern limit of the geothermal area or 

a location at a disadvantage with respect to shear zones and 

ascending warm water. 

Geoelectric section four, shown in Figure 21, lies along a 

line which is oblique to section three. It crosses the creek passe; 

through Norris Hot Springs, which lies between Norris five and 

fifteen, and then roughly parallels the creek on its south bank. 
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Figure 19. Geoelectric section two, incorporating data 
from Norris soundings seven, eight, two, and 
six (locations are marked with an x), shows 
interpreted layer resistivities in 
ohm-meters. Vertical exaggeration is 24:1. 
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Figure 20. Geoelectric section three, incorporating data 
from Norris soundings nine, thirteen, five, 
and ten (locations are marked with an x), 
shows interpreted layer resistivities in 
ohin-meters. Vertical exaggeration is 7.5:1. 
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The inconsistancy between layers in Norris five and fifteen 

is evident from geoelectric section four. The abrupt break between 

resistivity layers may be due to the Hot Springs Creek fault, which 

is inferred by Andretta and others. 

The thickness of the conductive layer can only be surmised 

from the soundings of Norris eleven and fifteen because probing was 

limited to a half-spacing of 100 meters. The fact that conductance 

increases to the southwest may indicate a source direction. 

Geoelectric section five (Figure 22) extends geoelectric 

section four (Figure 21) to include Norris twelve, but, because it 

is slightly offset from section four, it does not intersect Norris 

fifteen. Again the increase in conductivity and thickness of the 

conductive layer to the southwest is obvious. 

1 
I A section through Norris four was not drawn. However, a 

look at the curves in Figures 15 and 16 indicates a continuing trend 

towards a thicker and more conductive layer. Because Norris four 

obliquely crosses a power line, the data is questionable. Norris 

twelve was obtained along this same stretch, but north of the power 

line, to substantiate the low resistivities of Norris four. An 

electric survey south of Norris four would furthur confirm a south 

to southwestern trending low. 

The last geoelectric section connects Norris three and 

twelve and moves northwest of the previous section. A conductive 

layer exists, but thins slightly in this direction. The basement is 

of a much lower resistivity than previously encountered for a 

sounding with a 1000 meter half spacing. An outcrop of Tertiary 

basalts, located about a quarter of a mile to the south, may cause 

the low if they are thick enough to appear as basement rock. 
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figure 21. Geoelectric section four, incorporating data 
from Norris soundings five, fifteen, and 
eleven (locations are marked with an x), 
shows interpreted layer resistivities in 
ohm-meters. Vertical exaggeration is 7.5:1. 
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Figure 22. Geoelectric section five, incorporating data 
from Norris soundings five, eleven, and 
twelve (locations are marked with an x), 
shows interpreted layer resistivities in 
ohm-meters. Vertical exaggeration is 10:1. 
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CONCLUSIONS 

A conductive anomaly is evident from the electrical surveys 

and their geoelectric sections. The anomaly extends,roughly over an 

eight square mile area of which the southwestern portion shows the 

most promise as to source direction. A fault (Vitaliano and others, 

1979), shown near Burnt Creek in Figure 2, lies southwest of Norris 

four and may provide a pathway for thermal waters. Furthur work 

near Burnt Creek is needed to explore the southwest trending low. 

Lateral flow into shallow alluvium, which probably acts as a 

reservoire for the warm water, may be responsible for the wide range 

of low resistivities, measured throughout the area. 

Norris one, though not nearly as anomalous as twelve or 

four!, is interesting because it is not located in a structurally 

favorable area. Because of the anomalous mine water it would be 

instructive to do another electrical survey in the area, perhaps 

nearby the Waterlode Mine, to help determine if a relationship 

exists between the warm mine water and Norris Hot Springs. 
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I 1 Convection Currents 
in the Earth's Mantle 

The steady motion of the plates chat form the earth's crust is 

evidence for convection currents on a vast SCRIC. Laboratory 

studies indicate that there should be smaller currents as well 

by D. P. McKenzie and Frank Richter 
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Geophysicisis have long Gonjec-
- lured that the rock of the earth's 
. mantle, the deep plastic region 

below the earth's rigid crust, must be 
churning slowly in vast convection cells, 
rising in some regions, cooling and:sink-
ing in others. In the past dozen years, 
with lhe genera! acceptance of lhe con
cept of plate tectonics, the existence of. 
convection has become apparent on -a 
global scale. The cru.st pf lhe earth is 
made up of farge quasi-rigid plates that 
grow outward from rifts in the ocean 
fioor where mdlten rock wells up and 
eventually, plunge back into the mantle 
in the vicirtity of deep ocean trenches. 
The motion of the plaics from a mid-
ocean ridge Jo a trench provides the visi
ble half of the convection loop The 
mass of lhe plunging plate must be con
served and the loop closed by a deep 
return flow of material from the trench 
to the ridge. Since thc.horizontal dimen
sion of lhe loop corresponds to the di
mensions of a piate. the complete loop is 
now often cailed the large-scale circula
lion. In the case of ihe Pacific plate the 
horizontal dimension reaches 10.000 
kilometers. 

Although the large-scale circulation 
can now be accurately described, and 
almost certainly represents a forth of 
thermat convention in the earth's upper 
.mantle, there is stil) no satisfactory the
ory explaining how the circulation is 
maintained for tens of million-i of years. 
Attempts to answer the question with 
the help of laboratory experiments arid 
computer simulatioh have yielded evi
dence for the possibility of corivection 
on a smalter.scale, where the convection 
cells would have a hprizontal dimension 
comparable to iheir depth: about_70Q_ 
kilonieters. The experiments suggest 

J lHar iuch cells could explain the flow 
of heat under old sections of oceanic 
plates, which is greater than one would 
expcctl and perhaps could account for 
gravity anomalies in the ocean floor, 
Smail-seale convection cells might also 
provide the rising jets of hot material 

that create oceanic chains of volcanoes 
such as the Hawaiian Islands. Finally. 
Ihc experiments suggest that the small-
scale convection cells may be aligned In 
long pafallel cylinders under plates that 
arc moving a.s fast a.̂  the Pacific piate. tt 
has npt yet been possible, however, to 
simulate in the laboratory the- largc-
.icatc convection that is apparent in the 
overaii motion of the plates. 

The Motions of the Plates 

in any effort to understand the forces 
that drive the ptatcs the most straight
forward approiich is to star! from theo
retical models of woridwide plate, mo
lions. which impose some constraints on 
the possible driving mechanisms. A1-' 
most all litrgecarthqiiakcs are triggered 
by plate motions, so that the energy re
leased by earthquakes must be provided 
by the forces 'driving the plates. Many 
mechanism,'! have been proposed as a 
source of the energy. but few are ade
quate to accoimt for it. The only mciiba-
nisinsjhat easily provide enough energy 
are convective flow in the mantle and 
'tRc process of difTcrentiation by which 
iron present in the maritle became disso
ciated from other elements and sank to 
form the earth's core. As we shall see. 
(heh-nal convection can give rise tn.-a. 
Targe varidty of fiow patterns: the neat 
Tiejiagonal arrangement of conveclion 

cells so common in tesibooks is tx-
tremely fare in nature. 

Thermal convect JGn involves iht 
transport of heat by the coherent moiion 
pf material rather than by r.adiaiiPn or 
diffusion. In the type of convection ihai 
is of interest in phitc lecipnics (he hcai i;; 
tran.spprlcd upward and the flow i.s driv
en by the dittercnce in density between 
the hot fluid and lhe cold. Even the m6>l 
conservative estimates of the buoyancy 
forces resulting from plate motions arc 
much larger than the forces involved in 
earthquakes. This argument has con
vinced many geophysicists. but by no 
means al! of them, that the plate mo
lions are: maintained by sorne form of 
convection, 

Gepphysical obscrvalion.s can tell m 
a little about hpw deep ih'c coiivective 
flow extends. No carihqiiake focus hii.s 
yet been accurately located whose depth 
is greater than 7()n kilometers, Furihcr
morc, the slabs, sinking under the arcs 
of islands where plates converge arc in 
compi-cssion at all depths when their ad
vancing edge extends to depths of more 
than 600 kilometers, whereas they arc in 
tension at depths of less than 300 kilo
meters if their leading, edge does npt 
reach iJOO kilometers. The simplest c,x-
planation Of this behavior is that the si,i,' 
meets great resistance to its motion at 
600 kilometers and is unable to pene
trate below 700 kilometers; The in-̂  

SHADOW PATTEKNS OF GONVECt lON CELLS are Keen from above in a latjoranu) 
apparatus designed to Kitnulnte condition!: (hat (nay produce convection In the plastic roc It o( 
the earth's u p p « niauttt. The patterns ar t made vtslblt In the apparatus by shining ll^ht 
through a tmosparent viscous fluid from below (stt iliusiralinns en page SO). The rays ore re
fracted omaj ttom but rcgiansi and toward cotd nndi, giving rise to tigfat and dark patterns. Tlic 
cli»n|;c« In Inbornlory conditions rtsponsible.rar (he fori ous pultcrni con be snminnrlxiHl in 
terms of the Raylei|>h number, a dlincn.fionirss quantity that \i prnportiutial In lhe lempfi'u-
ture dilfercnfe across the layer of Quid knd to several other parameters, including the thicli-
ness of Ihe layer, When Ihe Rayleigh number is less than about 1,700, there is no tonvccUon. 
When the Raylelfiti number Is between t,700 and about 10,000, eonvet-tlan Isk™ tljc fiirm ot 
IwO'dlmtnstonnI purnlicl cylinders, as k ibown tn the top photograph on the oppw>I(e page. Al 
Rayleigh numbeni bciween 20,000 and 100,000 two sets of cyitndeni at right *ngle« to rach 
other arc generated imittiilr phntngrapH). This conicctlon pattern is called bimodal flow, Al 
î lltl liigher Rayleigh nunibiTS the flow a.<itii!mr.v an Intricate spolie pnltcrn in which aheelx of 
rlsiiiK hot fluid and !itnking cold fluid rtidlntc out from multiple cenleo (hiiliom ptwuigrajth). 
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' crease in the i-esistive force is probably 
' associated with a change in the crystal 

.ctructure of iron and magnesium sili-
" cates that occurs at this depth. VFTiaiever 

thcexplanation, the behavior of sinking 
slabs.strongly suggests that the convec-

., live circulatioti of which the plates are a 
;, part is confined lo a region 700 kilome-
*, ters deep. What happens deeper in the 

mantle need not concern us here (al-
' though it seems likely that convection 
also (xxurs in the lower mantk). 

It is difficult to B&y much more about 
the form of the flow from geophysical 
observations alone. The plates are large 

• and strong, and thetf rigid motions con-
' (fceal tfie more complicated three-dimen-
aional motions in the mantle below. It is 
much harder to study convection in the 

' m a n t l e than it is to study the circulation 
of the ocean or of the atmosphere. 

I t There is no drill that can bore through a 
• plate; the deepest boreholes sample only 

; the top 10 percent of it. And even if 
% one could penetrate to themantle, one 
' would have the problem of measuring 
,' convection currents that move at veloci

ties of only a few centimeters a year. 

V Tlie Rayleigh and Reynolds Numbers 

I Fortunately mathematical physicists 
(have been interested in convection since 
* ths i9th century, so that there is consid-
' erabteunderstandingofhowconvection 

currents behave. Perhaps the most strik
ing- finding is how eomplicated the 
cpnvective Oow can be even in a. layer 
of fluid uniformly healed from below. 
Undoubtedly' convection in the earth's 
manlle is more complicated still. 

Two of the leading contributors to the 
mathematical description of fiuid flow, 
including cpnvection. were Lord Ray
leigh and Osborne Reynolds, Largelyas 
a result of their wonk it is possible to 
describe any type of convective flp,w 
with only a few numbers, named after 
Rayleigh and Reynolds, that arc dimen
sionless combinations of various physi
cal parameters such as viscosity, ther
mal cpnductivity and the,coefficient of 
thermal expansion. With the aid of these 
numbers one can simulate the convec
tion in the earth's mantle in a layer of 
fluid a few inches thick. The-reason is 
that convection depends on the- com
bined prpperiies of the fluid layer and 
not on lhe properties taken singly. The 
Rayleigh number depends in part on the 
ratio between the ciths of the depth and 
the viscosity, so that one can model a 
system such iis the upper mantle, which 
has a very high viscosity and a depth of 
hundreds of kilometers, with a fluid of 
moderate viscosity. One can also speed 
up lhe passage of time so that processes 
that could take millions of years in the 
earth take only'a few hours in the labo
ratory model. 

The Rayleigh number is paritcularly 
siBnificant for modeling convection. It is 
proportional to the temperature dilTer
ence between the top and the bottom of 
the fluid and to several oiher pa fame-
ters. [n a convecting fiuid the RayJeî 'h 
number is.in practice proportional lo the 
ratio between the time needed to heai,a 
layer of fiuid by therrrial conduction and 
the lime needed for a particle-of fluid to 
circulate once around the. convection 
cell. A familiar example of a convecting 
fluid wilh a large Rayleigh number is 
water being heated in a saucepan but 
not yet boiling. The fluid inside an egg 
placed in the pan represents a system 
with a small Rayleigh numtier becan-'Je 
the contents of the egg are much more 
viscous than water, f As a result the heat 
that cooks the egg is distributed by con
duction rather than by convection.) 

The Reynolds number is concerned 
not with heat but with momentum. It 
measures the ratio between the forces 
accelerating the fluid and the viscous 
forces resisting Its moiion. When ihc 
Reynolds number is:small, the inertia of 
the fluid is not important arid the flow i,s 
fairly simple. If the number is large, 
however, eddies are likely to form and 
the flow can become turbulent and 
extremely complex. Examples of flow 
with a high Reynolds number are water 
gushing from a faucet or a mpuntain 
stream tumbling over roeks. Ainio-

f'fi v// 

E V m E N C E FOR CONVECTION IN THE MANTLE Ls supplied 
tiy th« moUoDS of tite doacn or go plates into whicti tbe earth's crusl 
ts divided. Msterlol b added to tbe pbites by upwelling of molten 
rock along. rUia tn Ihe ocean floor that mark the center of a ridgc ex-
lending ccintinuoagly for some. 40,000 miles througii fhi; Atlantic, 
radian and Pacltic oceans. The plates plunge bacli Into the ninnlje at 
Eubduetlon zoned that coincide with oceanic trenches. 'Vht lin CM with 

arrowheads pointing outward show where plate^i are mov lug apart at 
ridges; numbers indicate the relative velocity in centimeters per year. 
The Austrulla-lndia; Pacific and Na^cd plates arc moving the most 
rapidly. Lines with opposed arrowheuds show where pla lea are mov. 
ine loward onch other, as-ualty ai trenches. The Mimalayas are a ma
jor exception. Plates can also slide past each other along traoHf (irm 
faults .•iucb a.f San Andrca.s faull on west coait of North America. 
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rarer cognac. 
Costly, true. 

t'^uhhisis \ 
/ the m r Id's \ 

;- most civilized y 

• •''..v'*''v)'••;•*' 

• -• -.'..'T.-Kimy'.'--
. • r . I*-,:*-,'?,}.--'-••>• 

- . *. : i ' >:;^'v; ..-
p . •'• • '•V'.. 'V'>' ';v' ' '>-' 

GQU.AtOP. 

- JAVA rRCNC'l 

AUSTRALIA INDIA 
PLATE 

{ • ! P M ^ ' ' ' 
- - u r r e R UA.-'jrLE 

•̂  LOWF.n MANTLE 

SOUTH-EAST-INDIAN RIDGE 

^ANTARCTIC PLATE 
SOUTH POLE 

.SKt."ri<)N T I I R < > t i t ; i l I I I K K A R T l l dcpicLv in t rue .vcale the cunKeiiratinn of plaics fr.im 
the Kqiialiir lo the .Soulh Pole a long the mer id ian al 1 10 degrees ra.vl. P la t rs Inilor) arc crcali-*! 
al mid-ocean ridgr» and u.sually driiccnd inlo mnnl le al t renches adjaceni In island a r r s . M<i> r-
nicnl of plates tran.sport.s hy convecl ion about half of Ihe heal pa.ssing th rough upper inaiillc. 

spheric dislurbances arc atuilhcr exam
ple. Such Hows are ditliculi to model and 
lo understand. 

The viscous materia! flowing in lhe 
i-ariir.s mantle has a very sinall Kc\n-
ohis number, aboul 10"'. and the mo-
mcnlunt of the iUiw is negligible. One 
mighl e.\|H'(.-| ctuneciion in Ihc manlle 
lo be sirongly inlliienccci hy the carlh'.s 
rolalion. Iml il can be shown Ihal rola
lion ha.s no clirccl cllci.1. The Kaylcigh 

nunibor is of much greater .signifiLaiu-L-
t-)ccausc il is quilc large. Allhough csii 
males vary, the lower limit is abom Hi", 
and Ihc numhcr could he higher by a 
facior of 11) or morc. ll is noi (liHii.-iili lo 
proiliicc such Rayleigh niimhers in iho 
laboratory by healing a lUiid such as 
glv-ccrin or silictMic oil in a layer a fĉ v 
ccniin-icler.s Ihick i.-onlined beU^ecn iwc 
f i l a i es . 

Wlien Ihe Kajlcigh number in smh a 

INCRLASING STHLNOn 

HIGH STRENGTH 

1)I*!.S(-KNI)I.N'(; Pl.ATK.S iiieel increasing resis tance a.s they pcne l ra t r deeper inlo (hr up
per manl le . Al a dt-pih of 2U0 k i loni r lc rs in a Ihe .vluli i.s- in len.sinn and pullini> npurl , us is 
shown bv .solid dots. In h Ihc upper section is .slill in tension bol Ihe part of the slab lielow .100 
itilonieli-rs i.s in compress ion (npc;/ r iri-/n). In i' Ihe tip uf the sluh, below 600 k i lometers , nirel.s 
such resis tance Ihal lhe entire .slab i.s in conipres.sion. In some ca:>e.s Irfl pieces of slab bn-uk off 
and .sink lo uliotit 600 ki lonieters . Such ohscrvul ious .suggest ttial the convect ive flow involv. 
ing Ihe mot ions of Ihe plale.s is confined to deplh.s in man l l e sha l lower Ihan 700 kilonu-lers. 
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sxstem is less than 1,708'. therma! con; 
vection cannot occijr; heat' travels di
rectly b^ conduction frpm lhe hoi lower 
plate to the cool upper plate. If a small 
disturbance is created in the fluid, the 
disturbance dies away with time. Such a 
stale is described as stable, but it need 
npt be static. When the Rayleigh num
ber is increased to between 1,7.08 and 

. about 20,000, the sy,vtem becomes un
stable and small disturbances can grow 
in 10 convection cells. The shape, of the 
cells and their horizontal arraiigement 
in the layer, called the plan form of the 
convection, depend on the form of the 
initial disturbance. 

Types of Gells 

The simplest plan form consists of 
two-dimensional cells: cylinders lhat 
rotate on their long axes. Three-dimen
sional cells can be prpduced by a three-
dimensional initial disturbance. We 
know that in the range of Rayleigh num
bers belween 1.708 and. 20,000 two-
dimensional cylindrical cells are slable 
in the preseiice of small disturbances. 
We also believe all thrce-dirnensional 

) flows slowly evolve towiird the two-
dimensional configuration. We cannot 
be sure; however, because the cvplution 
is very slow. Even experiments lasting 
several months have not completely re
solved lhe question. 

If the Rayleigh number is increased to 
2O,600 or so, two-dimensional cylindri
cal cells are no longer stable. Another 
set of cylinders at-right angles lo the 
original one grows lo give rise to a 
three-dimensional network of rectangu
lar celU, a pattern of flow called bimod
al corivection. If these cells are generat
ed wilh great carein the laboratory, they 
are all virtually identical. Obviously if 
the plan form is not two-dimensional at 
the lower Rayleigh nurribers where cy
lindrical cells are stable, there is rio sud
den shift to three-dimensional llow as 
the Rayleigh number is increased. 

At Rayleigh numbers larger than 
about 100.000 the bimodal pallcrn 
breaks down in a rather coriiplicated 
way. Where the two sets of cylindrical 
cells cross in the bimodal pattern there 
are points at which the fluid sinks or 
rises faster than it docs elsewhere. As 
lhe Rayleigh number is tncreasecl these 
points move together and distort the bi
modal pattern. Theresiiitirig plan form 
Consists pf a number of points of intense 
upwelling joined to one ariother by ver
tical sheets of sinking fluid (or points of 
downwelling joined by sheets of rising 
fluid). This plan.form is called the spoke 
pattern. 

What happens at still larger Rayleigh 
numbers, cbmparabte to those of lhe 
material of the earth's mantle? This 
question is difricult to answer Isccaiise 
the Reynplds number of spoke convec
tion in laboratory CJI per imen Is is the rcl-
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nui«r wilh &ucri'MJV,3nf?4i-'user 'itriCEiî 'is [|!Fi?,i'clf prir-anfflrjiiniied Jn. 
PrDbjtiiiify difiliijjiJtion. unill mvt oniv-.'j'r-alijlile,,in vyoki ol ijfiiys, 

iK'PflrlDMiictii AiCit J: si/i^fi* ify^'it'Ke- ThHT CoiHJix;dijni.;Si.\T 6p 
GuK JuwM £iigniiii^()E^ on'ovet.aiing tiriit: ledui'irg "'iflttin.t; UQ" la 
A(i,>&iicJl(iEa inHiini'trrti^-riiniirudrsi p!i}fjtjinm)hQ hut^a ].nd,rh!P ripKi 
10 feiinmbpf 'comphciiled tuptil fnl/tniijv Chi^Mitmad aiMifljudbrii 
iQr Ciijntpla; n&aoi only l^d v^imis lof DjinfitilJUifvi/Oiusjijut f \Mai 

f t t - f n t q r t m m ^ Fiitltttnnt: 
Uta* t Fuoraubu'-Uni i i i i i tqd ,enlry 3114 dctdion ^.^paired poifitj 
wuhfflji dtsliuvfrig' Iha datii ,thiS9- Sfapi*, iritsfce[}l, rpsiJuaP ngtri"" of 
squates. cCKnici«rii^t)l CQirsijrtaii, mndn'cl 1 viHsci. (nfl^npl y vi i lufi. 
Nliod y vjluQ'iD'COniss^fKling ii. jMtccf }Tine vniuelor CDrF«spi>itaJ<ng 
y. sundjfi ldevl^ibn [ '̂:i; Si'Jtit̂ ,̂ 5U'rii];»rii devidl'ionory v^lu«s. 

N f U B ^ d StARdsrd tHvlitlQAji-Grikipad drxi/or ur^jrcjupcd diifa, ifttt 
inifutll ability' ki caicniiilt 0/1 1^0 inelS'Dl louriy.,tndep«i(]Rif HxU--
^C0(tci'r;^tlV- Safrpid Vn£an. unbumed c^i inj i i i oE'&uiSdard..04viiiictn. 
sidndaid iievljlian uf • popuuijcin. Arwl 'you c j n . ^ d pn or [telgft 
lu'rihflf vMun Wnhout tic.iUO'fii\a IKB rijtj basd. 

Cfrig Sirnpt* & U o SanTpm Tf i l StJliSllcs -
I >taii^iic. I lEaHjiiCv t'fltiCisiiC' lor p^ifotl DhiDrvaiioni From Iwo 

TTlBAns i'hti ihu iaire'unknoiiitt vauabki, 

I CM'iqpfttud OlsuymUQn- Oft\<f mpLjlj^requlriid.trt degfsm Dl I I M ^ 

h^^igflDmotrk {Hdf^iPuJ^rt—OEitv d:iEa Inpgt reotfiiAd arr Ehft r^r 
l-p^arjirtftQij, BrtttfiaiiEt-inanyorilef' ' '̂  

l'Ch:t-iqua,F«d StfUsOfi - Ori^ dAta iKpul t«tiiii(td ita 1̂ 4 Db&eivCj) 
land (!'Llisct«cr rteqiicrKitra IfitiiJtii laCiJiEy Ici'JIia r^^movjl or errtme^Dui 
'dju witunt-i aoiYttifina m d̂ ia Uis 

\ OtaomJal QUUttNiUim -.pn'hr 3 "Jji* inputs f«3u»ii3, 
P(M»cr>Q[t^l^t iv i-pr>ly [>djE,i tnpuE^ rcquiiti^. 

1 f ait i i i t i iyain - 3 daia inpli'ts frifv - cleoj«s"arireHlgiii ^n4 va'ue dl x 
Qaittilao PfQboylkiY DitliibuUcHi-Only.niid dala tnpui iF-ouirecl Idr 
cOiin'u.L^iuiri iti itJidi,oL Gatjs^ î.in pfnb.tbiiiry cuiiigi.iiive di^;iiibiiiiori 
litni'-tiini, piobatiility a( i-ficvivullif di*.ini>u5t*l i^ntkim iniii&in i lyiiiij 

I lnTWfffiiJ 1 and -11 Untf rIS invtiL/i, ujinilul wPiciii striilinG-wliri L'frthili'nuB 
iiiEciv^ii^f jjui Ehiriibvctsc t>l irtsU'iii^^ii^n diiii>t)uiiocb 

I 1 dttiftbuitan -^.finiy d.iij tnpnls Hfljimed SFIJ rtcyiue'' 'oi ircflflriiTi jnii 
i.iiiic 17I t 

I f^«rrmilfilti»il 1 CombinaKoni Uit I'lEeucĵ s dM|r aiis; iE<i)girfli1 a 
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Moron 

.SCREEN 

A P P A R A T U S FOR CONVE iGT IVE F L O W simulates condi l lo iu 
thoii f i l i t to p rc fa t l I D the eortb-a upper mantle. The convecting Huld 
b a vfecotts EtUlcoDS oi l , nrblcb Is heated t rom below and cooled f rom 
dbovei Tbe propert lei of the o i l , hi cooiblnatloQ wl t l i suitable heat 
Bono bud depths of fluid, reprodare Rsylelgb numberm In Ihe ro-nge 
Crooa ebont 1,7W lo 10^. The depth of the fluid eaa be varieil f r o m 

^ " LIGHT 
SOURCE 

nbout 1.6 to seven eeotlmeters. The coi ivecl ing rvgtoii meaiJi ir^ 
about IDO cenlimeteni on a side. To slmulale lhe cITecl o f a movlngT 
plale on the cpavcctloi i patterns a Ihin sheet of Mylar can be moved 
nrross tbe surface of the olL Usually only a few houi? are ne.rded tu 
reproduce evciils that Would take mil l ions of 3'ears on the si^ale af Ihe 
enFth. Light shlaing f rotn bclom' aialics convection patterns visible. 

DARK BRIGHT DARK BRl.GHT DARK 

S I M P L E C O N V E C T I O N CELI .S , con i l i t lng of two-d Imeniiluna] 
cy l ladj ical cells. Been here end on, make a stiadowgraph stich as tbe 
one reproduced a l the lop o f page 73. Parallel royii of light shine 
through the f luid f rom below. The mys are refracted away t r a m 

but riTKiDiia and tovrard culd ones. Thus hot, rlvl i i j : ihecls uf fluid 
ere marked by a dark line, which soniellmea has a thia bright line 
on each side, Co|d, sinking sheets of fluid are marked by a bright 
line. ConVEction cells in grneml tend W be as mWeai they arc deep. 
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lively large-number of about 1, everi 
when the fluid is very viscous, and mo
mentum effects begin to become impor
tant. The" cbnvection becomes timc-de-
jjendent. that is, its pattern changes with 

, time. It still looks tike the spoke pallcrn. 
but the hubs of the spokes are farther 
apart and the position of the rising and 
sinking sheets is constantly shifting. We 
suspect that this behavior occurs only 
when the Reynolds number is not small. 

"The mosi striking feature of the cylin
drical, bimodal and spoke patterns is 
that the horizontal distance between 
the rising and sinking regions ts always 
about the same as the depth of the lay
er. For a given difference in tempera
ture tetween the bottom and the top of 
the layer, cells that are approximately 
square transport more heat than cells 
with other shapes. This behavior does 
not, however, offer much help in the ef
fort to devise a model of the large-scale 
convection that moves the earth s plates 
{assuming thai the flow in the mantle 
does not extend below 700 kilotneters). 
What we should like toproducc in labo
ratory experiments is convection cells 
whose width is many times their depth. 

The Heating of- the Fluid 

The manlle is not a uniform fluid 
healed from below. It contains radio
active elements, and their decay partly 
heats it from within. Moreover, the vis
cosity of the montle material and its 
resistance tb deformation vary sharply 
with temperature. It is because of this 
variation that the cool, Ihin plates that 
form out of the material are so rigid. 
Indeed, the variation is so great that 
many geophysicists question whether 
the manlle material can adequately be 
described as a viscous fluid. How seri
ously do such considerations complicate 
the effort to develop a model of the 
manlle'S convective flow? It is true that 
most of the work done so far has in
volved fairiy siinplc convection systems 
in which the fluid layer is healed only 
from below. Nevertheless, some signifi
cant discoveries about convection have 
been made, chiefly through experiments 
performed with computers. 

As we have seen, when convection is 
driven by heating from below, heal is 
transported by hoi jets or sheets of fluid 
rising from the lower boundary of the 
fluid and by cold fluid sinking from 
the upper boundary. At large Rayleigh 
numbers this type of flow gives rise to a 
thin horizontal layer of hot fl uld adja
cent to the lower boundary and a similar 
layer of cold fluid adjaceni lo the upper 
boAindary. Between these-two boundary 
layers is "a region where there is little 
change in temperature from top to bot
tom. As the Rayleigh number increases, 
the turnover time decreases and the 
boundary layers become ihi'nrier, Whtjiri 
the heat is generated internally, how. 

ever, there is no lower boundary layer. 
Heat must be transported to lhe upper 
boundary by al! the fluid's passirig close 
enough to it for ihe heat to be eonduclca 
0\it. There is no longer a "pwssiyc" re
gion in the center bf diL: cell. 

This state of affairs destabilizes the 

cold upper bouridary layer and gives liit 
to eomplicated timerdependeiii behay. 
ior when the Rayleigh number c.icccecl.'i 
about 40,000, Roth jets and sheci.s of 
siivking ituul materialize .^pdnlimcniis-, 
ly through ins labilities of ihc upper 
boundary layer, Gnce ihcy have fornicii) 

E F r a C T OF SHEAR ON SPOKE PATTERN has been studied la the apparatus depicted 
on the opposite page. After.a convective patlern characteristic of a Rayleigh nurnber of 140,-
000 has become stabilized ijint />jc)urc> the sheet ot Mylar is.set in moUon In sintulale a plate 
nioying QCrpsa the niaiitlG. Successive pictures, made at equal Inter*oti,* show the rcarrunge-
mciit ltl pattern resulting from the motion of the Mylar.plaie ii.<i It travels from left to right The 
shear converts the spoke pattern info cylinder^ who've Asc.4 are parallel 16 the direclion of pMf 
Dipllon. The smalt black bar at upper left jn each photograph Indicates the depth of the fluid. 
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CONVECTION IN THE MANTLE Is thought to involve Rayleigh numbcn lying some
where bctwecD 10^ and 10''. Laboratory experiments show that convection patterns develop 
hi complexity from cylinders lo bimodal flows to spoke patterns as Raylcigb number increases. 

COMPUTER SIMULA TIONS of convection cells show bow patterns are affected by varia-
tkms In Bntd vbcosity and by the mode of healing. When Ihc vbcoslly Is constant and the Ruld 
b heated enttrcly from below (a\ Ihe rblng and sinking sheets of fluid are ncariy symmetrical. 
When Ihe beat fat supplied uniformly throughoul Ibe Interior ot a fluid of constant viscosity (ft), 
coorectioa conslsli of thin sinking sheets of cold fluid with hot fluid upwelling everywhere 
d ie . When the computer simulation Is repented for a fluid whose viscosity decreases markedly 
with temperature, beating trom below (c) produces a convection cell in which tbr hoi rising 
(heel b stgnlflcanlly thinner than the cold sinking sheet. When the heat Is supplied from wiihin 
variable-viscosity fluid (</), pattern Is iiltle changed from that seen when viscosity Ls runstnnt. 

they travel loward other sinking regions 
and combine wiih them in moving 
toward the interior of the fluid. The cy
cle is then repeated. The general form of 
llie flow closely resembles the plate ino-
lions, with a thin, cold upper boundary 
layer and sinking sheets in motion, but 
the hori-zonlal dimension of the motion 
is once again similar to the depth of ilic 
convccling layer. 

In all the 1,-iboratory experiments the" 
hot fluid is less viscous than Ihe cold 
fluid, but this vari-dtion in viscosiiy only 
affects the flow strongly when the hoi 
region is less viscous ihan the cold re
gion by a facior of 10 or rnore. When ihc 
convection is driven by heating from be
low, the hot. low-viscosity, rising region 
becomes thinner and the sinking region 
broader than would be the case if there 
were little difference in viscosity. Wlicn 
the heal is supplied from within the 
fluid, there is no pronounced change in 
the form of the flow even where there 
arc large differences m viscosity. The 
ralher limited experiments on internal 
heating that have been conducted so far 
suggest that such heating has a more im
portant influence on the form of the con
vection than differences in viscosiiy do. 
Recently compuicr experiments have 
been performed on convection in fluids 
lhat nol only show varialions in viscosi
ty but also behave according to more 
complicated and morc realistic laws of 
flow found by deforming rocks at high 
temperature. Somewhal surprisingly ihc 
introduction of these laws has little in
fluence on lhe form of ihe flow. 

Allhough there is clearly much morc ' 
lo be learned about the plan forms of 
convection in fiuids of various viscosi
ties or of conveclion driven hy internal 
heating, all conveclion cells wilh a width 
five or more times greater than Ihc depth 
of the convecting layer have been found 
to be iiiistable. Several workers have re
ported generating stable cells, but the 
flow was stable only because boundary-
layer instabilities were artificially sup
pressed. 

The Small-Scale Convection 

One obvious way to reconcile the geo
physical observations, which demon
strate that the cells extend at leasl 
10.000 kilometers horizontally, wilh Ihe 
laboratory and computer experiments is 
to assume that mantle convection ex-
lends from the surface lo the region 
where the mantle meets the earth's core 
at a depth of 2.900 kilometers. There ure 
several objections to such a model. The 
most imporiani is Ihe great resistance 
sinking slabs encounter al a depth of 700 
kilometers. Another objection is morc 
complex. If Ihc flow extends throughout 
the manlle, it must be almost entirely 
driven by internal heating, which im
plies a Rayleigh number of at least .*)() 
million. As we have seen, under ihcsc 
contlilions many jcls and sheets sink 
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' from the cold upper surface and the dis-
•,• • lance belween Ihem is only a small frac

tion Of the depth of the convecting layer. 
To achieve conditions where this lype 

• of small-scale Dow does not occur one 
• mustdccrcase the Rayleigh number by a 
, factor of at least 1.000. or to about 

50,000. Although our knowledge of the 
physical parameters of the earth's inte
rior is not very precise, there seems no 
way to reconcile a figure of 50.000 with 
the estimated minimum value of 50 mil
lion required for deep conveclion in the 
mantle. We prefer a model in which the 
convection is confined to Ihe mantle's 
outer 700 kilometers. The fiow is then 
driven parlly by heat generaled within 
the fluid and partly by heal generaled in 
lhe lower manlle and perhaps in the 
core, with the latter heal entering the 
base of the upper mantle by conduction. 

The experimental results clearly im
ply that there is small-scale conveclion 
in the upper manlle. with a distance of 
about 700 kilometers between the rising 
and sinking regions. In addition, how
ever, there must be a large-scale convec
tion to account for the geophysical ob
servations, in particular the motion of 
the surface plates. Conveclion involving 
high Rayleigh numbers oflen occurs on 
several scales. The circulation of the at
mosphere and of the oceans, driven by 
large-scale differences in density, pro-

, vides familiar examples. In both cases 
large-scale motions are superimposed 
on small-scale convective features. 
Clouds are such a convective feature. 
Convection in the mantle, however, is 
quite different from the convection seen 
in the atmosphere and in the oceans 
because in the manlle lhe Reynolds 
number is small and momentum is un
important. 

To test the hypothesis lhat there are 
two scales of convective llow in the 
manlle we need geophysical evidence 
that the small-scale flow exists. One 
would also like lo understand how the 
large-scale flow can be stable, as il so 
obviously is. The plan form of the 
small-scale flow probably depends on 
how strongly the surface plates and the 
mantle are coupled. If there is no slip
page belween a moving plate and the 
manlle. a substantial layer of the upper 
mantle will be dragged along by the 
plate. In lhat case the mantle under the 

^^moving layer will be strongly sheared. 
We can simulate such a condition in 

our laboratory apparatus by arranging 
matters so that a sheet of lhe plastic My
lar, representing a plate, moves across 
the top of the convecting fluid at a 
steady rate. When the velocity of the 
plastic shccl exceeds a certain low value, 
lhe convection lakes the form of rotal-

-s, '"8 cylinders whose axes arc aligned in 
the direction of the shear. The shearing 
merely transports the fluid along the cyl
inder and Iherefore has no effect on the 
small-scale convection. Convective cyl
inders in sheared flow are often seen in 
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FLOW UNDER PLATES may follow either of two general scbeme&. In one mixlel (mp) the 
viscosity of Ihe material under tbe plates is uniform. Thus a considerable layer of fluid is stvcpl 
along by the plate motion. In order for mass to be conserved Ihere must be a (trong reverse 
flow deeper io the mantle. If, however, there is a thin layer of low-vLscosily material under ihc 
plates (botiomi, surface motions are decoupled from mniillc and basically only mass of plulr.s 
themselves need be carried by return flow. Geophysical observations favor decoupled mo<U-t 

the almo.sphcre. where Ihcy take the 
form of cloud "streets ': parallel rows of 
puffy clouds all aboul the same size. The 
shear required to change the three-di
mensional bimodal or spoke patlerns 
into cylindrical ones clcpctuls on the 
Rayleigh number. In ihe laboratory 
the cylindrical convection cells develop 
when lhe speed of the plusiic shccl cor
responds lo a plate velocity of about 10 
centimeters a year for a convecting lay
er 700 kilometers thick (assuming lhat 
there is no slippage between the plate 
and the mantle). 

This general iindcrsianding of the 
physics of vigorous conveclion is obvi
ously a great help in understanding con
vection in the earth's mantle. Instead of 
trying to apply the limited geophysical 
observations to guess the form of Ihe 

now. we can apply them lo lest models 
thai are compatible with laboratory c.v-
perimcnls. As wc noted at tlic outset, 
however, the plates are so rigid they 
mnsk mosl of lhe clTccls that might be 
associated with smnll-scalc conveclion. 
Two of the imporiani effects lhat arc not 
masked arc regional variations in gravi-
ty and in the depth of the ocean. 

Graviiy anomalies extending over a 
disiance of 1,000 kilometers or more 
originate with differences of density in 
the mantle and associated deformations 
of the surface. Variations in the depth 
of Ihe ocean are slightly less easy to in
terpret. The most obvious variation 
in depth results from the cooling and 
shrinking of a plale as it moves away 
from lhe axis of a mid-ocean ridgc, 
where Ihc growth of the plate l>cgins 
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with tlv: upwelling of hot material from 
the^mantle. Because all plates cool tlie 
'Same way the depth of the ocean should 
be a function of the age of the plate ma
terial at that point, unless other forces 
are at' work. The expected depth can 
readily be calculated. When this is done 

arefully, regional departures from the 
.expected depth arc revealed that corre-

RIDGE AXIS 

spond closely lo the graviiy anomalies. 
There are good reasons lo believe the 
variations in dcplh and gravity are asso
ciated wilh convection currents at the 
base of the plates. 

The first question we must answer is 
whether the moving plates sweep the up
per part of the mantle along with them 
or whether they are decoupled from the 

POSSIBLE MODEL OF CONVECTION under plates In the vicinity uf a mid-ocean ridgc vl-
(saltsea Bow oa two tcoles. H the plates are roovlog opart fast enougti, by 10 centimeters or 
n o r e a year, Ifae smaO-acale convection raay be transformed into longitudinal cylinders with 
laea paralld to tbe piate motion. Exactly bow the large-scale convection associaied with the 
^late motion would Interact with tbe longittidioal convection cylinders remains to be clarified. 
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ALTERNATIVE MODEL OF MANTLE CONVECTION may explain the creation of 
ctuitns of volcanoes In whlcb the site uf active volcanism does not move as fast as the plates. 
Thb diagram attempts to show only the small-scale convection celts; Ihe Inrge-scnle circula
tion b omitted. The smoll-acale flows are somewhat decoupled frum tbe plates by a thin, low-
viicotity layer ttsat may he partially molten. Port of the heat needed to drive the small-scale 

irculatlon come* from the lower mantle and part from the decay of radioactive isotopes with
in tbe layer. Since the viscosity decreases with temperature Ihe beat from below produces thin 
ristnt Jets of hot material, l-he loternat beating crcotcs coUi sinking shceti; and )rU, which dom
inate tb* overall flow. Because of tbe decoupling layer the hot rising jets can riupt ns active 
VOlcanoca that do not move with tbe plate, whereas lava cones of extinct voUnuoes do move. 

convcci. >iions in the mantle by a 
thin layer of low-viscosity material. If 
the plale motion sweeps much material 
along with il. there must be some kind 
of return flow at greater depth: oiher-
wise mass would not be conserved. The 
return flow must be driven by a drop 
in pressure between the deep ocean 
trenches, where the plate plunges into 
the mantle, and the mid-ocean ridge. 
The required pressure difference should 
cause the top of the plate to slope. No 
such slope has been delected, and iherc 
is no obvious gravity anomaly produced 
by the material being carried into the 
trench and its return flow. Therefore the 
geophysical observations favor the de
coupling of the plate from the mantle by 
a low-viscosity layer. The existence of 
such a layer was proposed independent
ly of plale-icclonic theory to account for 
the observed damping of earthquake 
waves. The layer is conceivably created 
by the partial melting of rock between 
the crusl and the mantle. 

The Decoupling of llie Plates 

Recent attempts to determine the 
forces acting on plates by analyzing 
their motions in some delail have also 
suggested that they are decoupled from 
the mantle. Little is known, however, 
about the viscosiiy of the layer responsi
ble for decoupling, which is probably 
less than 50 kilometers thick. If the 
plates and the mantle are indeed decou
pled, the resistance lo plale molions is 
greatly reduced, and lhe various sources 
of convective energy associated with 
plate motions can easily provide enough 
power to drive the large-scale fiow at the 
velocities observed. The most obvious 
source of energy is the upwelling of hot 
material from the mantle, which pushes 
the plates apart at the mid-ocean ridges. 
Even more important is the sinking of 
the cold, dense plates back into the man
tle, which would tend lo pull ihe plates 
toward the trenches. 

There is little direct evidence of small-
scale flow in the manlle. If the plaics and 
the manlle are not decoupled, under 
plates that are moving rapidly such 
flows should take the form of rotating 
cylinders. If a low-viscosity layer pro
vides decoupling, we expect the small-
scale llow to be three-dimensional and 
complicated. We expect it to consist of 
both hoi rising material and cold sinking 
material in Ihe form of jets and sheets. 
Since roughly half of the convective 
layer's heat comes from conduction 
through Ihe base of the layer and half 
comes from within, we expect more 
sinking regions than rising ones, and wc 
also expect the variation of viscosiiy 
with temperature lo make the rising 
flows narrower than the sinking ones. 

Attempts have been made lo detect 
the small-scale conveclion, but Ihey 
have met wilh only marginal success. 
Nol all geophysicists accept the graviiy 
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anomalies and depth variations as con
vincing evidence for small-scale flow. 

" Nevertheless, there is good evidence for 
some type of convective heat transport 
Other than that directly associated wilh 
the plate motions. The increase in the 

• "depth of the ocean with the age of the 
plate at the bottom agrees closely wilh 
the subsidence calculated for a plale 
about 120 kUometers thick. If the man
tle below a depth of 120 kilometers 
could cool by conduction, the oldesl 
parts of the Atlantic and the Pacific 
would be about a kilometer deeper than 

I they actually are. Such cooling can be 
prevented only if heat is transported to 
the base of the plate by convection. The 
ocean-depth observations do not. how
ever, supply any information about the 
plan form of the inferred convection. 
Although it seems likely that small-scale 

V convection of the type we have de
scribed is responsible, any form of con-

• vcctive heat transport would account 
for the observations. 

There is one other set of observations 
lhat offers evidence for both decoupling 
and small-scale convection: the chains 
of volcanoes that form ridges in parts of 
the deep ocean. The best-known exam
ple is the Hawaiian Ridge in the Pacific. 
The two currently active volcanoes are 
on the island of Hawaii at the southeast 
end of the ridge. The volcanic rocks lhat 
form the ridge increase steadily in age 
with their distance from Hawaii, Several 
ridges in the Indian Ocean and the At
lantic resemble the Hawaiian Ridge. 

The interesting point is that the mo
tion of an active site of such volcanism 
wjlh respect to another active site is only 
one or two centimeters a year, whereas 
the motion of one plale with respect lo 
another is more than 10 centimeters a 
year. These measuremenis indicate that 
the source of the lava for the volcanoes 
lies under the plates and docs not move 
with them. According lo this view, the 
volcanoes are the surface expression of 
jets of hot material lhat rise lo the sur
face from the base of the mantle. 

The principal objection to this con
cept comes from the computer models 
of the behavior of internally heated 
fluids, which show that allhough sinking 
cold jcls are generated, hot rising ones 
never are. No such difficulty arises, 
however, if convection is confined to the 
upper 700 kilometers of the manlle. 
Since this region is heated both from 
below and from within, hot jets should 
be able to form in il. Furthermore, such 
jets will not move with the plates, be
cause they are decoupled. On the ba
sis of the laboratory experiments one 
would expect the small-scale convection 
to be lime-dependent. Hence it is nol 
surprising that there is a certain amounl 
of slow movement in the jcls that have 
given rise to the volcanoes of the ocean
ic cha'ms. 

We should obviously like to have 
more information about the form of the 

small-scale flow, but it is nonetheless 
pleasing lhat we can account for all the 
relevant geophysical observations with 
a model based on laboratory experi
ments. The fact remains that the obser
vations arc all too few. With receni ad
vances in the measuremenl of the earths 
graviiy by satellites, however, our 

knowledge of the gravity anomalies un
der the oceans should increase rapidly 
over the next few years. And laboratory 
experiments at large Rayleigh numbers 
(10^ lo 10') and small Reynolds num
bers are possible, allhough dilficuit. and 
they should help us to understand lhe 
features detected by the satellites. 
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AGE (IWIILLIONS OF YEARS BEFORE PRESENT) 

DEPTH OF THE OCEAN Increase! with the age of the sea floor because of thermal conlrac-
Uon OS the plate cools from a high uniform temperature at the axis of the mid-ocean ridge. If 
the cooling continued uniformly with age as the phite moved away trom the rMge, Ihc depth of 
the ocean should follow the broken curve. Actual depth meastu-ements, however, ylcM solid 
curve, which conforms to cooling of phite 120 kilometers thick whose base is at 1,200 de
grees Celsius. It appears that beat is supplied trom below, probably hy smnll-scole convection. 

m 0 § 
DEPTH OF TIIE NORTH ATLANTIC b shown in meters (ro(or) after removal of the effect 
of cooling of tb* plate by age. Black lines show rontuura of tbe gravity Add In milUgals. The 
variations In Ihe two features seem to be closely rcUlcd and could be evidence for a region In 
which hot mantle moterlai Is carried upward by small-scale coavection currents. Neither the 
depth of the ocean nor Ibe gravity field seems lo bear much relation lo Mid-Atlantic Ridgc 
(gray line), wbere the North American plole and the Eurasian plate are being pushed apart 
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occur in island-arc regiOtis in subsidiary atnounts'; 
these may be generated by partial fusion wfiiihin 
the ultramafic mantle rocks which overlie the slip-
zone, 

• In the processes operating at plate margins we 
see possible mechajiisms fbr generating the Earth's 
crust. By partial fusion of the mantle, it is 
possible to gi^nerate oceanic crust; by a second 
cycle of partial fusion, in which the oceanic 
crust is itself partially fused, it is possible to 
generate the more silicic rocks of the coiitincntal 
crust. 

The theory of Plate Tectonics has therefore gone 
some way towards providing a unifying thepry 

for understanding the wide variety of Earth 
phehomcna which were previously neither under
stood iri thcmselvt:s nor in any wider context. 
We.see some pattern m the dLstributiori of world
wide seismicity and volcan icity, a mechanism fdr 
the generation of the two main crustal types, clear 
evidence of large-scale in ptions between crustal 
plates and between tht; continents which some of 
them contain. Wc sec that, whilst oceanic crust 
is 'disposable', continental crust cannoLrcturn into 
the maritle. Is it too prcsuinptuous to assert that 
the general outline of the processes wc iiave dis
cussed is siifficicntly consistent intcrn.illy to sug
gest that it is probably correct f 
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DIVISION OF ENGINEERING 

DEEP CRUSTAL STUDIES OF THE EARTH 
(PROJECT MOHOLE)* 

Gordon Liil 

National^ Science Foundation, Washington, D.C. 

Introduciion 

The National Science Foundation has initiated a program for studying the 
f .-Mstal section of the earth and the upper portion of the mantle beneath that 
li within reach by direct observation. These studies will be made possible 
*7 drilling for core samples on the continents as well as into the bottom of 
'•-* deep sea floor. The continental program has been devised on a world
wide scale by the Upper Mantle Committee of the International Union of 
vcodesy and Geophysics (lUGG); a member of the International Council of 
-Vlentiflc Unions (ICSU). 

Plans for drilling into the crust underlying the deep oceans of the world 
-̂»J1 a different origin than the International Upper Mantle program and p re -

<fded it by about a year. However, i t i s included as a part of the United States 
frogratn and contributed directly to the formation of plans for studying the 
f nist and mantle on an international scale. 

The subject of this paper is Project Mohole, the most spectacular part 
-• the Upper Mantle Program that is to be found in any nation. It involves 
t-lUing In oceanic depths of 12,000 to 14,000 feet and on through the crust 
'•̂  perhaps a total depth of 35,000 feet below sea level. Special techniques 
^^ equipment have been developed to make this possible. 
.̂  Drilling to the mantle beneath the sea is a difficult engineering feat, but 
^« Foundation has for some time considered this objective as only one aspect 
-• I program with the much broader aim of studying the earth as a planet, 
^^vjhty-five per cent of the earth by volume is in the mantle. If we can sample 
j ^ ' * e will surely obtain a better understanding of the earth as a body in 
^ * e rather than thinking of it piecemeal as a continent or an ocean, a deep 

"canyon or a high mountain peak. 

The Science 

=t«oi! ^ the ear th ' s mantle lie the sources of s t r e s s that cause the great 
* ^ ^ ^ '^^bjres that confront the geologist. These all must somehow be 

•iined: volcanism, mountain building, earthquakes, continents and oceans. 
•̂  . *^logist has always had to rely upon what he finds in the rocks in order 
:_^ ^'T""6t the history ot the earth and to infer the processes that have 

ted to produce the features at the ear th ' s surface. First , he collected 
>;jj, J^^ from the field. Then, especially during the last twenty years , he 

t>een greatly assisted (and •is 

'^a 
'•ti/J'^'^'"- Illustrated 
^ ^ ^ ^ 13, 1965. 

assisted 
with 

at times even surpassed) by the physicist, 
slides, was presented at a meeting of the Division on 
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chemist and hydrodynamicist. But now, having gone around the circuit through 
postulate and theory, we find ourselves back once again with the rocks. The 
reason is simple. Our theories about the earth have been invented largely 
from what we know of less than 1 per cent of its volume and 30 per cent oi 
i t s surface. We have never had rocks from the deep crust or mantle, and, 
until quite recently, we have not even had rocks from the top of the oceanic 
crust of the deep sea basins. As in all sciences, we must now check theory 
with direct evidtnce if we are to progress . Theory without experimental 
proof more often than not remains sterile. 

Careful geochemical analysis of the basalt recovered during Phase I oi 
the Project in 1961 has already called into question some of our thoughts 
on the magmatic differentiation of continental crust from mantle, the origio 
ot the continents, the chemical nature of the mantle, the nature of the Mo
horovicic Discontinuity which divides crust from mantle, and our concepts 
of heat flow from the mantle outward through the crust of the ocean basins 
and continents. 

Quite recently, additional developments in other fields have made an 
understanding of the nature of the earth 's mantle increasingly important to 
the orderly gro-wth of science. For example, the largest and most exciting 
technical and scientific project in any nation, landing men on the moon and 
returning with samples of its surface material, is approaching realization. 
In addition, in the past few months we have received the first close-up pho
tographs of the planet Mars. Because of these developments, it is not only 
timely but urgently necessary that we know enough about the interior of the 
earth to enable us to interpret effectively the returns expected from the 
nation's planetary and lunar programs. Knowledge of the chemical phases 
and composition of the mantle will bear directly on the theories that deal 
with the differentiation of the earth-moon system and the solar system as a 
whole. Without earth-mantle data, further development of these theories will 
not have adequate foundation. 

The recent development of a new hypothesis on the origin of linear mag
netic anomalies over the oceans opens up a possibility of understanding 
convection within the mantle and may place limits on its velocity. The size 
and shape of the magnetic anomalies indicate that their origin cannot be more 
than 10 km. deep and perhaps is in the upper 1 km. of the ocean crust . Mohole 
drilling through the crust should provide answers to the question of mantle 
convection which would have a large impact on problems of the earth's 
Interior. 

There is a growing amount of evidence that would indicate that the con
tinents have drifted, while, at the same time, new theories are being proposed 
in an attempt to prove that the continents cannot possibly have drifted. Drilling 
into the deep sea crust -will either add to, or detract from, the belief in 
continental drift depending upon whether or not extensive thicknesses ol 
sedimentary rocks are found in the deep sea basins. If the ocean basins as 
we see them today are permanent features, then the continents cannot have 
moved, and we should find approximately 10,000 feet of sedimentary rock 
beneath the sea. If the sedimentary rocks are not present, then the oceaii 
basins cannot be permanent or near permanent features, and the continents 
may well have drifted. 

This problem has a direct bearing upon the amount of carbon dioxide that 
may be stored in the rocks beneath the sea in the form of limestone (CaCOs) 
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dolomite CaMg(C03)2. This, in turn, affects our estimates of the carbon 
vcle during past geologic ages as well as our estimates of the carbon cycle 
day. M we are effectively to account for the carbon, we must know how 

much is in the rocks, in the seas as calcium bicarbonate, in the atmosphere 
carbon dioxide, in the plants and animals, and what the rates of exchange 

-e among them all. The origin of life on earth and the various forms life 
has taken in geologic )iistory are also intimately involved -with our under
standing of the carbon cycle. In addition, if very old sedimentary rocks a re 
found at the base of the oceanic crust, we may also find fossil remnants of 
earlier forms of life than are presently known which would help to fill some 
of the gaps in our knowledge of the evolution of life. 

Some of the theories of the origin of the universe, and of the s tars within 
the universe, a re based upon our knowledge ofthe distribution of the chemical 
elements. The primary base line available to the astrophysicist is his 
knowledge of the distribution of the elements in the earth. This knowledge i s 
inadequate since 85 per cent of the earth by volume is in the mantle, and it 
has never been sampled. 

As the Project has developed, a great deal of new interest in the problem 
of the ear th 's interior has been stimulated. Students of the solid earth a re 
now able to proposed that a large number of holes be drilled on land as a 
corollary to drilling at sea. National committees have been formed around 
the world for the purpose of recommending research programs to study the 
upper mantle. As a result, a' host of new geophysical theories about the 
earth have been developed that represent an enormous contribution to earth 
sciences, and which must be checked by actual sampling if the theories a re 
to advance. 

The Enginee-ring 

The engineering aspects of the project are contained in several systems 
that are either an integral part of, or are involved in the operation of, the 
drilling platform. The systems are listed below. 

1. Drilling platform 
2. Positioning system 
3. Drilling system 
4. Pipe racking system 
5. Inspection and maintenance systems 
6. Hole re-entry system 
7. Logging system 
8. Riser casing system 

The drilling platform is the major technological developmentof the project. 
The design and specifications were prepared by Bro-wn & Root, Inc., the 
prime contractor, and Gibbs & Cox, Inc., working as a team. FIGURE 1 is a 
photograph of the latest model. The principal dimensions follow. •• 

Size of upper platform 279 ft. x 234 ft. 
Height of upper platform 23 ft. 
Diameter of supporting columns 31 ft. 
Total height, keel to upper deck 135 ft. 
Derrick height 196 ft. 
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Overall height, keel to top of radar mast 
Diameter of lower hulls 
Length of lower hulls 
Light ship displacement 
Normal drilling displacement 

375 ft. 
35 ft. 
390 ft. 
13,500 tons at 28 ft. draft 
21,500 tons at 60 ft. draft 

Brief specifications of the Mohole drilling platform are listed below. 
Total horsepower 19,500 to 21,000 
HP for positioning 4,500 to 6,000 
HP main propulsion 15,000 
Total complement 160 
Standard speed 10 to 12 knots 
Hook load on the derrick 1,000,000 pounds 
Drill pipe and/or casing 35,000 ft. 
Positioning system - automatic, dynamic, acoustic 
One 30-ton rotary deck crane 
Two 50-ton rotary deck cranes . 

The platform is designed to stay on station and drill under conditions 
prevailing with 30-knot winds, fully developed seas (28 to 30 foot waves) and 
3-knot surface currents. Work would cease under worse conditions, but the 
site would have to be abandoned only under near hurricane or hurricane 
conditions. 

In order to imagine adequately the size of this proposed platform, one 
should stand on a street corner and gaze upward to the tenth story of a build
ing and let your eyes rove do-wn the street to the middle of the next block. 
It helps also, in thinking of the size, to note that the platform cannot go under 
the Golden Gate Bridge or through the Suez Canal. 

Mounted beneath each of the six vertical columns of the platform are 
positioning engines that will deliver from 750 to 1,000 shaft horse power 
each. These engines a re automatically tied through computers to the position
ing system that is shown in FIGURE 2. 

The Positioning System consists of both a long and short base line of 
bottom-mounted acoustic transponders sending variable signals of from 9 
to 27 kilocycles to hydrophones that a re lowered beneath the platform. As 
signals a re received, the platform's position among the transponders is 
computed and signals a re sent to the positioning engines for the required 
thrust and direction for keeping the platform centered above the hole. 

In 12,000 feet of water, the platform must be kept -within a radius of 300 
feet of the hole in order to keep the bending s t ress on the drill stem within 
tolerable limits. The 300 feet i s an empirical number based on the limited 
experience during the Phase-I drilling off Guadalupe in 1961. Only further 
experience will give us a better limiting distance on the horizontal excursion 
of the platform. 

Also involved in the matter of position keeping is a third system called 
the r iser casing. This system i s shown schematically in FIGURE 3. The 
r iser , which is casing in sea water, serves two purposes. In this case it 
brings the drill hole up to the surface, thus solving the problem of hole r e -
entrj', and it provides a closed system within which is contained the drilling 
fluid or mud. The mud flows under p ressure down the inside of the drill 
stem, out the bit, and up to the pumps between the drill stem and r i se r casing. 

UU: D. 

FIGURE 1. Model of 

The mud cools arid lubricates tl 
the rock cuttings up to the surface 

The r i s e r casing is cemente 
between hard rock and sediment, 
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FIGURE 1. Model of the Mohole Drilling Platform. 

The mud cools and lubricates the bit and keeps the hole open by carrying 
the rock cuttings up to the surface where they may be exanuned. ' 

T S e r T s e r casing is cemented weU into the bottom below the boundary 
between hard rock and sediment. It is partially supported by a landing base 
on the bottom and is held upright, much like a taut wire by a ser ies of static 
buoys pulling upward with a total buoyancy of 2,000.000 pounds. A vanab e 
buoyancy system is also provided for emergencies such as strong currents 
or severe storms. 
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FIGITHE 2. Mohole Project Positioning System. 
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The best material for the buoys appears at this time to be a syntact-
foam called Inlyte. It consistsof an epoxy base containing minute, hollow gl̂ j 
beads. 

The r i s e r casing -will be fitted with telescoping joints, called bumper sub; 
at the upper end to absorb the vertical motion of the platform. 

The drilling system is quite similar to that found in the offshore drillj^ 
industry except for i ts increased size. The automatic pipe racking system j 
an innovation but is complicated and is worthy of separate treatment in n 
o-wn right, as are the other systems which will not be discussed here. 

Test Drilling 

I shall now discuss the test drilling that has been done to check variou 
parts of the program as we have proceeded with the job. 

The first drilling, called Phase-I, was completed in March and April 19̂  
off LaJolla and off Guadalupe Island. The major purpose of Phase-I was t; 
prove that drilling could be done in 12,000 feet of water. The drilling sit; 
is shown in FIGURE 4. At this site we drilled through 540 feet of soft, gray 
green, silty clay and on down 60 feet into a hard glassy basalt. The drilling ix^ 
accomplished from the Global Marine Company's dril l ingbarge CUSS-I shoitj 
here in FIGURE 5. CUSS-I is a 260-foot converted, ex-Navy YNFB barge 
She still is one of the busiest rigs in Global's fleet. For the first time durij: 
Phase-I , the second layer of the oceanic crust was sampled. It proved to bi 
the volcanic rock basalt. The results of its analysis have already been men-
tioned under the section on science. 

The second experimental drilUng was done at Mayaguez, Puerto Rico, 
in 1962. The major purpose there was to check the drilling characteristics 
of the igneous rock called serpentinite. The location of the hole is sho-wn o: 
the index map, FIGURE 6. 

Serpentinite, a hydrous magnesium silicate, generally gray-green it 
color, is presumed by some geologists to form the upper mantle and perhapi 
a part of the lower crust. Since this is a likely supposition, it seemed -wiss 
to determine its drilling and structural characterist ics. Continuous core 
samples were taken at Mayaguez. The serpentinite was highly fractured ot 
faulted and tended to flow rather easily under p ressure . The drilling was 
carried out by Boyies Brothers of Salt Lake City, Utah. The drilling rate 
avers^ed about 1.5 ft. per hour. 

The most recent test drilling was completed at Uvalde, Texas, in Decem
ber, 1964. Here, again, we wished to test the drilling characteris t ics of one 
of the rocks we know we will find in some undetermined thickness beneath 
the sea. The rock is basalt similar to that found at Guadalupe; the difference 
in the Uvalde test is that we had some new equipment with which to experiment 

The drilling was done in a volcanic plug which penetrated the surrounding 
sediments to within about 500 feet of the surface. A total depth of 3,479 feet 
was drilled, out of which 1,884 of core was recovered. 

The most noteworthy equipment tested was the Dresser Industries (Dallas, 
Tex.) coring turbodrill, although logging instruments, and diamond bits from 
various manufacturers were tested as well. The turbocorer drilled a total 
of 1,194 feet in 216 hours and 10 minutes for an average penetration ra te of 
5-1/2 feet per hour. This exceptional drilling toolis shown in FIGURE 7. The 

FIGURE 4. Project Mohole expe 
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FIGURE 4. Project Mohole experimental drilling site (from Kraus & Menard). 
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turbocorer bit was rotated at 600 RPM throughout i ts use. Total maximuin 
wear on the radial thrust bearings was only 2/32 of an inch. 

Site Selection 

The crust under the world's ocean averages somewhat over 39,000 feet in 
thickness, which in most places would put the mantle about 4,000 feet beyond 
our reach. This means that, with the present state of technology, it i s esti-
mated that dri l l stem in excess of 35,000 feet in length would fail throua 
tension introduced by its own weight. 
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In order to find spots where the crust is thin enough to penetrate, ad
vantage was taken of geophysical surveys already conducted by the oceano
graphic institutions. Having localized likely areas , detailed seismic, magnetic 
and gravity surveys were conducted in the following areas : 200 miles north 
of Puerto Rico; 200 miles east of Antigua; and 120 miles northeast of Oahu. 

The Puerto Rican and Antiguan areas are shown together in FIGURE 8. 
The crustal rocks north of Puerto Rico proved to be badly fractured and 
faulted. Seismic evidence showed the crust to be about 31,000 feet thick, so 
that it could be penetrated. However, because the area is highly subject to 
hurricanes, because of the fracturing and the strong ocean currents, the site 
has been abandoned as an immediate possibility for mantle drilling. 

To the east of Antigua is a region called the Barracuda Fault Scarp. At 
this locality it was supposed that the crust had been fractured upward so 
that the mantle might be easily reached. Detailed seismic surveying revealed 
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that a four-layer, instead of a three-layer, crust existed and that the depth 
to the-mantle was about 39,000 feet. The seismic, records from the Barracuda 
Fault Scarp will be given further detailed checking. 

Seismic surveying along the Hawaiian Arch, in the locality shovm ia 
FIGURE 9, revealed that the crust there may be as thin as 31,800 feet, .This 
fact, coupled with the generally good weather, oceanic conditions and easy 
logistic support, dictated that we should choose this site- for our first attempt 
tp reach the mahtle. Further seismic surveying along the Hawaiian Arch is 
indicated in order to find out if we have actually located, the thinnest part of 
the crust. 

The Future 

As most of you know, frbm newspaper and journal accounts, the future of 
the Mohole Project has always been ih doubt. 

Scientific and engineering arguments, cost escalations, and budgetary 
problems have all taken their toll in slippage, of schedule. However,jif all 
goeswell , we should be. drilling at sea sometime in 1969. 
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Organizational Structure 

One of the objectives of the workshop will be to consider an organ
izational plan that will best accomplish the scientific objectives of 
the program. The basic elements of such a plan were identified by the 
1974 Ghost Ranch Workshop on Continental Drilling and are reproduced 
here in Attachment 1. In response to the U.S. Geodynamics Committee 
request for suggestions on ways to implement the recommendations of the 
Ghost Ranch Workshop, a panel of the Federal Committee on Solid Earth 
Sciences (OSES) recommended a more detailed organizational scheme, which 
is reproduced in Attachment 2. This plan was conceived as a national 
program that would accommodate not only the interests of Federal agen
cies in drilling for scientific purposes but those of all qualified 
scientists. 

The plan calls for establishment within ERDA [now the Department of 
Energy (DOE)] of a Continental Drilling Program (CDP) Office with 
overall management responsibility. This office would receive policy 
direction from an Interagency Steering Group, scientific advice from a 
broadly based Scientific Advisory Committee, data handling and coordi
nation assistance from an Information and Data Management Unit, and 
advice on drilling, sampling, and well logging technology from a Dri11 -
ing Technology Advisory Committee. The Nevada Operations Office of DOE 
would manage field operations and provide drilling, logging, and other 
common services and support from commercial sources. The Operations Manager 
of DOE, Nevada, would receive assistance of an Environmental Impact Group, 
a Drilling Services and Contract Unit, and a Facilities Planning Board. 
The collection and analysis of scientific field data would be carried 
out under the guidance and sponsorship of the agency or agencies (DOE, 
USGS, NSF, DOD) having principal programmatic interest. 
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Further details regarding the proposed organizational structure and 
the responsibilities of individual management units are contained in the 
report of the 1974 Ghost Ranch Workshop, Continental Drilling (published 
by the Carnegie Institution of Washington, June 1975) and the report on 
Recommendations of the Panel on Continental Drilling of the FCCSET 
Committee on Solid Earth Sciences (April 1977), copies of which have 
been furnished to all Workshop participants. We recommend that all 
attendees, particularly those participating in the Panel on Practical 
and Organizational Aspects, familiarize themselves with these documents 
so that the best decision can be reached regarding organizational 
structure. 

Comments on Specific Practical 
and Organizational Aspects 

In the following sections, we provide additional information and 
suggestions on several specific practical and organizational matters 
which we believe will help the program attain its objectives. These 
concern the Information and Data Management Unit; arrangements for 
utilization of holes drilled for other purposes; and cooperation of 
State geological surveys and related agencies; professional societies; 
and industry. 

Information and Data Management Unit 

The four primary tasks for this unit were defined in the 1975 
Report of the Ghost Ranch Workshop as follows: 

1, To provide information on subsurface data banks and 
sample and core repositories which contain information 
relative to project objectives. 

2. To provide information on new wells to be drilled by 
industry which offer opportunity for solving scientific 
problems and would be appropriate for cooperative efforts. 

3. To organize and manage a sample repository and computer 
ized data bank for samples and drill-hole data acquired 
in the project. 

4, To ensure timely publication of results of all studies. 

We support these tasks and offer the following supplementary 
information and suggestions: 

1, Information on Data Banks, Sample and Core Repositories 

It is important to know what technological data banks and reposi
tories are available to support the work of CDP. The assembly and 
cataloging of pertinent files and repositories should be the first task 
of the information unit. 
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Although the number of pertinent files is large and expanding rapidly, 
several available compilations can be used to start this task. 

a. The USGS has compiled a directory to available core and 
sample repositories in North America (Open File Report 
77567). 

b. The USGS has purchased Petroleum Information Corporation's 
(PI) Well History Control System that contains well histories 
on more than 1,000,000 U.S. wells. This is the largest 
available well data file in the U.S. 

c. Other files, such as the Petroleum Data System oil and 
gas field file, the AAPG CSD drilling statistics file 
plus additional commercial, professional society, and 
governmental data banks, are also available. Attachment 
3 contains a listing of publications describing several 
of these not listed in the 1975 report on Continental 
Drilling. The Information Unit should compile annotated 
references to these and other resource files for scientific 
users. The AAPG Committee on Computer Applications may 
be able to provide some assistance in this regard. 

2. Information on New Wells to be Drilled 

All new wells to be drilled for oil and gas in the United States 
are permitted by State agencies and announced in daily publications by 
PI. Most significant wildcats in remote locations or that test new 
depths or unique geological environments also are published in special 
news releases by PI or industry trade journals, such as World Oil and 
Oil and Gas Journal. Data on all weekly new well starts in the U.S. also 
are available by remote terminal access through PI. 

The concern of CDP is to define the areas, depths, and environments 
that are of interest for scientific purposes. The announcement of 
intent to drill in these areas can then trigger the response of inter
ested scientific groups to participate in gathering data from the 
drilling. 

3. To Organize and Manage a Sample Repository and 
Computerized Data Bank 

The information unit should insure that samples, cores, and 
pertinent scientific data obtained by CDP are securely stored and access
ible to users. It is suggested that the many excellent sample reposi
tories operated by State surveys, geological societies, and other govern
ment agencies be utilized wherever possible. If, however, a suitable 
storage facility does not exist, the Information Unit may find it neces
sary to fund a facility. It is likely that an existing facility would 
welcome the support and would provide excellent service at far less cost 
than a new single purpose storage. 
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There are many existing resource data bases and associated manage
ment systems. It is suggested that data obtained by CDP be compiled and 
stored in an existing format and system that provides maximum compati
bility with other subsurface data and is readily accessible for retrieval 
and application programs. The previously mentioned PI Well History 
Control System is such a system. New data, including laboratory analyses 
and engineering testing on wells drilled for the Eastern Gas Shale 
project, Michigan Basin Devonian study, NURE and Alaska NPR-A projects, 
are being added to this file. This large well data system already has 
compatible formats for capture of subsurface data that will be gathered 
by CDP, and comprehensive retrieval and mapping programs are available. 
Consequently, the Information Unit should evaluate this system to deter
mine if it satisfies the information storage and application requirements, 

Other systems also should be evaluated. The Illinois Geological 
Survey, for instance, has a well data system that may be suitable. Many 
oil companies have large well data bases that also are based on the Well 
History Control System, and many research laboratories and universities 
have data base management systems and special resource evaluation systems 
that might be evaluated. The Information Unit should avoid, however, 
the temptation to develop a new system. 

The Information and Data Management Organization must be advised of 
what data are to be stored and what applications are to be made of the 
data. These two factors depend, of course, on a clear definition of 
scientific objectives. As a consequence, it is important that the Data 
Management staff participate in planning and defining objectives and 
procedures. The definition of information system standards, such as 
formats, codes, and application capabilities including retrieval, custom 
reports, and graphic displays, such as plots and maps, is directly 
related to project objectives. Lack of coordination of these functions 
will certainly lead to failure of the information system. It is impor
tant, therefore, that the Information and Data Management group be a 
staff function that reports directly to CDP Operations Management. This 
organization should highlight the service aspect of the Information 
Group and facilitate their inclusion in planning scientific objectives 
that can be properly supported by the information system. 

4. To Ensure Timely Publication of Results 

The information system should be used to support publications by 
providing rapid access to stored data and generation of summary reports, 
graphs, and maps that can speed interpretation and preparation of publi
cation materials. Results of geochemical analysis in NPR-A, for in
stance, will be displayed by computer graphics for publication. The 
Information Unit also should find access to suitable scientific journals 
or government publications and provide funds for timely publication. 
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utilization of Holes Drilled for Other Purposes 

Before any new holes are proposed by CDP^ eyery effort should be 
made to determine whether the scientific objectives can be met by use of 
holes drilled by the petroleum industry or other holes drilled for 
highly specific and applied purposes. The attraction of such dual 
purpose holes is that the additional scientific information should be 
obtainable at relatively small incremental costs. While some dual 
purpose holes have proved successful in the past, many have not or have 
failed at the negotiation stage. The chief probTenis have been lack of 
sufficient lead time, failure to reach agreement on financial and legal 
arrangements, and Inadequate planning for in-hole operations (logging, 
coring, instrumentation, e t c ) . 

Following are suggestions which we believe will help to avoid these 
pitfalls and lead to more successful operations. 

To insure adequate lead time, every effort should be made to learn 
as early as possible about proposed new oil and gas wells in areas of 
special scientific Interest. In addition to the information sources 
already noted, local geological societies can assist by Identifying 
proposed new wells or the names IDT companies with large lease blocks 
likely to be drilled In the areas of interest. The operators or owners 
of the Teases should then be contacted and an explanation presented to 
them of the project and the data reeded from the well or wells to be 
drilled. 

In negotiating arrangements for obtaining the desired scientific 
data from the well, C0P should' be prepared to pay all costs above and 
beyond usual exploratory well cost calculated by the operator. This 
includes: 

1. Coring time and coring equipment rental. 

2. Delay time involved In coring, such as delivering of 
equipment or equipment breakdown, and fishing or redrilling 
costs If related to coring. 

3. Added cost of rig capable of drilling deeper than planned 
exploratory well depth. 

4; Added costs of larger hole size and casing program required 
to drill deeper than planned exploratory well depth 
together with associated costs of larger mud volumes. 

5. Cost of additional electric logs Including company 
charge plus rig time involved. 

6. All costs of drilling beyond planned total depth of ex
ploratory well. 

7. All rig time necessary for various scientific data recording 
(seismic, magnetometer, gravity, etc.) 
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8. Blowout insurance on portion drilled for CDP. Since most 
policies have a deductible. It should be agreed that CDP 
would assume costs up to the deductible limit. 

9. Reasonable overhead charge by exploratory well operator 
plus a management fee. 

10. CDP should assume all plugging cost if well is taken over 
at total exploratory depth for deeper drilling. 

There should be adequate time in advance of spudding a well to 
prepare for all instrumentation and other programs deemed necess.ary by 
CDF. The eost of wells i s a vital part of the exploratory operator's 
business and, hurried-up programs would cause him additional cost bur
dens. CDP should agree to hold all parties, harmless and accomplish the 
well work so that it does not cost the operator one dollar more than he 
would have spent in drilling his well. 

As a friatter of agreement, It should be understood If the well 
discovers oil or gas and the operator decides to complete it as an oil 
or gas well that all CDP activity must cease and that GDP will pay all 
costs accrued In its program up to that time, whether or not any data 
have been obtained. Part of the reasoning for this action is that the 
lease with the landowner may demand completion of the well tp maintain 
the lease. Drilling for scientific purposes alone may not extend the 
lease. 

Also, as a matter of agreement, if CDP takes over operation of a 
well for deeper drilling and discovers oil or gas below the original 
proposed total depth of the well, then the well, must be offered back.to 
the operator for cdmpletibn purposes. The original operator will own 
the minerals discovered and will pay a prorata share of the deepening, 
being the actual costs less scientific evaluation charges. 

Those wells drilled on private lands will need prior approval from 
"the landowner for drilling to be done only for scientifie purposes 
unless the lease specifically allows this. Most leases do not. If 
wells are. drilled on Federal land, it Is assumed the government agency 
administering the land (DOI, Forestry Service, etc.) Would need to give 
permission. 

Cooperation of State Geological Surveys, 
Professional Societies, and Industry 

These organizations all have a definite interest In CDP and can 
provide valuable assistance in helping to achieve Its seientifie objec-
ti ves, 
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The State geological surveys and relatetl agencies, In additon to 
their core repositories and data files on oil and gas wells, maintain 
records and samples from water wells and holes drilled In minerals 
exploration that can be of use. As these agencies also Issue permits 
for all wells drilled withlti the States, they can be helpful in Identi
fying in advance wells that might be suitable for dual purpose drilling 
Ih areas, of scientific interest. To enlist the assistance of the State 
agencies, it is suggested that a "Liaison Committee for Continental 
Drilling for Scientific Purposes" be established within the Association 
of American State Geologists; 

Professional geological and geophysical societies, especially those 
with expertise In subsurface Investigations, can also be of help. Reflect
ing Its Interest in the program, the American Association of Petroleum 
Geologists (AAPG) recently endorsed the GDP in principal and established 
a special "Subcommittee on Drilling for Scientific Purposes" within the 
AAPG Research Committee. The purpose of this Subcommittee is to serve 
as a focus within AAPG to provide advisory and other assistance to CDP, 
Similar committees within the Society of Exploration Geophysicists 
(SExG), the Society of Economic Geologists (SEcG), the Society of Petro
leum Engineers (SPE), and perhaps other earth science organizations 
would be most helpful. Accordingly, It is suggested that invitations be 
extended to these societies to establish such coinmittees. 

Industrial organizations, especially the petroleum and mining 
companies, can provide valuable assistance in many ways. The petroleum 
industry has been most supportive of the Deep Sea Drilling Project 
(DSDF) and Is currently providing advisory assistance to the geophysical 
investigations of the deep crust and upper mantle by the Consortium for 
Continental Reflection Profiling (COCORP). This project is developing 
information critical to the selection of suitable sites for accomplish
ing CDP's scientific objectives requiring deep drilling. Representatives 
of both the petroleum and mining Industries have and are participating 
In plans for CDP, and their continued assistance should be utilized as 
the program develops. 

6.12.78 
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Attachment 3 

ADDITIONAL REFERENCE TO 
KEY SOURCES OF DRILL HOLE INFORMATION 

NOT CONTAINED IN 1975 REPORT ON CONTINENTAL DRILLING 

1. Report on the USGS Rocky Mountain Core Repository. 

2. Kansas Geological Society supplemental edition "Catalog of 
Electrical Logs," 

3.. Tulsa Geoipgical Society publication, "Tulsa's Physical 
Environment." 

4. Wyoming Geological Association Core Book, Greater Green River 
Basin Symposium, 

5. USGS Proposal for Development of Integrated Nationwide Physical 
and Chemical Properties Data Bank. 

6. Catalog Sample Library^ Utah Geological and Mineralogical Survey, 
Circular #55. 

7. Brochure Geological Information, Library of Dallas-. 

6.10.78 
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v^Core system, chain bit get field test 
i>r.-l( 
CSCg. 

CORING BIT, above, used with pressure cor
ing system. Continuous chain drill bit, right, 
is 4% ,in. slim hole model designed mainly 
for exploration drilling. 

"This first test of the new, fast bit 
and the special fluid shows that they 
can make core analysis much more 
accurate," Baker said. 

"The rapid cutting speed alone 
significantly reduces core washing. 
When used in combination with the 
protective fluid, we get a good pic
ture of what the strata contain." 

System makeup, operation. The new 
system's bit contains fifteen '/j-i"-
stud mounted polycrystalline diamond 
cutters (PDCs), which protrude 1/10-
in. above the bit face, compared with 
a protrusion of 8/1,000-in. for natural 
diamonds on conventional coring bits. 
This increased exposure permits 
deeper cuts and faster cutting rates, 
Baker said. 

The PDCs also are sharper than 
natural diamonds, and they machine 
the core much like a lathe. Because 
of the cutting speed and the bit de
sign, a core is exposed to regular 
drilling mud for only a short time 
before entering the barrel and being 
coated with the fluid sealant. 

The noninvading coating fluid used 
is hydroxyethyl cellulose polymer. It 
is easily distinguishable from hydro
carbons in laboratory testing of core/ 
samples. Baker said. The fluid 
tains calcium carbonate 
which plug small holes in the core, 
helping to prevent the protective ge! 
from invading the core. / 

In operation, once coring begins, 

Hewly designed pressure coring system cuts faster,, keeps drilling mud 
but of the core, developers say. Continuous chain drilling bit will 
iycle new cutting edge into place without pulling the bit out of the hole 

A NEWLY developed pressure coring 
system featuring faster penetration 
and a continuous chain drill bit that 
cycles new cutting surfaces into place 
without the bit being removed from 
the, hole have undergone their first 
field lest. 

The coring system, developed by 
Sandia Laboratories, Albuquerque, 
N.M., and Diamond Oil Well Drilling 
Co. (Dowdco), Midland, Tex., cut 17 
eight-ft-long cores at an average rate 
of 20 fl/hr during the test. 

And a special fluid used in the 
process kept drilling mud from invad
ing the core. 

In its field test, the continuous chain 
bit, which consists of diamond-studded 
cutting links mounted on a chain, used 
six cutting surfaces to drill 250 ft of 
granite, according to the developer, 
Sandia. 

The chain bit drilled an average 41 
ft in granite before the cutting surface 
wore out and had to be changed. By 
comparison, two conventional diamond 
bits lasted an average of 28 ft be
fore wearing oul in the same granite 
formation, Sandia says. Both bit types 
drilled about 4 ft/hr. 

Coring bit. The pressure coring sys
tem uses a e'/j-in. bit, which cuts a 
2'/^-in.-diameter core. It is fitted with 
man-made diamond cutters instead of 
natural diamonds used in conventional 
coring bits. 

Developers report that lhe penetra
tion rate is about seven times faster 
than natural diamond core bits tested 
in the same 5,000-ft-deep dolomite-an
hydrite formation near Denver City, 
Tex. 

Two coring runs also used a Sandia-
developed, brine-based, polymer fluid 
stored in the core retriever to form 
an 1/8-in.-thick gelatin-like protective 
film around the core as it entered the 
retriever barrel. 

A comparison. Although current 
pressure coring methods seal a core 
to maintain downhole pressure, their 
relatively slower drilling rate permits 
drilling mud to wash away residual 
fluids, the developers say. 

Studies show that the longer it takes 
to cut a core, the more time drilling 
mud has to wash away these fluids, 
says L. E. Baker of Sandia's drilling 
technology division. Loss of the fiuids 
makes it hard to know how much re
source is in the study area, he said. 
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-a^-l-in.-long PDC pilot bit designed to 
reduce core invasion by drilling muds 
ahead of the core bit. 

Chain bit design. Each cutting sur
face in the new chain bit consists of 
five adjacent chain links wrapped 
around a hemispherical bit head. 
When the five 2'4 by li/2-in- links 
are worn, the next five are remotely 
cycled into place and drilling re
sumed. 

Each link is set with 100 diamonds 
totaling about 10 carats. In the center 
of every fifth link are six synthetic 
diamonds which serve as the nose of 
the cutting surface. These diamonds, 
which protrude 0.065 in. above the sur
face, increase bit life and penetration 
rate, Sandia reports. 

During its test, the bit contained 
only 30 links—six cutting surfaces. 
But commercial versions are ulti
mately expected to have up to 75 
links, or 15 cutting heads. The chain, 
in that case, would be about 71^ ft 
long. 

Its greatest advantage, Sandia says, 

is expected to be the savings which 
would accrue with fewer bit trips in 
deep, hard rock drilling. 

With the chain bit, a new cutting 
surface can be cycled into place in 6 
min by stopping the rhud pump and 
raising the bit a few feet off bottom. 
This activates a spring which moves 
a new cutting surface into position. 

Bit cost. Commercial versions of 
the chain bit are expected to cost 
about $30,000 in the 434-in. size—10 
times the cost of a conventional 
diamond bit. 

However, depending on well depth 
and daily drilling costs, Sandia says, 
a chain bit with 15 cutting heads 
would reduce drilling costs 30-50% 
even though the life of each head 
were no longer than that of a con
ventional bit. 

"The added life of each cutting 
surface demonstrated in the test pro
vides an additional bonus," says Sam 
Varnado, supervisor of Sandia's drill
ing technology division. "If this ex
tended life continues in subsequent 

tests, the new bit will be even more 
competitive." I, 

The bit, under development by San
dia since 1977, will undergo a second 
field test later this year] The test will 
be conducted to determine bit wear 
and reliability more precisely and to 
improve mud flow around the bit. 

In the first test, rock chips paijtially 
clogged nozzles in the bit, preventing 
proper cooling and cleaning bf the 
diamonds. [ 

Filters are now beingj added to the 
system. j 

The cutting surfaces I are designed 
for a uniform wear ratej under nprnial 
hydraulic conditions at jthe bottom of 
the hole and for a maximum load of 
120 lb/diamond. } 

Sandia wants to team up with an 
industry partner to develop a larger 
diameter—fii/g to S'/j-Jin-—chain bit 
which would have more general uses. 
Ultimately, it hopes toi transfer final 
development and commercialization 
of the continuous chain drill bit to 
private industry. I 

Interior details changes in onshore leasirig 
THE Interior Department has pro
posed major changes in noncompeti
tive leasing of U.S. government lands 
to carry out many of the reforms 
announced by Interior Sec. Cecil An-
drus June 4. 

The new proposals, however, don't 
include required payment of higher 
rentals during the last 5 years of the 
lease term if exploration hasn't started 
before the end of the fifth year. Such 
a rule requires consultation with the 
Department of Energy, which is now 
under way. 

Nor do the new proposals expand 
the areas beyond present known geo
logic striactures for, competitive leas
ing. Legislation to do that is now 
pending on Capitol Hill, following its 
submission by the administration 
Aug. 9. 

In issuing the new proposals, An-
drus said, "With our increasingly se
rious energy problem, it is vitally 
important that we do everything pos
sible to make sure that noncompeti
tive leasing leads to exploration. We 
feel our proposed changes will en
courage exploration and eliminate 
possible abuses and inefficiency in 
the present noncompetitive onshore 
leasing system." 

What would be changed. Urider the 
present noncompetitive leasing sys
tem, tracts are awarded once a month 
in Bureau of Land Management of
fices. All applications received by the 

filing deadline are considered to have 
been submitted simultaneously. When 
there is more than one application 
for a given tract, the winner is chosen 
by drawing—a lottery. 

A major change would switch the 
frequency of the drawings from 
monthly to quarterly to permit as
sembly of larger, more desirable 
tracts for exploration. 

Andrus said the department's re
search shows that in some states 
as many as 70% of existing parcels 
could be combined with other parcels 
which become available within a 3-
month period as opposed to about 20% 
on a monthly basis. 

By switching to quarterly drawings, 
Andrus said, applicants could be given 
an additional io days in which to file 
their entry cards. Winners of leases 
could be given ah additional 15 days 
in which to pay the first year's ren
tal. Applicants now have difficulty 
in meeting the deadline under the 
present system. 

Another big change proposed by In
terior would Increase • the maximum 
size of tracts offered for noncompeti
tive leasing to 10,240 acres from 2,560 
acres. 

However, Andrus emphasized that 
this doesn't mean thai all noncompeti
tive leases will be that size. Many 
will continue to be issued for less 
than the current maximum of 2,560 
acres. But wherever appropriate, 

larger tracts will be used. 
Other major proposed changes in

clude: j 
• Only handwritten signatures 

would be accepted on {drawing entry 
cards. A card signed biy anyone other 
than the applicant must reveal the 
name of the applicant.and the signer 
and the relationship between them. 
Only cards fully completed and signed 
by the applicant or those fully com
pleted and signed by an agent,, on the 
applicant's behalf would be accepted 
by BLM. All cards would have tp be 
signed within the filirig period. 

• Only the applicant's personal or 
business address could be used as the 
retumaddress on the drawing entry 
card. A filing service'couldn't'use its 
address for a client, i^genls would be 
required to submit copies of all agree
ments with their clients relating to 
federal leasing. 

• While entry, cards would con
tinue to be used for the drawing, 
the lease form woiild replace the 
entry cards as the official lease offer 
and would require the signature of 
the applicant. When ithe lease is is
sued, only the applicant could pay 
the first year's rental. 
• • It would be illegal for an agency 

to have a prior agreerhent to resell 
a lease. Andrus said this proposed 
change would outlaw "kickbacks" to 
filing services from; oil companies 
to middlemen, I 
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Electrical, electromagnetic, and magnetotelluric methods 

S. H. Ward* 

Application of eleclrical meihods began with Robert W. Fox's 1830 observation of self potentials associated 
wilh copper vein deposits in Cornwall. Conrad Schlumberger introduced the direct current equal potential line 
resistivity method in 1912. Harry W. Conklin received the first patents on the electromagnelic (EM) method in 
1917. From these beginnings, the history ofthe development ofthe resistivity induced-polarization (IP), mag
nelolelluric and EM meihods are traced to the present time. 

ll is of interest lo note thai application of eleclrical meihods flourished from aboul 1920 lo 1930, but then 
the meihods were developed slowly until afler World War II when a major burst of development acuvity took 
place. However, the interpretational basis of the methods remained poor until the last several years when appli
cation of numerical techniques using computers permitted forward and inverse solutions to electrical boundary 
value problems in two and three dimensions. 

Field hardware gradually evolved from 1960 through 1980 to permil precise broadband IP, electromagnetic, 
and magnetotelluric data acquisition with coherent detection and remote reference noise rejection, in-field 
digital dala processing and interpretation. The future of electrical meihods is briefly sketched, with trends 
largely loward belter numerical interpretation schemes, more broadband applications, more sophisticated use 
of in-field digital acquisition processing and interprelalion schemes, and accommodation of more channels of 
information. 

EARLY HISTORY 

The early chronology of applications of eleclrical 
meihods of exploralion has been carefully preserved 
in the literature (e.g., Kelly, 1950; Kunetz, 1966; 
Van Nostrand and Cook, 1966). From those preserva
tions and others, one leams that the first attempt lo 
utilize electrical meihods dates back to Robert W. 
Fox (1830) when he observed lhat electrical cuaenls, 
flowing in Cornish copper mines, were the result of 
chemical reactions wiihin the vein deposils, i.e., 
self potenlials. According to Kelly, "The first re
corded discovery of a sulfide body by eleclrical 
methods is to be credited to hirn, as the result of the 
investigaiions which he carried oul in 1835, in lhe 
Penzance Mine of Cornwall." 

As early as 1882, Carl Barus conducted experi
ments at the Comstock Lode, Nevada, which con
vinced him that the method could t>e used to prospect 
for hidden sulfide ores. To Barus goes the credit for 
introducing the nonpolarizing elecU'ode. Conrad Sch
lumberger put the method on a commercial basis in 

1912. The first plan map of self potential over a 
metallic deposit was prepared by Schlumberger in 
1913 and was published in 1918; it depicted the pyrite 
mines at Sain-Bel, France. Roger C. Wells, of the 
U. S. Geological Survey, contributed the firsl chemi
cal understanding of the passive self-potenlial phe
nomena in 1914. Kelly (1957) introduced the self-
polential method to Canada and the United States in 
1924. 

FredH. Brown, in the era 1883 lo 1891, and Alfred 
Williams and Leo Daft in 1897, first attempted to 
determine differences in earth resistivity associated 
with ore deposits and were granted patents on their 
methods. In 1893, Jarries Fisher measured the re
sistivity of copper bearing lodes in Michigan (Broder-
rick and Hohl, 1928). In 1900, N. S. Osborne did 
equipotential work in the same district. The firsl prac
tical approach to utilizing active eleclrical methods, 
wherein the earth is energized via a controlled source 
and the resulting artificial potentials are measured, 
was due lo Schlumberger in 1912. Al that lime he 
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introduced the direct-current equipotential line 
method (Schlumberger, 1920). 

The concept of apparent resistivity was introduced 
in about 1915 by both Wenner (1912) of the U.S. 
Bureau of Standards and by Schlumberger (1920). 
The field techniques for apparent resistivity were then 
developed by O. H. Gish and W. J. Rooney of the 
Carnegie Institution of Washington and by Marcel 
Schlumberger, E. G. Leonardon, E. P. Poldini, and 
H. G. Doll ofthe Schlumberger group. Wenner used 
the equal-spaced electrode array which today bears 
his name, while the Schlumberger group standarized 
an electrode configuration in which potential elec
trodes are sufficiently close logether that the potential 
gradient, i.e., the electric field, is measured midway 
belween the current electrodes (the Schlumberger 
array). 

The eariiest attempt to understand telluric currents 
is generally credited lo Charies Matcucci (1867) of 
the Greenwich Observatory. It was not until 1934 
lhat Conrad Schlumberger (1939, p. 272-273) made 
commercial use of the method. 

According to Sumner (1976), "Conrad Schlum
berger was the first to describe a polarization 

,provoquee, i.e., induced polarization, in 1920 al
though he dropped Ihe concept in favor of the self-
potenlial method." 

Harry W. Conklin, an American mining engineer, 
look oul basic patents on the electromagnetic (EM) 
method in 1917. The first successful application of 
the Sundberg EM meihod, the forcmnner of the hori
zontal loop method, occurred in 1925 (Sundberg etal, 
1925); hence, the beginning ofthe Swedish thrust in 
EM prospecting which Lundberg and Sundberg 
fostered. The Bieler-Watson (1931) method of mea
suring the ellipse of magnetic field polarization in the 
vicinity of a large horizontal transmitting coil ap
peared next. 

These were the foundations of the developmenl 
of the theory and application for electrical meihods 
of geophysical exploration. In the next decade or so, 
numerous books and treatises appeared which rapidly 
expanded the foundations. Most notable among these 
were Ambronn (1928), Eve and Keys (1929). and 
Broughton Edge and Laby (1931). The three Geo-
physical Prospecting volumes of the Transactions of 
the American Institute of Mining and Metallurgical 
Engineers (AIME), in 1929, 1932, and 1934, pro
vided forums for dissemination of knowledge of 
this rapidly growing field of electrical geophys
ical prospecting. These volumes were followed by 
Geophysics, 1940, v. 138 and Geophysics, 1945, 
V. 164 of the Transactions of AIME. The Society of 

Exploration Geophysicists published six papers on 
electrical methods in Early Geophysical Papers. Most 
of these papers dealt with oil and gas exploralion. The 
firsl paper on electrical methods to appear in GEO
PHYSICS (v. I) was by Statham (1936). From these 
beginnings, the electrical methods slowly developed, 
with most ofthe development taking place after Worid 
War II. Highlight's of these developments follow. 

THE RESISTIVITY METHOD 

The theoretical basis for the eleclrical resistivity 
method became more firmly grounded with the for
ward solutions developed for horizontally layered 
earths by Stefancsco et al (1930), and olhers. This 
work culminated in the publication of an album of 
curves for the Schlumberger array (Compagnie 
General de Geophysique, 1955) and for the Wenner 
array by Mooney and Wetzel (1956). Until recently, 
matching of observed and Iheoretical curves using 
such albums was the standard method of interpreting 
resistivity dala over horizontally layered earths. Roy 
and Apparao (1971) and Madden (1971) demon
strated, respectively, the depth of exploration for 
various electrode arrays and the resolving power of 
resistivity sounding for thin conductive and thin 
resistive beds. 

Langer (1933) and Slichter (1933) were the first to 
develop formulation of the inverse problem in re
sistivity sounding of horizontally layered structures. 
Koefoed (1968) and Ghosh (1971) did much to make 
inversion practical. Zohdy (1975) developed a 
method of direct interpretation with which he ob
tained good results. However, none of the above 
investigaiions used the method of the generalized 
inverse introduced by Backus and Gilbert (1967). 
Inman el al (1973) introduced the use of the latter 
method to resistivity sounding, demonstrating lhat it 
was the most powerful technique for estimating 
parameters of a layered earth and for describing the 
nonuniqueness of the inverse solutions. Vozoff and 
Jupp (1975), Petrick et al (I9'77), and others used 
simultaneous inversion of resistivity and other data 
sets. 

Tagg (1930) computed apparenl resistivity curves 
for Wenner array resistivity profiles across a vertical 
fault. Logn (1954) developed expressions for the 
apparent resistivity over thin vertical sheets. Lund
berg and Zuschlag (1931) computed potential-drop 
ralio curves over a vertical faull and a vertical dike. 
Many other workers pursued these initial leads. The 
dipping-bed problem in electrical geophysical appli
cations was firsl solved by Skal'skaya (1948), and 
her work was extended by many others. Frank and 
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von Mises (1935) gave the exact solulion for the 
potential due to a point current electrode over a hori
zontal buried cylinder. Van Nostrand and Cook 
(1966) presented an excellent summary of 1-, 2-, and 
3-D models available for interpretation of resistivity 
data to lhat time. 

In receni years, the development of practically 
realizable numerical methods, (e.g., the finite-
difference, finite-clement, transmission-line, and 
integral equation meihods) has permitted the compu
tation of sounding-profiling results for any electrode 
configuration over 2-D inhomogeneities of arbitrary 
shape. Madden (1972) introduced the transmission-
line method, Jepsen (1969) the finite-difference 
method, and Coggon (1971), the finite-element 
method, while Snyder (1976) introduced the integral-
equation method. 

The inversion of 2-D resistivity data is in its in
fancy. Pelton et al (1978) developed an approach lo 
inversion of 2-D dipole-dipole resistivity and IP data, 
using the transmission surface method, which relied 
upon storage in a computer of a dala bank of forward 
solutions. Tripp el al (1979), following a suggestion 
by Madden (1972), utilized Telegen's theorem and 
the transmission surface analogy to produce a tme 
ridge regression generalized inverse solution for the 
dipole-dipole array over a 2-D earth structure. 

Petrowsky (1928) firsl studied the potential dis
tribution at the surface of the earth due to a buried 
electrically polarized sphere. Slefanesco (1950) 
first presented the very interesting and powerful alpha 
center approach to 3-D modeling of resistivity data. 
Cook and Van Nostrand (1954) calculated a wide 
variety of resistivity curves over and near filled sinks, 
appropriate lo the Lee and Wenner arrays. Seigel 
(1959) presented the response of a polarizable sphere 
in a half-space. The first 3-D numerical solution was 
presented by Hohmann (1975) in a GEOPHYSICS 
paper which received a Best Paper award. Pridmore 
(1978) used the finite-element method lo calculate 
apparent resistivities over a complex 3-D earth. Dey 
and Morrison (1979) used the finite-difference meihod 
to calculate apparent resistivity distributions for the 
dipole-dipole array over 3-D inhomogeneities. 

If in the Schlumt)erger array the current electrodes 
are far apart, and the potential electrodes are moved 
in-line between the current electrodes, then the grad
ient array is achieved. The pole-dipole and dipole-
dipole arrays seem to have been promulgated by 
Madden and his students, but they have their roots in 
the Eltran array (West, 1940). The vector bipole-
dipole array (e.g., Doicin, 1976) has achieved 
prominence in recent years, but it has yet lo prove its 

value. The Lee, potential-drop ratio, equipotential 
line, and Wenner arrays have nol survived the test of 
lime. Van Nostrand and Cook (1966) provided an 
extensive coverage of resistivity arrays. 

Edwards (1974) provided the basis for the mag-
metometric method of mapping resistivity. This 
technique is intended for deef>er exploralion than 
conventional resistivity methods because it relies 
upon measurement of magnetic field rather than 
electric field. 

The Schlumberger and Wenner arrays are fre
quently referred to as dc resistivity meihods. Al 
various early limes, dc and ac sources such as 
batteries and the commutaled Megger have been 
used. In more recent years reliance has been placed 
on low-frequency (lO"'^ to 10^ Hz) generators. In the 
lasl decade, these generators have provided syn
chronized signals al the receiver either by (1) wave 
form recognition, (2) hard-wire link, or (3) syn
chronized clock link. Also in the last decade, digi
tal receivers in the field have facilitated various 
frequency or time-domain procedures for data 
processiiig such as stacking, noise rejection, and 
band-pass filtering (e.g., Sumner, 1976). Current 
technology, via in-field microprocessors and a 
lime reference belween transmitter and receiver, 
permits processing, plotting, and interprelalion of 
data in the field. 

THE INDUCED-POLARIZATION METHOD 

Subsequent to Schlumberger's (1920) discovery 
of the IP rnethod, the next record of its study is 
attributed to Dakhnov (1941). Seigel (J949) provided 
the first proof that the method could detect dis
seminated sulfides. Bleil (1953) was sufficiently en
couraged by Seigel's work lo publish his own work. 
Madden and his students put the meihod on a sound 
phenomenological and interpretatiopal basis through 
a series of publications (e.g., Hallqf, 1957; Marshall 
and Madden, 1959). Angoran and Madden (1977) 
summarized the history of our understanding of IP 
phenomenology and made important contributions of 
their own. Commercial application pf the method 
rapidly developed in the decade 1950 to 1960. 

As equipment evolved to provide coherent detec
tion over a broad spectrum, either in the tjme or fre
quency domain, routine colleetton of IP data as a 
function of frequency or time delay became practical 
(e.g.. Van Voorhis et al, 1973). Broadband IP 
measurements permit recognition of the deleterious 
EM coupling effect and can aid in its removal. Min
eral discrimination by broadband IP surveys is an 
elusive but much desired current goal of IP surveys. 
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Grounded sbiiclures such as fences and pipelines 
constitute a major source of noise in many IP surveys 
and can be dealt wilh by calculation in some in
stances (Nelson, 1977). 

Interpretation of IP survey dala in lerms of 2-D 
earth structures is now routine (Coggon, 1971; 
Madden, 1971). Hohmann (1975) introduced a 3-D 
algorithm. Electromagnetic coupling has been com
puled over a homogeneous earth by Millet (1967) 
and over a layered earth by Hohmann (1973). Mag
netic induced polarization (Seigel, 1974) offers a 
promise of belter detection of polarizable bodies 
beneath very conductive overburden. Research on 
nonlinear IP phenomena was initiated by Shaub 
(1965) and Ryss et al (1967), but no commercial 
application of this meihod of mineral discrimination 
is evident yet. The text by Sumner (1976) contains a 
comprehensive list of references on the IP meihod. 

THE MAGNETOTELLURIC METHOD 

The magnetotelluric (MT) method is generally 
atunbuted lo Tichonov (1950) and Cagniard (1953), 
with most of the credit going to Cagniard. However, 
Fournier el al (1963) noted that the roots of the method 
actually extend back to the work of Van Bemmelen 
(1908). Wait (1954) used the U-ansmission line 
analogy lo produce a compact form of the impedance 
of a layered earth lo an incident plane wave. While 
these early workers treated the earth as a homo
geneous or horizontally plane layered isotropic 
medium, Cantwell (1960) recognized the importance 
of resistivity anisotropy or two-dimensionality and 
hence inU'oduced the notion of an impedance tensor 
which permitted determination of apparent resistivity 
as a function of angular orientation. He rotated his 
observed data into directions of maximum and mini
mum apparenl resistivities. There followed many 
applications of Ihe MT method in either scalar 
(Cagniard) or tensor form (Sims et al, 1971). 
Vozoff (1972) gave an excellent summary of the 
processing of tensor MT data and of the earth re
sponse funclions which can be derived from them. 
While the tensor MT method recognizes anisotropy 
and/or two-dimensionality in earth structure, its 
routine application has been in terms of l-D, i.e., 
plane, horizontally layered earths. That this approach 
is erroneous in general application has been clearly 
demonstrated by Wannamaker (1980, personal 
communication); in fact, he establishes that even a 
2-D model is inadequate and that a 3-D model is 
usually required. This then requires the use of a 3-D 
modeling algorithm such as that of Ting and Hohmann 
(1980). Where the earth is I- or 2-D, available for

ward and inverse algorithms can be applied (e.g., 
Petrick et al, 1977; Jupp and Vozoff, 1977). Im
provement of signal-to-noise ratio is made possible 
by the innovative remote reference method of 
Gamble et al (1979). 

THE ELECTROMAGNETIC METHOD 

Development of the electromagnelic'(EM) method 
was largely dormant in the inlerval 1930 to 1950, 
with notable exceptions being some scale-model 
results by Slichter (1932), Bmckshaw (1936), and 
Hedstrom (1940) and some iheoretical and field work 
described in Slichter (1932). However, ;i flurry of 
significant developments occurred in the next 30 
years, initiated by the enormous creative theoretical 
works of J. R. Wait (e.g., 1951, 1953, 1955, 1958) 
and the equipment development and field applica
tions of the staff of McPhar pngineering Co. (e.g., 
Ward, 1952; Ward and Harvey, 1954; Ward, 1957; 
Ward et al, 1958). Il was during 1950 to 1960 that 
the firsl broadband ground EM system, the first air
borne EM sysiem, the first drillhole EM system, 
ground Afmag, and airborne Afmag were developed 
by McPhar engineers, G. H. McLaughlin, W. O. 
Cartier, H. A. Harvey, and W. A. Robinson. 
McLaughlin later went on to develop the time-
domain PEM system now manufactured by Crone 
Geophysics (Crone, 1979) and the EMP lime-domain 
system now used by Newmont Mining Co. (Nabigh
ian, 1977). Articles by Tomquist (1958), Paterson 
(1961), Barringer (1962), Fraser (1972), Seigel and 
Pitcher (1978), and Becker (1979) trace the evolu
tion of the airborne EM meihod to digital recording, 
automatic-interpretation, and continuous apparenl 
resistivity estimates. 

A great many ground EM systems, both time 
domain and frequency domain, have evolved in the 
years between 1950 and 1980, and these were re
viewed by Ward (1979). The trend is toward broad
band sysiems employing coherent detection and 
microprocessor technology. These systems attempt 
to solve the problems encountered by the EM method 
when faced with a real earth consisting of overburden, 
host rock, surface topography, buried topography, 
disseminated and massive sulfides, and graphite. 

Attempts lo design an optimum waveform have 
been made by Lamontagne and West (1976). Won 
(1980) performed laboratory experiments with a 
sweep frequency generator. 

Over the years, scaled physical modeling has been 
used to develop interpretation schemes, utilizing 
metallic sheets to simulate thin ore veins, metallic 
spheres to simulate equidimensional ore deposils, 
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or slabs of carbon/graphite to represent tabular base 
metal deposits. The varieiy of geometries of such 
models is greal. Until about 10 years ago, the earth 
was modeled by placing sheets, spheres, or slabs in 
air and totally ignoring all olher elements of the real 
earth. Thai application of the EM method was 
successful when using such crude models for 
interpretation is surprising. 

Analytical solulions for a variety of simple earlh 
models arc available. These include: electric or 
magnetic dipoles over a homogeneous earth (Wait, 
1953, 1955); electric or magnetic dipoles over a 
layered earth (Wait, 1958); a uniform altemating 
magnetic field incident upon a sphere or cylinder in 
free space (Wail, 1951); magnetic dipoles near a 
spherical body in free space (Nabighian, 1971); and 
magnetic dipoles near a sphere in a conductive half-
space (Singh, 1973). 

In recent years solutions have been found to pre
viously intractable EM boundary value problems 
(e.g., Coggon, 1971; Swift, 1971; Hohmann, 1975; 
Lajoie and West, 1976; Stoyer and Greenfield, 1976; 
and Pridmore, 1978). Tbe earliest of these articles 
dealt wilh 2-D inhomogeneities in the fields of line 
sources; this is a true 2-D problem. The article by 
Stoyer and Greenfield (1976) describes a 2-D in
homogeneity in the field of a 3-D source (the 2-D/ 
3-D problem) while the articles by Hohmann (1975), 
Lajoie and W'est (1976), and Pridmore (1978) de
scribed a 3-D inhomogeneity in the field of a 3-D 
source (the full 3-D problem). Petrick et al (1979) 
developed a 3-D inversion scheme based on Ste-
fanesco's alpha cenier concept. 

While numerous algorithms exist for the inversion 
of resistivity and MT data in terms ofa layered earth, 
such is not the case for active source EM meihods. 
TTie paper of Glenn el al (1973) was the first of only 
five papers published on the subject at the time of 
writing. 

THE SELF-POTENTIAL METHOD 

An in-depth understanding of the self-potential 
method was firsl presented by Sato and Mooney 
(I960); Nourbehecht (1963) made the next major 
contribution in this direction. Corwin and Hoover 
(1978) demonstrated that very low noise levels can 
be obtained in self-potenlial surveys provided care is 
exercised in preparing elecirodes. Some modeling 
with various source mechanisms has been done (e.g., 
Nourbehecht, 1963; Corwin and Hoover, 1978), but 
this activity is only now emerging. Morgan et al 
(1979) [jerformed laboratory experiments designed 
to elucidate streaming potentials thought to be the 

cause of self-potential anomalies observed over geo
thermal systems. 

THE FUTURE 

The direction for the future of electrical methods 
would appear to focus on six main issues: 

(1) Increased application of 2- and 3-D forward 
and inverse solulions applicable lo resistivity, IP, 
self-fXJtential, EM, and magnetotelluric methods; 

(2) increased application of broadband IP and 
EM meihods lo permil identification of various 
members of the typically complex geoelectric 
section and to pwrmit elimination of geologic 
noise; 

(3) increased use of in-field microprocessors for 
acquisition processing and interpretation of field 
data, to permil quicker exploration decisions and 
adjustment of survey design; 

(4) development of optimum schemes for en-
enhancement of signal-to-noise ratio, such as use 
of a remote reference; 

(5) facility in-field hardware for accommodating 
data from multiple sensors; and 

(6) a resurgence of use of eleclrical methods in 
oil field and uranium exploration. 

Some of the more difficult interpretation prob
lems facing electrical meihods are now yielding to 
solution; thus, more use of the methods is to be ex
pected for all commodities. Microprocessors in the 
field will continue to allow electrical methods lo be 
cost competitive vis-fi-vis other geophysical meihods. 
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ABSTRACT 

. Tlie automatic interpretation of appar
ent resistivity curves from horizontally 
layered earth models is carried out by the 
curve-fitting method in three steps: (1) 
the observed VES data are interpolated at 
equidistant points of electrode separations 
on the logarithmic scale by using the cubic 
spline function, (2) the layer parameters 
which are resistivities and depths are pre
dicted from the sampled apparent resistiv
ity vaiucs by SALS system program and (3) 
the theoretical VES curves from the models 
are calculated by the Ghosh's linear filter 
method using the Zhody's computer program. 

Two soundings taken over Takenoyu geo-
tKermal area were chosen to test the proce-
dures of the automatic interpretation. 

INTRODUCTION 

The interpretation of the field data • 
obtained in a geothermal area is done by 
the frame works as shown in figure 1. 

Observed VES curves 

AB/2 spacing 

Topographic correction 

Prof i l ing ot •-] P lo t t ing of RM curves 
Schlumberger ' '' 

Layerd ear th 

P. - 500 map 
9, - 700 map 
p.-1000 map 
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faults H 

Interpretation of 
VES curves by 
Curve matching 

Ini t ial model. 

Calculation of 
theoretical VES 
curve : p, 

odjust model good (il 

Resistivity layer 
sec t ion 

Calculation of 
S ,T , A 

Estimation for 
reservoi r 

For the quantitative Interpretation 
of VES curves, a complete curve matching 
method may be used on the condition that 
the subsurface of the surveyed area Is a 
horizontally layered structure. For this 
purpose, se'veral albums of standard graphs 
have been published by many authors, CGG 
(1955) and EAEG (1969) . 

In case of failure of obtaining a fit 
by these standard curves, the Interpreter 
can obtain his own curve by using one of 
the computer programs for calculating the
oretical VES curves which have been coded 
by Argelo (1967), Onodera (1969), Zhody ( 
1974) and.the author (1978). 

However, a direct Interpretation of 
VES curve is prefered, as a trial and er
ror process Is not only time consuming but 
unreliable. The methods of direct inter
pretation also have been investigated by 
many authors, Ghosh (1971), Harsden (1973) 
, Inman (1973, 1975), Zhody (1975),Koefoed 
(1976), Bichara (1976) and Johansen(1977) . 

These investigations are refered to 
as the direct interpretation, the automat-
!ic interpretation and resistivity inver-
'sion and will be classified into two groups 
, that Is, the Interpretation in the kernel 
function domain and the apparent resistiv
ity domain. 

In the present paper, the automatic 
interpretation of Schlumberger resistivity 
soundings Is done by the.curve-fitting 
method in three steps: (1) the observed 
VES data are Interpolated at equidistant 
points of electrode separations (ln(10)/6= 
0.38) on the logarithmic scale by the cubic 
spline function, (2) the layer parameters 
which are resistivities and depths are es
timated from SALS (Statistical Analysis 
with Least-Squares Fitting) systein program 
developed by Nakagawa and Oyanagi (1980) 
and (3) the theoretical VES curves from 
horizontally layered models are calculated 
by the Ghosh's linear filter method using 
the Zhody's computer program. 

The practical applications to the 
field data obtained over Takenoyu geother
mal area are given. 

FUNDAMENTAL RELATION 

The apparent resistivity for a hori
zontally layered earth.la given by 

Fig. 1 Flow sheet for interpretation works 
of VES curves in a geothermal area 
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vjhcrc Ji(As) = Bessel function of first 
kind, K(X) = Kernel function, determined 
by resi s t ivi c i t!S .Tnd depths of layi:rs. 

In n fifld d ctor rai n.n t j on of app.ircnt 
resistivity(fig. 2 ) , the current, 1, flow
ing between two electrodes, A and B; the 
difference in potential, V, between two 
mcasuriii!-, electrodes, M and N, and the dis
tances between the electrodes, L and 1 aro 
measured. 
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Fig. 2 Schlumberger array 

Thus the following equation applies 
for the Schlumberger array used in meas-
urlng e.irtli resistivity: 

If - &^ V 
j \ = TC 

4iJ 
(2) 

CURVE-FITTING 

The least square 
problem of automatic i 
apparent resistivity d 

st.Ttemcnt of the 
nterpretation in the 
omnln Is 

5 = Z { Pat<̂ ;•̂ -Pa*(s;"̂ y =in-L.;i~̂ (3) 

and Sn^ = field ap-wherc f»t = theoretical 
parent resistivities. 

On the other hand 
in the kernel function 
linear fil.tcr method w 
resistivity transforra 
app.ircnt resistivity c 
Ghosh(]97]), the state 
convolution would be 

, the interpretation 
domain, Ghosh's 
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ment of the digitized 
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An explicit expre 
ivity tr.insform is ob t 
tion to the kernel fun 

ssion of the resist-
ained from the rela-
ction by 

T (X ) Pl { 1 •«- 2 K( X)} (5) 

Thus the least square statement of the 
problem in the kernel function domain is 

|:{TtUO-Ttr(x;)V = minxmum (6) 

As eq.(6) is the s.nme form as cq.(3), then 
the problems c m he .solved in the s.Tme w;iy. 

Gcner.nlly, i f wc wish the Ica.it 
squares solution to the system of equations 

B 

A X = y (7) 

where there .nre more eqii.itions th.nn un
knowns, we multiply hoth sldcr. by A , and 
then solve the resulting normal equation 

( A' A ) X = A' 

and the solution is 

X = 
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Xj Xj"" + 6Xj (10) 

COMPARISON OF TIIE METIIODS 

The probleni of the automatic inter
pretation may be solved for both domains 
of the apparent resistivity and the kernel. 
For the numerical techniques for solving 
the non-linear least square problems, 
Gauss-Newton and Marquardt method."? will be 
used. The numerical values from these 

four different approaches are shown 
in table 1. The table 1 indicates that 
there are no large differences between 
Causs-Newton and Marquardt methods in the 
results. However, a comparison of the ap
parent resistivity domain with tbe .kernel 
function domain show that significant dif
ferences arc in the estimated parameters 
and the parameter standard deviations. 
This reason is considered that the error 
produced in the transformation of the ap
parent resistivity to the kernel have an 
influence upon the interpretation process. 

Ncverthless, the interpretation in 
the kernel domain should be further stud
ied as it has the following advantages: 
(1) calculation of theoretical resistivity 
transform values and the partial deriva
tives of the kernel with respect to the 
parameters are not so difficult, (2) esti
mation.of the initial guess is relatively 
easy because the resistivity transform is 
a very good reflector of the apparent re
sistivity curve: T (0) = Pi, T (•»>) = Pn I 
and (3) calculation of VES curve is not 
necessary during the repeating process. 
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FIELD EXAMPLES 

Two field curves (C-7 and C-8) will be 
analyzed. The data were ,taken at Takenoyu 
geothermal area, Kumamoto prefecture in 
Japan. The interpretation results are 
shown in figures 3 and A, respectively. 
Drill hole information is given for the 
sounding at C-7. The electrical resistiv
ity section at C-7 from the Interpretation 
show a good correlation to the drill hole 

geologic section GSR-3 as shown in figure 
"5. 

In Takenoyu geothermal field, hot 
water mixtures is from Hohi volcanics 
(pyroxene andesite)'. Therefore, detailed 
knowledges of the depth to this horizon 
and its resistivity value are Important in 
determining the location of drill site for 
a geothermal steam production. 

The two soundings will be reinter
preted by using the drill hole data. 
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Abstract 

This memo provides a statement of the goals, technical 
approach and status of "A Study of the Characterization and 
Elimination of Cultural Noise in EM Surveys", Department of Energy 
Contract #DE-FC07-791D12041. A final report will be available 
in January 1981. 



I Introduction 

To search for deeply burled, geothermal resources by electromagnetic 
methods, interest must be directed to the 'i/ery low frequency part of the 
survey data and surveys must be conducted over larger areas. Small signal 
amplitudes are to be expected and significant interference from cultural 
noise sources can be anticipated. 

The first part of the work underway at EMA is the characterization of the 
cultural noise re-radiated by: 

1) Overhead lines (power and telephone) 
2) Fences 
3) Railroad tracks 
4) Buried cables (power and telephone) 
5) Buried pipelines 
6) Well casings 

Both transient and CW excitation of these conductors are considered. 
Predictions are made of both horizontal and vertical components of the re-
radiated field at reasonable observer locations on the earth's surface. These 
noise predictions are then compared to signals expected from deeply buried 
conductors. 

The second part of the work is to examine ways in which the cultural noise 
could be eliminated from the data, either by data reduction techniques or by 
additional measurements. 

The work is about 40% complete at present. It is to be completed in 
December 1980 and a final report issued in January 1981. 

II Technical Approach 

Initially a literature search was undertaken to identify recent publications 
of related information. Forty-two titles were identified. In this effort we 
were assisted by Dr. G. V. Keller of the Colorado school of mines. 

We selected the time domain EM (TDEM) technique (including EM60 and UTEM) 
as the most promising approach to finding deeply buried Geothermal targets. 
Most of our analysis shall be concerned with predicting the cultural noise 
exhibited in TDEM type measurements. The frequency range of interest was 
selected to be 0.01 to lOKHz which is consistent with the assumption that we 
are searching for deeply buried targets. 
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Five aspects ofthe problern have to be addressed: 

1) predieting the fields prpduced by transmTtting antenna. 
2) predicting the currents "induced on cultural conductors 
3) predicting the fields re-radiated by the cultural conductors 
4) .deterrnintrig methods of noise removal: by data analys.is 
5) determining meth'ods of noise' remqvaT by additional rneasurements 

We have preliminary results on the; first three problem areas and those 
wiTl. be'discussed in the fpliowing sections, 

III Fields Produced by Transmitting Antennas 

Three antennas have been chosen for study;, a small horizontal, Ipp^, which 
is called a Vertical Magnetic Dipole (VMD). A smalT horizontal electric dipole 
CHED) and a hortzontal electric dipoVfe of fini'te length grounded on each end. 
For each of these antennaj we requi.r's the electric anid, magnetic fields above 
the surface of a homogeneous eondueting half space and the hori,zontal eleetric 
field below the surfaeei of the conductor, The fields above-the surface are" 
needed as reference- fields, and they are also needed as the drive fields for 
the above ground cu,l:tural conductors. Below the ground the horizontal electric 
field is., used as the drive field for pipeline and power cable conductors. 

To address the expected return from a deeply buried target we are also 
computing the surface fields for a two layered media where the second layer is 
more conducting and is located at 5KM below the surface. Figure 1 shows the 
formulas that we presently use in these predictioriS;. Fields at points on or 
above the surface' are obtained from image theory which have been shown to 
agree well with exact solutions. Fields below the: surface are estimated by 
attenuating the hprizontal components of the field at the surface by skin 
depth fomul as. 

IV Excitation of Cultural ,Scat6rers 

All of the cultural .scatterers of interest are modeled using transmission 
line theory (Figure 2). In both power Tines and fence ealculations there is 
a soilpimpedance parameter that must be evaluated. This parameter is defined 
to be 

ZS01, . . M M L = («) f'̂  (v^j;^) exp(. •2h/vî (ucT̂ .̂T)du 0 son i 

Bannister, Peter P, "Summary of Image Theory Expre-sions for the Quase 
Station Fields of Antennas at or Ab'ove the Earth's Surface". Proceeding 
of the IEEE Vol. 67, No. 7, July 1979, pp. 1001-1008. 

Carson, John R. "Wave Propagation on Overhead Wires with Ground Return" 
Bell System Techni cal Journal 1926 No. 5, pp;' 539 - 554. 
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Numerical integration of this formula reveals that at low frequencies 
both the real and imaginary parts are nearly directly proportional to frequency. 
At. high frequeBcies both the real and imaginary parts are equal and proportional 
to (frequency)' . We are using a simple fit to these curyes in dur cal eul ations, 

Zsoil = A C ^ " ) + jB /^^ 

v (ti+'&jj, y'w+OJT 

where A and B are independent of soil eonductiyity and Wp and tu, are inversely 
Rroportipnal to soil conductivity., . '̂  ^ 

Once the currents,are compute(i the re-radiated fields at the observer 
location are calculated assuming that the cultural scatterer is a line source. 
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EXPLORATION, EVALUATION, AND DEVELOPMENT OF NATURAL RESOURCES 

ELECTRICAL RESISTIVITY TECHNIQUES 

IN GEOTHERMAL EXPLORATION 

INTRODUCTION 

Analysis of geothermal exploration case histories from about a dozen countries 
shows that electr ical resistivity is a most powerful geophysical exploration technique 
for geothermal resources (Meidav and Banwell, 1972, In press). 

Electrical resistivity techniques measure the specific resistance of rocks of any 
depth to the flow of e lec t r i c i t y . The resistivity of water-saturated rocks depends 
upon the rock temperature, sal inity of the saturating f l u i d , clay content, formation 
factor, and steam or gas content. 

The resistivity in geothermal areas is usually lower than the resistivity in the 
surrounding non-therma I areas, because most of the above factors tend to work 
together to reduce the resistivity of geothermal reservoirs. The resistivity contrast 
between hot, water-saturated rocks wi th in the geothermal area and the colder 
surrounding rocks may be as great as 1:100 but is often of the order of 1:5 (Meidav 
and Banwell, 1972). Because of that great contrast in electr ical properties be 
tween hot rocks and the colder surrounding area, electr ical resistivity techniques 
have proven invaluable in geothermal exploration (cf . for example Banwell and 
MacDonald, 1965; Meidav, 1970; Kel ler , 1970). 

The resistivity of vapor-dominated reservoirs can be higher than that of 
surrounding rocks, thus creating an important exception to the above ru le . 

In l iquid-dominated systems, the relationship between the resistivity of the 
rock, the salinity of the saturating f l u i d , the formation factor and the temperature 
are graphically shown in Figure 1 . It is seen that by measuring the resistivity on 
the earth's surface (labelled "Rock Resistivity"), by estimating the formation factor 
of the rocks i t is possible to either estimate the temperature of the reservoir fluids 
( i f the salinity is known) or to estimate the sal in i ty , i f the temperature at depth 
can be approximated. 
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Figure 1 . A nomogram for relating resist ivi ty, which is measurable on the earth's 
surface , to temperature or salinity of the rocks at depth. 

1 . RECONNAISSANCE RESISTIVITY TECHNIQUES 

A . THE ROVING DIPOLE TECHNIQUE 

The roving dipole technique is designed to fac i l i ta te rapid reconnaissance 
of large areas, in order to select specific torgets.for detai led investigation, 
The advantage of this technique is that i t is lower in cost per unit area, 
is faster than other methods, and does not require straight survey lines, 
making i t especially useful in rugged ter ra in . The shortcoming of ttie 
method is that i t only provides a general evaluation of the areas surveyed 
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Figure 2 is a map showing the resistivity contours derived from 
illuminating a geothermal area in.Indonesia from two different 
locations. Although in agreement generally, the difference 
between the two sets of contours reflects the difference in 
effective probing depth at each receiver station relative to 
sources A and B. 

NORMAL ^ 
r RESISTIVITY I 

^ Q ohm-metersj ^ ) 

5 ^ 5 5,)^ ^ \l 

km 

y 5 RESISTIVITY CONTOURS, SOURCE A 

^ ^ 5 RESISTIVITY CONTOURS, SOURCE B 

<i FUMAROLE AREA 

Figure 2. Roving dipole survey, Indonesia, using two different transmitter 
locations (A and B). The low resistivity areas coincide with the location 
of surface thermal features (fumaroles). 
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The interpretation of roving dipole data is fac i l i ta ted through the 
preparation of electr ical conductance maps. A t large transmitter-
receiver distances, in areas underlain by a very resistive basement, 
conductance maps are not affected as much by the distance factor 
as are the resistivity maps. Figure 3 schematically shows the 
electr ical conductance profiles that would be obatined over two 
common geological situations. It should be noted that at short 
distances the apparent conductance Cg is not equal to the true 
conductance because at short transmitter-receiver distances, the 
physical condit ion for establishing conductance ( i . e . , a large 
distance from the source compared wi th depth to the basement) 
is not f u l f i l l e d . However, by mul t ip le- i l luminat ion, i . e . by 
roving across the area in more than one d i rect ion, i t is possible 
to establish the correct conductance value of the area. 
Moreover, mult iple coverage permits some preliminary three-
dimensional determination of conductivi ty and thickness components 
of the area under invest igat ion. 

Roving dipole techniques also permit the execution of detai led 
depth soundings In the v ic in i ty of each of the widely separated 
current electrodes. Such soundings may be referrecj to as monopole 
soundings. They provide very smooth data, when no lateral 
discontinuities exist . 
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Figure 3 , Synthetic apparent electr ical conductance (CQ) profiles over a three-
layered earth, where the middle layer is the most conductive one. Note that at 
short distances, the apparent conductance (broken line) is different from the true 
conductance (solid line) 



CONSTANT DEPTH PROFILING 

This technique also provides a rapid reconnaissance of large areas. 
Its advantage, as wi th the roving dipole method, lies in speed. 
Its major disadvantage lies in the need to carry the transmitter to 
the center of the station to be explored, which might be logist ical ly 
d i f f i cu l t In some cases. 

APPARENT RESISTIVITY AT 2000 ft AB/2 

( I \ i R a w i i i f n 

Figure 4 , Apparent resistivity map for a 2 ,000 ' constant depth prof i l ing of ttie 
Imperial Va l ley , Cal i forn ia . Note the regional resistivity gradient upon 
which the various geothermal f ields, partly discovered through this resistivity 
survey, are superimposed. 
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2 . SEMI-DETAILING TECHNIQUES 

DIPOLE-DIPOLE PROFILING 

The dipole-dipole technique has been extensively u t i l i zed in mineral 
explorat ion, and recently in geothermal explorat ion. The advantage of 
the dipole-dipole technique is that i t provides a resistivity cross-section 
in line of the d ipole-dipole pro f i le . It has been successfully employed 
by the U . N . in Kenya in del imit ing the boundaries of a geothermal f i e l d , 
as wel l as the location of a ma|br faul t running through that f i e l d . 

The dipole-dipole technique may be regarded as a semi-detai I ing technique. 
It is slower than the roving dipole technique, but provides greater detai l 
along the pro f i le . This technique requires reasonably straight lines to 
be run . It may be used to advantage to obtain finer details of anomalies 
detected by any of the reconnaissance techniques, or, i f funds permit, 
as both the reconnaissance as wel l as detai l ing technique. However, 
depth computations from dipole-dipole data must be evaluated wi th some 
caut ion, because the very shallow resistivity distributions (at depths less 
than 1.4n), which greatly affect the rest of the deeper data are not 
normally ava i lab le , 

3 . DETAILING TECHNIQUES 

SCHLUMBERGER DEPTH SOUNDINGS 

The Schlumberger depth sounding technique has been employed successfully 
for detailed determination of layering in terms of electr ical resistivity of 
earth strata to a great depth (cf . for example, Meidav and Furgerson, 1972). 
This technique is the most proven of the various depth sounding techniques, 
wi th a very large repertoire of experience for interpretation of the data. 
The technique is used to resolve some of the finer details of the geologic 
structure of the area. A survey u t i l i z ing the Schlumberger depth soundings 
exclusively has been conducted across the Imperial Val ley of Cali fornia 
(Meidav, 1970), Three of the residual resistivity lows have been dr i l led 
after the conclusion of that survey, confirming the relationship between 
resistivity lows and temperature highs. Figure 5 shows the resistivity 
cross-section which was derived from the Schlumberger depth soundings. 
We predict that the Brawley resistivity low w i l l prove the existence of a 
signif icant geothermal reservoir when dr i l led eventual ly . 
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Figure 5 . A resistivity cross-section across the North Brawley anomaly in the 
Imperial Va l ley , showing the location of suspected faults, and the very 
low resistivity associated wi th the Brawley geothermal f i e l d . The cross-
sections were constructed from resistivity depth sounding da ta . 
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Loop-Loop EM-Resis t iv i ty System - Introductory Pape r 

By 

Philip G. Hallof and Mrinal K» Ghosh 

Introduction 

The res is t iv i ty method was among the f i rs t of those used by ear ly 

geophysic is ts . E lec t r i ca l cur ren t could be made to flow through the ground, 

and the ear th- forming m a t e r i a l s had varying specific res is t iv i ty va lues . 

Initially, the potential equations could be solved for only a few simple 

geomet r ies ; as mathemat ica l physics became m o r e sophist icated, the 

forward prob lem was solved for more complex ear th geomet r i e s . In 

recent y e a r s , i tera t ive techniques using high-speed digital compute r s , 

with l a rge s torage capabi l i t ies , have given approximate solutions to even 

more problenns. 

Except for a few exper imenta l p r o g r a m s , quantitative in terpreta t ions 

for res is t iv i ty field surveys a r e st i l l obtained only by "curve-matching" 

techniques. These solutions a r e largely l imited to field surveys in which 

the ear th can be approximated by a layered geometry with relat ively few l a y e r s . 

The development of equipment to make the res is t iv i ty measu remen t s has 

largely outdistanced the theore t ica l aspects of the problem and the in terpreta t ion 

of the data. Rel iable , l ight-weight equipment is now available to make m e a s u r e 

ments at frequencies f rom d. c. to 0. 5 Hz, using bat tery sources or motor -

gene ra to r s . 

It has been recognized for sonnetime, that apparent res i s t iv i t i es could 

be determined from the analysis of e lec t romagnet ic fields from various types of 

sources (Fr ischknecht , Keller and Fr i schknecht , Ward). Since solutions of 

Maxwell 's equation a r e even m o r e difficult than those of Po i s son ' s equat ions, 

theore t ica l solutions a r e available for only a few ear th geometr ies and sou rce s . 

Much of the available theore t ica l data has appeared in p r in t , but very lit t le field 

data has been published. 
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In this shor t paper we would like to discuss two exploration problems 

in which conventional dipole-dipole res is t iv i ty survey data has been of some 

help. However, our experience has led us to believe that res is t iv i ty m e a s u r e -
. I 

ments using e lec t romagnet ic sources may be preferable to the m o r e usual 

groiinded res is t iv i ty techniques. The geometr ies encountered in these two 

exploration problems a r e simple enough that a successful application of the 

e lec t romagnet ic res is t iv i ty determinat ion is anticipated. Elec t ronic equip

ment is available to make the neces sa ry m e a s u r e m e n t s . 

Application of the Resist ivi ty Technique 

The res is t iv i ty method has been used in severa l a r e a s of exploration 

in addition to explorat ion for conductive sulphide minera l iza t ion . These include 

depth of overburden determinat ions and groundwater explorat ion in s eve ra l types 

of envi ronments . In recent y e a r s , the McPhar Group of Companies have used 

the res is t iv i ty method in two additional types of exploration p r o b l e m s . 

1) Explorat ion for Geothermal Sources 

The t e r m s "Energy Shortage" and "Energy C r i s i s " have become widely 

used , par t icu la r ly in North Amer i c a , in recent y e a r s . The innplied problems 

have been compounded by various r ea l , or imagined, dangers to the environment . 

This combined situation has given r i se to a great ly renewed in te res t in geothermal 

energy s o u r c e s . Heat (in the form of s t eam or hot water) is current ly used as an 

energy source i n t h e U . S . A . , New Zealand, Mexico, Italy and Iceland. Exploration 

for suitable sources is now underway in many a r e a s . 

Not much is known about the detailed p roper t i e s of these h igh- t empera tu re 

zones within the very uppermost port ion of the ea r th ' s c rus t . One recognized 

cha rac te r i s t i c of al l of the known geothermal zones is the i r low res i s t iv i ty . 

This is due to the high t empe ra tu r e and salinity of the fluids and the high porosi ty 

o f the enclosing r o c k s . (Meidav). 

The high t empe ra tu r e zones have been found in al l types of rocks ; the 

undisturbed res i s t iv i t i es a r e i n t h e range from 3.0 to 3000 o h m - m e t e r s . The 
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t rue res is t iv i ty within the geothermal source itself is always in the range 

from 0. 50 to 5. 0 ohm-meters . (Meidav) . 

Various types of res is t iv i ty techniques have been successfully employed 

to loca te , and outl ine, geothermal s o u r c e s . McPhar has successfully applied 

the dipole-dipole survey technique in severa l a r e a s around the "Pacific R im" . 

For a reconnaissance survey of this type we have used the dipole-dipole e lec

trode configuration with X = 2000' to X = 4000' and n = 1 , 2 , 3 , 4 , 5 . The r e s u l t s , 

when plotted in "pseudo-sect ion" form, have been found to be very helpful in 

the detection of low res is t iv i ty zones that could be re la ted to high t empera tu re 

zones . 

The res is t iv i ty data shown in Figure I and Figure II a re typical of those 

from surveys in which the country rocks were a thick section of volcanic flows 

and fragmental rocks . Zones of low res is t iv i ty were located, at depth, on both 

of the l ines shown; the l ines a r e positioned one mile apar t . 

The resu l t s shown in Figure I have outlined a relat ively nar row zone of 

lower r e s i s t i v i t i e s , at considerable depth. One mi le to the west (Figure II), 

the low res is t iv i ty zone has a much g rea t e r width. At about lOOS, the apparent 

res i s t iv i t i e s were relat ively uniform, with a magnitude about equal to those 

at the southern end of Figure I. 

If the anomalous pa t te rns indicated by the contoured "pseudo-sect ion" 

data plots a r e s imple enough, an at tempt can be nnade at quantitative in te r 

preta t ion using curve-matching techniques . This has been done for the 

resu l t s shown on Figure I and Figure II, assuming a horizontal ly layered 

geometry . The in te rpre ted p a r a m e t e r s a r e shown on the data p lo t s . 

In the examples shown, the in terpre ta t ion of the reconnaissance 

res is t iv i ty resu l t s is quite sa t i s fac tory . In field surveys in which the resu l t s 

a r e m o r e va r i ab le , these quantitative in terpre ta t ions will be less accu ra t e . 

However, the extensive zones of low res is t iv i ty can usually be detected, even 

at considerable depth. 

Many a r e a s of potential geothermal in te res t a r e very large in a r e a l 

extent. This will continue to be t rue as long as the geological and geo

chemical tools being used for p r i m a r y explorat ion a r e s t i l l in the development 
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s tage . F u r t h e r , many of the a r ea s of in te res t occur in regions of rugged 

topography. Uiider these condit ions, it would be des i rable to be able to m a k e 

the reconnaissanee res is t iv i ty determinat ions without having to move along 

regularly surveyed l ines . Therefore , sorne type of " spo t - to -spo t" res is t iv i ty 

determinat ion u.sipg an electroraagnet ic source would be very useful, 

2) Depth of pe rmaf ros t determinat ions in the-Arct ic 

The energy shor tage has also spur red the sea rch for oil and gas within 

North A m e r i c a . Much of this work has takeri place within the Canadian A r c t i c 

The initial t a rge t s were s t ruc tu res of very great size and extent. In this work, 

sophist icated cor rec t ions to the reflection seis inic data were not neces sa ry . 

Recently, m o x e detailed analysis has reveailed that in o rder to do accura te 

in terpreta t ipn of the seis inic data it i s necessa ry to co r rec t from the velocity 

change that i s p r e s e n t at the base df the pe rmaf ros t . Fu r the r , it has become 

clear that the depth o f the pe rmaf ros t is much m o r e var iable than was p r e 

viously s upp o s e d. 

The frozen sediments within the pe rmaf ros t la,yer of the basins have 

complex p r o p e r t i e s . It is known that they have a higher seisinic velocity 

than the unfrozen sed iments . The res is t iv i ty value withiri the permafros t 

layer i s also higher than at depth. In some a r e a s , the resu l t s of dipole-

dipole res is t iv i ty surveys have successfully indicated changes in the depth bf 

permafros t and pe rmi t t ed correc t ions to be made to se i smic data. 

The dipole-dipole resisfivity resu l t s shown in Figure III (X •= 1000' , 

h = 1 ,2 ,3 ,4 ) a r e fairly typical of those f rom the Canadian Arc t i c . The 

layering is-quite evident to the north and south. Near 90N to lOON, the 

lower res is t ivi ty rocks extend quite close to the sur face . This fea ture , 

which extends ac ros s seve ra l para l le l l ines , suggests a sudden and dramat ic 

change in the pe rmaf ros t depth. 

Again if the georhetry of'the ea r th is s imple enough so that a layering 

approxirnation can be m a d e , some quantitative in terpreta t ion can be done, as 

was done firom the data shown .iri Figure III, Even these approximate solutions 

a re useful in the in terpre ta t ion of the se i smic data. 
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The dipole-dipole res is t iv i ty data is quite sat isfactory for the acquisit ion 

of the'neeeS'Sary data. The difficulty is in the t iming. In o rder to ,get p rac t ica l 

survey production the res is t iv i ty survey must be dorie in the s u m m e r when 

cu r ren t e lec t rodes can be easi ly p r e p a r e d . The se i smic work is done in the 

winter , when t r anspor t over the frozen surface is ea s i e s t . Iri o rde r to keep 

the s upp o-rt costs down, the res is t iv i ty survey mus t be done at the same, t ime 

as the se i smic survey . Therefore , a res i s t iv i ty mea sure nrient usirig ah e l ec t ro 

magnetic source would be des i rab le . 

System for Resis t ivi ty Measurements Using Ele ctr einagne t ic Fields 

The two explorat ion p rob lems descr ibed above a r e o f the same na tu re , 

A re s i s t ive layer over l ies a conductive subs t ruc tu re , and we des i re to .know 

the thickness of the upper layer and the res is t iv i ty of the two layers. . This 

pa r t i cu la r p rob lem is one of the eas ies t to solve using e lect romagnet ic 

techniques (Ghosh, Ward) . 

An e lec t romagnet ic sys tem has been designed and built to perrni t 

measu remen t s to attack this p rob lem. 

The t r a n s m i t t e r is a variable frequency osciUatorpowe.fed by a 

m o t o r - g e n e r a t o r . The systein opera tes at tw^elve frequencies between 

15.0 Hz and 4S,G00 Hz, The magnetic dipole is c rea ted by using a mul t i -

turn , a i r - c o r e d coil; any one of s eve ra l coils can be at tached to the t r a n s 

mi t t e r console. (Figure IVa), 
2 

The l a r g e s t dipole morherits of abdut 3,000,000 a m p e r e - t u r n - m e t e r s 

cari be achieved with the coil hor izontal ( i . e . a ve r t i ca l dipole),. For ins tance , 

a 10 tu rn coil , ,200 feet in d iamete r , v/ith a rhaxinium of 10 ampere s of cur ren t 
2 

has a dipole moinent of 3,-140,000 a i n p e r e - t u r n - m e t e r . (Figure IVb), 

For a hor izonta l dipole the coil mus t be suspended in a ver t ica l plarie; 

this is more difficult to achieve, A loop with a 30 foot d iameter and 36. t u r n s , 
2 

a lso car ry ing '10 a m p e r e s , has a moment of 286,000 a m p e r e - t u r n - m e t e r . 
(Figure IVc) . 

The m o t o r - g e n e r a t o r weighs about 55 lbs; the t ransrr i i t ter console has 

a total weight of about 125 l b s . The coils have a weight of 100 lbs , to 200 lbs . 
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depending upon the d i ame te r , number of t u r n s , e t c . 

The r ece ive r -de t ec to r can be, of ariy one of th ree types : 

1) With a reference cable , a single coil detector cari be used to m e a s u r e 

the IN-PHASE and OUT-OF-PHASE magnitude of the total field (Figure IVd). 

The detector coil is- orientalale so that the field iri any direction cari be m e a s u r e d . 

The field comporients are . measu red as a percent of the maximum-coupled 

priritiary field; the accuracy is _+_ 2, 5%, 

2) With a c rossed-co i l sy s t em, and an internal frequency re fe rence , nb 

reference cable is needed. The systein m e a s u r e s the tilt angle and ellipticity 

of the e l l ipse-of-polar iza t ion of the total field (Figure iVe) . The t i l t -angle can 

be m e a s u r e d with an accuracy of 0,25 degrees ; the elliptieity can be measu red 

with an accuracy o£ +_ 1%, This is the sys tem previously descr ibed by Ward, et a l . 

3) Using the two-channel sys tem from the dip-angle m e a s u r e m e n t descr ibed 

above (without a reference cable) with a length df wi re and two non-polarizing 

E ^ with an accuracy of e l ec t rodes , it is poss ible to m e a s u r e the rat io 
~ H r 

+_ 5%, Since Etp and Hr a r e orthogonal this is equivalent to an "applied field" 
magne to- te l lu r ic rneasu rement . 

The measu remen t accuracy that cari be at tained with the sys tem descr ibed 

above depends upori the dipole source choseri by the geophysicis t . the ambient 

e lec t r i ca l ripisei the conductivities p f the ea r th , the m e a s u r e m e n t choseri arid 

the accuracy requi red . Under "normal" conditions measuremeri ts can be made 

at a maximuin distance of 1.0 Km to 3i 0 Krin from, the sourc.e. 

Calculation of Field Coniponents 

The calcylation o f t he field components on a one- layer ea r th has been 

previously repor ted (see Reference) arid the mathemat ica l development will not 

be repeated h e r e . The coordinate sys tem we will use is shown,in Figure V. 

The possible, magnet ic field components calculated by Wait (19 55) for a 

homogeneous ea r th a r e shown iri Figure VI. Notice that for the ver t i ea l , 

co-planar coils the coupling ratio, inc reases uniformly and that the variat ions 

occur at relat ively low values of R y f o-



FIG. 5 Co-ordinate System 
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Fpr a one- layer ea r th , the same coupling ra t ios can be theoret ical ly 

calculated, if the ra t io o f the conductivities is specified as well as the rat io of 

the thickness of the upper layer (H) to the distance betweeri the souree arid 

detector (R), In Figure Vila we have shpwn the curve for var iables <^z/^ \ 

for constant R/H. In Figure Vllb the resu l t s a r e planned for constant o"'2/o-. 

with various values for' R/H, As was the case for the uniform ea r th , it can 

be seen that the- curves for the ve r t i ca l , co-p lanar coils a r e the mos t diagnostic 

of all those for pa ra l l e l magnetic field components . The most diagnostic curves 

of all are. for the mir i imum coupled magnetic field (Hr) for the ver t i ca l dipole 

source . 

In a field sys tem to investigate the res is t iv i ty df a one-layei: ea r th , it 

is obviously des i rab le to obtain as much information as possible from m e a s u r e 

ments from a single placement of the. co i l s , as the frequency is var ied . Sirice 

the re is a lirnit to the dipdle.mdment that can be used for the source and a further 

l imitat ion on the sensit ivity that we can reasonably expect ito achieve in the 

r e c e i v e r - d e t e c t o r , it is also obviously des i rab le to be able to make diagnostic 

measuremeri ts with as smal l a coil separa t ion as poss ib le . 

These p rac t i ca l cons ide rat ions suggest that for a horizontal dipole the 

apparent conductivity deterniinations should be made for ve r t i ca l , co-planar 

coi ls . For a ver t i ca l dipole source measurements-u t i l iz ing Hr shouldbe 

diagnost ic . Ward and his group have repor ted that m e a s u r e m e n t s of the t i l t -

angle and ell ipticity of the e l l ipse-of-polar ization of the, total field a r e quite 

diagnost ic . This is t rue because these measu re inen t s util ize the Hr cpmppnent 

of the field. 

E<^ 2 
to determine an apparent 

We will r epo r t h e r e ori the use of 
' H r 

res is t iv i ty curve for a one- layer earth,- This is essent ia l ly a magneto- te l lur ic 

measuremen t using an applied field. 

Apparent Conductivity Curves Using Ver t ica l Co-Planar Coils 

To introduce the concept of apparent conduetivity in E . M . depth-sounding 

let us consider the ver t ica l co-planar configuration. By comparing the theoret ical ly 

computed response curves on the surface of a one- layer ear th with those on a 
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uniform earth-, it is poss ib le to define an. "apparent cpncluetivity" that is-

s imi la r to that used for the grounded-cur ren t res is t iv i ty method. A few of 

these apparerit coriductivity curves using secondary iri-phase response for 

four values df R/H a re shown in. Figure VIII, These curves a r e quite 

resolved for different values of erg /or j . A s expected, the apparent con

ductivity values a r e c lose r to the rea l conductivities for smal l th ickness of 

l a y e r s . This i s quite noticeable in low frequericies. The general behavidr 

of the apparent coriductivity curves a r e s imi la r to those in dipole d. c. 

res is t iv i ty sounding-. 

. F i e l d m e a s u r e m e n t s of responses may be converted to the apparent 

conductivity values using a thedret ical ly computed m a s t e r cha r t for the 

homogeneous ha l f - space . These apparent conductivity values may be plotted 

against R y T on a siriailar log-log t r ac ing pape r . This field curve can then 

be matched with the appropr ia te set of apparent conductivity curves for the. 

one- layer model by shifting along the 'X' and 'Y' axes . The 'X' and 'Y' 

offsets iri the origin would indicate ^/o^[ and o-| . The values of o-j from 

both the axes should be consistent . The depth of the layer is obtained from the 

set of curves with which a match has been obtained. 

Cagniard Resist ivi ty Curves from Ec^ 
H r 

(AFMT Method) 

Fp r a magrietic dipole sou rce , different components of the magnetic 

field and the e lec t r i c field m a y be measu red in the fielti. We have already 

seen that the mos t useful magnet ic field coinppnent is the perpendicular 

coinponerit Hr (Figur.e VIZ), Iri this secfion, we shall make use of the 

amplitudes of Hr and E ^ cpmponents (Figure V) for a ver t ica l magne t ic 

dipole source . We shal l call this "Applied Field Magneto-Tel lur ic" measure 

ments (AFMT). 

In the .c lassical magneto- te l lu r ic problem,, apparent res i s t iv i t i e s a r e 

obtained f rom E<^ 
H r 

measuremer i t s according to (Cagniard, 1953). 

2 1 
P apparent = E ^ 

Hr 
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In our p rob lem, t h e m e a s u r e m e n t s a r e made in the audio frequency 

range at 'finite dis tances froin the t r a n s m i t t e r . Hence, the apparerit res is t iv i ty 

de te'r mination according, to the above equation is not c o r r e c t . However, it is 

possible to define a "Cagniard Resis t iv i ty" in a s imi l a r "way; i..e. 

Cagniard = 
ti) f l 

E ^ 
Hr. 

It should be rioted at this point that the Cagniard res is t iv i ty is not a constant 

for a homogeneous ha l f - space . Theoret ica l computations have,̂  shown that , 

for a homogerieous ha l f - space , the Cagniard res is t iv i ty is a furiction of the 

p a r a m e t e r RVf o" t - Gagriiatrd res is t iv i ty has been foiind to be equal to the 

t rue res is t iv i ty when R / f o-'i is l a rge r than 50.00. This cor responds to a 

' skin-depth ' ( S .) equal to 10 (Figure X), Cagniard res is t iv i ty inc reases 

logar i thmical ly with dec rease in R y f cr | • It changes by about four decades 

with only one decade of change in/R y f tr | . We have used this phenomenon 

iri the p rob lem of depth- sounding, 

We have theoret ical ly cpmputed Cagniard res is t iv i ty curves for the 

one- layer ea:rth model , Sdme typical curves for 0-2 /o". equal to 30 and 100 

have been shown in Figures Xa and Xb, respect ively . Each f igure contains 

a range of values of R/H, 

It is c lear that , at a fixed distance f rom the t r a n s m i t t e r , the actual 

E<^ at a very values of o-j , can be obtained from field rneasurements of 
' H r 

high frequericy. The depth of the layer (H) may be deterrnined by curve 

m a t ching, 

Both the F igures Xa and Xb show that a ra t io of R/H which is g rea t e r 

than four does not make the Cagniard res is t iv i ty curve significantly different 

excepting that the t rough in the curve (around R y f o " | = 1600) i n c r e a s e s in 

magnitude. Everi for R/H equal to two, the difference in Cagniard res is t iv i ty 

from the o n e - l a y e r m o d e l to the half-space mode l is more than two decades 

whenR y f (T I is equal to 100 (Figure Xc). Another int'e re sting feature to note 

is that this difference in Cagniard resisfivity inc reases as R i / ic r \ d e c r e a s e s . 
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This shows that if measu remen t s are: made in low values of , the 

distance from the . t r ansmi t t e r to the point of m e a s u r e m e n t need not be g rea t e r 

than two t imes the depth of investigation. With our p resen t equipment, it is 

possible to make •measureriaerits at a max imum distance of 3 K m e t e r s . 

There fore , the inaximum depth that can be investigated is more than I K m e t e r . 

We a r e in a p r o c e s s of computing the apparerit res is t iv i ty curves f rom 

Cagniard res is t iv i ty in a way sirriilar to the one, described-for the ver t ica l co-

p lanar configuration (Figure VIII), This should sirnplify the interpretation, of 

the fi'eld cu rves . 

Using Loop-Loop EM Resist ivi ty Peterminatioris 

In the above description-we have outlined two different ways in which 

e lec t romagnet ic m e a s u r e m e n t s could be used to c a r r y out res is t iv i ty de te r 

minations in the geothermal arid pe rmaf ros t problems shown in Figure I,, 

Figure II and Figure III, As yet , no field data is available for AFMT m e a s u r e 

m e n t s , but we can use the theorietical curves to examine the expected behaviour 

of the Cagniard. res i s t iv i ty from elec t romagnet ic spjarces. We have ; 

shown the curves only for the apparent res is t iv i ty determiriations using E i> 
I H r 

The expected Cagniard res is t iv i ty curves for the. two geothermal problems 

descr ibed in F igures I arid Ii a r e shown in F igures XI. and XII. Figure XI shows 

that the low res is t iv i ty of Line 1 Mile West between 120N to I 6ON at a depth of 

600 rnete.rs can very well be recognized from the surrounding hompgeneous 

m e d i u m . 

Figure XII shows that the step like variat ion iri res is t iv i ty of Line 2 Mile 

West can be detected by AFMT method. 

In both the above examples , the frequencies to be used a r e too low for 

the ec^uipment because the= res is t iv i ty o f the top l a y e r is quite low (100 ohm. 

m e t e r s ) . A different kind of measuremer i t s employing higher, frequencies a r e 

to be made in these c a s e s , 

F igure XIII shows the Cagniard res is t iv i ty curves for the permafros t 

p rob lem descr ibed in Figure XII. The curves A, , A_ and A- a r e quite well 
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separa ted . This shows the different .resist ivity zones can be mapped. Notice 

the variat ion in the Cagniard res is t iv i ty occurr ing in the frequency range 

10 - 1 ,000 H e r t z . 

Conclusions 

We have p resen ted ari analysis of the depth-souriding problem usiiig a 

niagnetic dipole source . Any component of the magnetic field may be m e a s u r e d 

in depth invest igat ion, and in terpreta t ion may be made usirig the apparent 

res is t iv i ty curves for the one- layer model , Iriterpretation is e a s i e r to make 

if the p a r a m e t e r which is m e a s u r e d changes monotonously with frequericy. 

The ver t i ca l co-p lanar coil-configuration s eems to be the best for pa ra l l e l 

component measu remer i t s . In this ca se , e i ther the amplitude of the field 

or the in-phase cpmponent should be m e a s u r e d . 

T h e m e a s u r e m e n t of the perpendicular magnet ic field Hr s e e m s to 

be everi be t ter than the ver t i ca l co-p lanar ineasurement . The p a r a m e t e r s 

of the el l ipse of polar iza t ion measu remen t s as descr ibed by Ward, et a l , 

a r e a lso quite diagnostic as they coritain. the Hr component, 

AFMT method descr ibed .here seems to be the bes t . In this method, 

the m e a s u r e m e n t s a r e to be made i n low values of R ^ f <r | * The point of 

m e a s u r e m e n t s does not have to be g rea t e r than two t imes the depth of 

investigation. AFMT method contains the s imples t form of field m e a s u r e 

inents (the ampli tudes of E ^ and Hr ) , No reference link is needed. 

Instrumentat ion is a lso simple as the ampli tudes of the fields a r e measureci . 

We a r e a lso investiga/ting the poss ib i l i t ies pf H j measu remen t s for 

the ve r t i ca l dipole sou rce . 
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ABSTRACT 

Magnetotel luric prospecting Is a method of geophysical expioration 

that makes use of the fluctuations in the natural e lectr ic and magnetic fields 

that surround the ear th . These fields can be measured at the surface of the 

earth and they are related to each other bya surface impedance that Is a 

function of the conductivity structure of the ear th ' s subs t ra ta . 

This report descr ibes some new methods for analyzing*and interpreting 

magnetotelluric da ta . A d iscuss ion is given of the forms of the surface 

impedance for various c l a s s e s of models , including one , two and three 

dimensional models . Here , an n dimensional model Is one In which the 

parameters describing the model are functions of at most n space coordina tes . 

Methods are d i scussed for est imating the strike direction for data that Is 

at leas t approximately two dimensional . A new linearized approach to the 

one dimensional problem Is d i s cus sed . Subject to the approximations of the 

l inear izat ion, It is shown that under the appropriate transformations of the 

frequency and depth s c a l e s , the reciprocal of the surface impedance as a 

function of frequency Is equal to the square root of the conductivity as a 

function of depth convolved with a linear response function that Is somewhat 

like a low pass f i l ter . 

Included In this report is a comparison of several methods of e s t i 

mating the auto and cross power densi ty spectra of measured field data , and 

"• of several methods for estimating the surface impedance from these spec t ra . 

The effects of noise upon these es t imates are considered in some de ta i l . 

! Special emphasis Is given to several types of artificial noise including 

I a l i a s ing , round off or digit izer no i se , and truncation ef fec ts . Truncation 

I effects are of the most Interest s ince they depend upon the particular window 

j used In the spectral a n a l y s i s . 
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I. INTRODUCTION 

Magnetotel luric prospecting is a relat ively new method of geophysical 

explorat ion, although the e lect r ic and magnetic fields that It employs have 

long been observed. More than a century ago It was recognized by several 

Investigators that a correlation exis ted between the variat ions In the telluric 

currents and the geomagnetic field. In 1940. Chapman and Bartels reviewed 

the various theories on the-relat ionship between these fleld^s. In the late 

I940 ' s and early l 9 5 0 ' s several Invest igators such as Tikhonov In the USSR; 

Kato, Kikuchi, Riki take, and Yokoto In Japan; and Cagniard In France began 

to recognize the electromagnetic nature of these f ie lds . 

In 1953 Cagniard published a paper in which he gave a quanti tat ive 

descr ipt ion of the re ia t lonship between the e lect r ic and magnetic fields at 

the surface of a horizontally layered ear th . Soon thereafter many people 

began making theoret ical and experimental contributions to the field of mag

ne to te l lur ics . By the late I 9 5 0 ' s , it was recognized by several Investigators 

that the scalar Impedance described by Cagniard was not sufficient to descr ibe 

many of the frequently encountered geologic s i tua t ions . For an anisotropic 

or laterally inhomogeneous ear th , the Impedance becomes a tensor quantity 

(Neves', 1957), (Rankin, 1960), (Cantwell , 1960) ,(Kovtun, 1961), (Rokltyanskli, 

1961), (d'Ercevllle and Kunetz, 1962), (Bostick and Smith, 1962), (Srivastava, 

1963). Principal contributors to the growing body of l i terature on magneto

te l lu r ics , In addit ion to those previously mentioned. Include Berdichevskll , 

Vladlmlrov, and Kolmakov in the USSR, Porstendorfer In Germany, Adam and 

Vero of the Hungarian Academy of S c i e n c e s , Fournier In France , and many 

people in the U .S .A . and Canada . Hugo Fournier (1966) has a comprehensive 

history and bibliography of the sc ience of magnetote l lur ics . 

The tensor re la t ionship between the E (electric) and H (magnetic) fields 

at any given frequency can be expressed a s 



X X X 

yx 

xy 

VV 

H 
X 

(1.1) 

H 

where rectangular cartesian coordinates have been indicated. This tensor 

Impedance Z, a function of frequency and space coordinates, depends upon 

the conductivity of the earth In the surrounding area, and If the horizontal 

wavelengths of the Incident fields are sufficiently long, Z will be Independent 

of time and source polarization. Therefore, Z can be a useful measure of the 

conductivity structure of the earth, and In fact It can sometimes be Interpreted 

almost completely In terms of a simplified earth model. 

The magnetotelluric problem can conveniently be divided Into three 

parts: data acquisition, analysis , and modeling. Data acquisition Includes 

the Instrumentation ajidalloi the field work involved with recording the 

electric and magnetic field variations. Analysis Includes processing the 

field measurements to determine estimates of the Z tensor and other related 

parameters. Modeling consists of Interpreting this Impedance tensor In terms 

of a particular earth model. 

The research that went Into this thesis was aimed at developing better 

methods of magnetotelluric analysis and Interpretation. The thesis itself 

provides for the first time a unified treatment of the techniques developed as 

a result of this research. The treatment Is facilitated by first considering 

the forms of theoretical Impedance tensors for several c lasses of models. 

Next, various methods are presented for estimating actual Impedance tensors 

from measured field data. Finally, the effects that various types of noise 

have upon the Impedance estimates are considered. 



I I . ONE DIMENSIONAL MODELS 

In this chapter several one dimensional models , that i s , models which 

have medium parameters that are functions of only one space coordinate will 

be cons idered . 

A. Homogeneous Half Space Model 

The s imples t of a l l poss ib le models is one in which the earth is 

considered to be a homogeneous, isotropic half space of conductivity a , 

permittivity e , permeability M . Within any medium of constant a , e , and l-i, 

if we assume time variat ions of the form e , Maxwel l ' s equations 

- • - » 

Ĉ 'A V X E = - juu H (2 .1) 

C'..: 7 X H = (CT + j(De)E (2.2) 

^•''' ; • -7 • H = 0 (2.3) 
_,/,..'- 'V . E = 0 (2.4) 

combine to give the vector Helmholtz equations 

2"* 2 -
7 E = - Y E 

2-* 2 -
7 H = - Y H 

where 

2 2 
Y = jiuurr - (u He (2.5) 

In rectangular car tes ian coordinates , th is vector equation s e p a 

ra tes , so that each of the components of the E and H fields sa t i s f ies the 

sca lar Helmholtz equat ion. Elementary solut ions to th is equation are of the 

form 

-(Y X + Y y + Y z) .. 
Ae ;^ y = 

where 



Y^ + Y^ + Y^ = Y^ = jtuua - u ) V (2.6) 
X y z 

The general solution Is obtained by summing various elementary solutions with 

different values of A, Y , Y , and Y , subject to the constraints of equation 

(2.6). Returning for the moment to an elementary solution, if the coordinate 

axes are aligned such that positive z is down, and the direction df propaga

tion is in the x-z plane, then the elementary solution is of the form 

" V - ^ z ^ 2 2 2 
Ae ^ 2 ; V^ + Y ' ^ =Y^ (2.7) 

X 2 

Thus , for a homogeneous plane electromagnetic wave with its 

direction of propagation in the x-z plane, each of the components of E and 

H will be of the form shown in (2.7). 

Since any homogeneous plane wave can be separated into TE 

(horizontal E field only) and TM (horizontal H field only) modes , and since 

the equations are linear with respect to the fields, one can consider the two 

modes separately. 

For the TE mode, 

E =E = 0 
X z 

and equation (2.1) becomes 

_ ^ E _aE 
-1 T - ^ + k ^ - ^ = - jiuU(iH + jH + kH ) bz ?x x y z 

Thus 

Y E = - jiuUH z y x 

-YE = - juuUH X y z 

H = 0 
y 



In par t icular . 

7 _ - X - M L /o Q) 

X z 

For the TM mode, 

H = H = 0 
X z 

and equation (2.2) becomes 

_BH _ S H 

- i -T-^ + k T—^ = (CT + j(Jue)(iE + jE + kE ) 
oz Bx ' .X -̂  y z 

Thus 

Y H = (CT + ju) €)E 
z y . X 

-Y H = P + juje) E 
X y z 

E = 0 
y 

and 

E Y juj M Y 

^TM ^ H ' ^ (CT+juJe) " 2 ~ ^^-^^ 
y Y 

For the range of parameters normally encountered in magneto

tel lur ic work., d isplacement currents in the earth can be neglec ted . That 

is to say 

(ue « CT (2.10) 

so that 



2 
Y = jm^a (2.11) 

Continuity of the tangent ial fields at the surface z = 0 requires 

that 

Y . = Y ,̂ (2.12) 
X air X earth 

For a plane wave striking the earth at a real angle 9 measured 

from normal i nc idence , 

Y . = juJ s/uF sin 9 (2.13) 
X air 

Equation (2 .10) , (2.12) and (2.13) together imply that 

2 2 
|Y I « | Y | , Therefore one may take 

Y = Y =yju).UCT (2.14) 
2 

Under these condi t ions , equat ions (2.8) and (2.9) give 

This implies that the impedance is independent of the polarization of the 

elementary solut ion. Thus , any general solution made..up:of'.elementary si.olu-

t ions satisfying the conditions of equation (2» 14) will give a sca la r impedance v 

- / ^ 
(2.16) 

which will re la te any horizontal component of the total H field to the orthogo

nal horizontal component of the E field. 

Actually it is net necessa ry to res t r ic t the general solution for 

the incident fields to modes corresponding to real angles of i nc idence , a s 



2 2 
indicated by equation (2 .13) . Elementary solutions for which JY ] > UJ H^ will 

s t i l l give r i se to total fields which sat isfy equation (2.16) provided 

|Y |^«(DMcr (2.17) 

It is convenient to define a parameter 6 , cal led skin depth , for 

conductive materials by 

6 = V 2/UJHC7 . (2.18) 

Then 

"^z^ - ( l + j ) z / 6 (2.19) 
e = e 

Thus 6 is a measure of the depth that an electromagnetic field 

will penetrate into a conductive medium. It i s the depth at which the field 

will have been a t tenuated to 1/e of i ts surface va lue . 

If one then defines the horizontal wavelength X of an elementary 

solution by 

2n ., _ 
X = 7 ~ : ] k = Y 

k X X 
X 

then a s tatement that is equivalent to equation (2,17) is that 

X » 5 (2.20) 

In other words , the horizontal wavelength is long compared to the skin depth . 

In summary then , for an earth model cons is t ing of a homogeneous 

half space of conductivity CT, with incident fields having horizontal w a v e 

lengths long compared to a skin depth , the surface impedance will be given 

by equation (2 .16) . 



B. Horizontally Layered Model 

The next model that might be considered is one in which the earth 

is represented by a se t of horizontal l a y e r s , each with a different conductivi ty. 

This is usual ly known as the Cagniard model s ince it is the one that he cons id 

ered in his c l a s s i c paper . One assumes N l a y e r s , as shown in figure 1, and 

assumes elementary solutions in each layer of the form 

t 

-Y .2 Y .z -Y .X 
tn 2 1 ^ _ Z l . XI 
(A.e + B.e ) e 

1 1 

where 

Y^, + Y^. = yf. = juJMCJ, (2.21) 
x i Zl 1 -̂  1 

By requiring that the tangential fields be continuous at each boundary, and 

noting that B.. = 0 s ince the fields must vanish for large z , one finds that 

the impedance Z. looking down from the top of the ith layer is given by 

: -2Y ,d, 
1 o Z l i 

1 - R e 
Z, = Z . -^ , ; i = 1, 2 , . . . N- l 

1 Ol - 2 Y .a, 
i 1 + R . e ^ ^ ^ 
; (2.22) 

^N "-^oN 

t 

' where d. is the th ickness of the ith l ayer , R. is a reflection coefficient defined 
i 1 1 
1 by 

Z . - Z. 
R. = ° ' ^ „ i = 1 . 2 , . . . N- l (2.23) 

' ^oi ^i+1 

and Z , is the charac ter i s t ic impedance of the ith layer . As with the homo-
oi 

geneous half s p a c e , the charac te r i s t i c impedance for the TE mode is 

8 



TF 
Z = jtoU/Y . (2.24) 

Ol Z l 

and for the TM mode is 

z ' ^ ^ = jojM Y . / Y ^ (2.25) 
Ol Z l 1 

Again if one assumes that the horizontal wavelengths of the incident 

fields are long .compared to a skin depth in each layer , the two modes become 

equivalent and 

Z , = VJOJH/CT. (2.26) 
Ol 1 

In either c a s e , one may s tar t at the bottom layer and work up , 

computing R. and Z. using the recursion equat ions (2.23) and (2,22) until Z , 

the surface impedance, is obta ined. 

Recall from equation (2.16) that for a. homogeneous half space 

uuM 

izl^ 

Correspondingly, for a layered model, it i s customary to define 

an apparent conductivi ty a (uj) or apparent res i s t iv i ty P (ID) by 
a a 

a^(uu = 9~ = 0~7~^ (2.27) 

Some sample curves of apparent res i s t iv i ty versus frequency for 

several models are plotted in figures 2 and 3 . For high f requencies , ^ - '^i> 
cl 1 

and for low frequencies, CJ = C: Quali tat ively it appears that cr (uj) is a 
a IM a 

"smoothed out" version of o (z ) with frequency w being inversely related to 

depth. 2 . 



Although it is a simple matter to obtain the surface impedance 

Z. (UJ) in terms of CT(Z) for any layered model , the inverse problem of finding 

CT(Z) for a specif ied Z (ID) i s not so s imple . It is a nonlinear problem that 

in general can be solved only by using i terat ive t echn iques . Computer 

programs are avai lable for l eas t squares fitting Z(uj) curves to N layer 

models (Patrick, 1969). 

Since CT (UU) is a smooth curve , one might suspec t that fine 
a 

de ta i l s in CT(Z) cannot be determined from CT (UJ). This in fact turns out to 
a 

be the c a s e ; only gross trends in CT(Z) can successful ly be determined 
from CT (UJ) . 

a 

C. General One Dimensional Model 

Consider the c a s e where CT(Z) is a continuously varying function 

of z rather than being res t r ic ted to a finite number of homogeneour layers . 

In this c a s e , the recursion equat ions (2.22) and (2.23) are replaced by a 

differential equation for Z. There are several ways to obtain the differential 

equa t ion . One way is to combine the recursion equations (2.22) and (2 .23) , 

and let Az replace d , , and consider the limit as Az approaches 2ero . Another 

simpler method pointed out by Swift (1967) u se s Maxwel l ' s equations directly. 

Consider the TE mode with E = E = 0 . Equations (2.1) and (2.2) give 
X z 

. S E 

- r - ^ = jujU H oz X 

BE 

dx 
^ = .-jujU H 

3 H S H 
2 X 

y OX oz 

Now 

10 



E 
Z = - - ^ 

TE H 
X 

a Z „ , BE E BH 
TE _ _ 1 _ Y. + y x_ 

Sz " H Sz 2 Sz 
X H 

X 

X H 
X 

E 1 ^ ^ E 
J U J U + — ^ I C T E - — ^ 1 

X 

Y2 
.2 X „2 

ju)U + CTZ„„ - Z„„ 

' TE jujU T̂ E 

^^TE \ 2 

- ^ = - jouu + (1 - ^ ) CT Z^g (2.28) 

Similarly for the TM mode one obtains 

^ ^ M ^x 2 

- ^ = . j „ « 0 - ^ ) + ^ ^ (2.29) 

Again when the incident fields have horizontal wavelengths large 

compared to a skin depth , the TE and TM modes become equivalent and 
Sz 2 
T - = - juJU +CTZ (2.30) 
oz 

11 



This differential equation is of course nonlinear in Z; however, 

if one assumes a CT(Z) profile such that CT(Z) = a , , a constant for z > z , then 

Z(z.) = \/ JUJU/CT. and equation (2.30) can be numerically integrated from 

z = z to z = 0 to obtain an express ion for the surface impedance in terms of 

the conductivity profile. 

Thus , as with the layered model, the forward going problem of :: 

finding the surface impedance in terms of a specified conductivity profile is 

re la t ively s imple . Again, the inverse problem of finding the CT(Z) profile which 

produces a specified surface impedance must be worked i te ra t ive ly . 

D . Linearized One Dimensional Model 

Consider the following simplification of the one dimensional prob

lem. Assume that the E field as a function of depth z has the form 

- \ Y(Z ' ) dz ' 

E (z) = Ae ° (2.31) 

where A is independent of z and 

Y(z) = 7juJUCT(z) (2.32) 

From Maxwel l ' s equations 

dH 
- r ^ = - CTE 

. dz X 

Integrating with respec t to z and noting that H must vanish as z - <» , one has 

« dH 

o o 

or 

12 



H 

- S Y ( z ' ) d z ' 

,(») - H y ( o ) = -^CT(z)Ae ° dz 

Thus , if one defines the surface admittance Y(uj) a s being the reciprocal of the 

surface impedance , then 

H (z=o) 
-C Y(z') d z ' 

\ CT(Z) e dz (2.33) 

or ,: from equation (2.32) 

- V]UJ 
•9 

Y(uj) = C CT(Z) e 

u ^ y ^ ) dz ' 

dz (2.34) 

Now consider the following transformation. Let 

""l r . 
J = \ / C T I Z I dj (2.35) 

and 

- a 
^ = VuJU/2 (2.36) 

Noting that 

a 
e da, = Vo(z) dz (2.37) 

and 

13 



z = o -• a = - 0 0 

2 = OD -• a . = » 

equation (2.34) becomes 

Y(a2) = ^ / ^ e"^^""^^ ® e ^ da^ 

or 

- ( a^ - a . ) , . 
-a,« " n+i^o ^ - v a « - a J 

Y(a2)e = ^ / ^ e"^^""^^ ^ e ^ da^ (2.38) 

Noting from equation (2.27) that 

VCT (UJ) = VuJU I Y(uj) I a 

equatipn (2.38) gives 

VCT (a) = \'Jo{a) * g(a)l - (2.39) 
a 

where 

g(a)= / re -^ l - ' ^ )^ ' \ -^ (2.40) 

Thus, under this simplified model, which in effect neglects inter

nal reflections in the E field, the apparent conductivity can be obtained by 

convolving the actual conductivity profile with a complex linear response 

14 



function in a - s p a c e . A plot of the magnitude of g(a) versus a is shown in 

figure 4 . The magnitude of g(a) peaks up at a = 0 and decays a s ja l increases 

Also 

CO 

g(a) da = 1 

So g (a ) , although it i s complex, is somewhat l ike the response of a low pass 

filter with unity DC ga in . This is cons is ten t with the earlier observation 

that CT (UJ) i s a "smoothed out" version of CT(Z) with UJ inversely related to z . 
a 

In p rac t i ce , this simplified approach is probably not very useful 

by i tself s ince the assumed form of the E field in equation (2.31) is not too 

r e a l i s t i c . Strictly speaking it is valid only if 

dCT(z)| 
dz 

« Y (2) CT (2) (2.41) 

fo ra l l 2 . On the other hand this approach could be quite useful for obtaining 

a ffrst guess to be used in an i terat ive inversion scheme . In particular if 

one simply assumes that 

CT(a) 2:CT (a) a 
(2.42) 

then frequency and depth may be related through equat ions (2.35) and (2.36) 

to give 

CT (z) 2: CT (2 (CD)) 
a a 

(2.43) 

where 

2 (UJ) 
Si 

GO duj 

> 

(2.44) 
2uj UCT (u) ) 

UJ V o a o 

15 



Thus, an approximate depth s ca l e may be at tached to the frequency sca le for 

an apparent conductivity curve . Notice that for o (uj) = CT , a cons t an t , 
a 

equation (2.44) reduces to the standard skin depth , so one may think of 2 (uj) 
a 

as sort of an integrated skin depth . In fact , for c a s e s where equation (2.41) 
is sa t i s f i ed , 2 (UJ) will be the depth at which the fields have decayed to 1/e 

a 
of their surface v a l u e . 

E. Generali2ed Skin Depth 

As sugges ted by the preceding paragraph, it will be useful to 

ge.nerali2e the idea of skin depth for an inhomogeneous model . For a homo

geneous medium, the skin depth was defined to be the depth a t which the 

fields are a t tenuated to 1/e of their surface v a l u e s . For an inhomogeneous 

model , the fields of course do not have a simple exponential decay; however, 

if one defines 6 (ID) to be the depth at which 

5(U)) 

Re [ C yj(DUCT(2) d z ] = 1 (2.45) 

o 

then 6 will be a good measure of the depth of penetration of the fields and 

as such it may be taken as the skin depth . 

In the d i scuss ion of the horizontally layered model , the s t a t e 

ment was made that the incident fields could be freated as normally incident 

plane waves if the ac tual horizontal wavelengths were long compared to a 

skin depth in each layer s ince for that c a s e 

Y . - Y, 
Z l 1 

A le s s res t r ic t ive yet adequate requirement is that 

6 6 

^ Y dz 2: C Y dz (2.46) 

o o 
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where 6 is defined by equation (2 .45) . Clearly this condition will exis t p ro 

vided 

(2.47) 

6 

^ V̂  
o 

« 

6 

W dz 
o 

2 2 2 
where Y +Y =Y = jujMa . But Y = jk = j 2 n / X . Thus 

X Z X X 

o 

2TT6 
(2.48) 

Also, from equation (2 .45) , the definition of 6, 

6 

I Y dz = /T 

Thus , the condition (2.47) will ex i s t provided 

2TT6 « ./T 

or • 

6 « X/TITT 

So , if the horizontal wavelengths are long compared to the skin depth d e 

fined by equation (2 .45) , the incident fields may in effect be treated as 

normally incident plane waves . 

In conclusion then , the forward going one dimensional problem 

is reasonably s imple . If the incident fields are assumed to have horizontal 

wavelengths long compared to a skin depth , then any horizontal component 

of the H field is re la ted to the orthogonal horizontal component of the E 

17 



field by a scalar impedance which is related to the conductivity profile. The 

inverse problem of estimating the conductivity profile from a measured surface 

impedance, while it is nonlinear has been worked with some success using 

iterative techniques. The simple linearized model discussed here should be 

useful for providing a first guess for such iterative solutions. 

18 



III. TWO AND THREE DIMENSIONAL MODELS 

The scalar surface Impedance d i scussed In the previous chapter Is 

1 not sufficient to descr ibe the relat ionship between the horizontal E and H 

j fields for a model that has lateral variat ions In conduct ivi ty . In this chaper 

: • some general re la t ionships will be developed for two dimensional models 

I (models for which CT Is a function of two space coord ina tes , the vertical or 

! z coordinate and one horizontal coordinate , say x) and for three dlmen-

i sional models (models for which CT Is a function of all three space coordl-
I 

I na t e s ) . It will be shown that for these models the Impedance must be 

• i « expressed a s a rank two tensor as was Indicated In equation (1 .1 ) . 

A. Z^„ and Z,^^, for Two Dimensional Models 
TE TM 

j Consider again Maxwel l ' s equat ions as s ta ted In equations (2.1) 

i through (2 .4 ) . If one assumes that the conductivity CT Is a function of x and 

•; z , equat ions (2.1) through (2.3) are s t i l l appl icable; however, equation (2.4) 
t 

i must be replaced by 

j 7 • (CTE) = 0 (3.1) 

i where once again It Is assumed that displacement currents In the earth are 

I negl igible . If one a l so assumes once again that the horizontal wavelengths 
1 
I of the Incident fields are long compared to a skin depth, then In the ear th , 
i " everything is e s sen t i a l ly uniform In the y direction so that equations (2.1) 
! 

I through (2.3) together with equation (3.1) In component form become 

j BE 
I - ^ = - j a ; U H ^ (3 .2 ) 
f 

\ 
SE -̂ SE 
T ^ - T ^ = -jUJUH (3.3) 
9z 3x y 

SE 

BX = ^ " ' ^ ^ z (3.4) 
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SH 
^ = a E ^ (3.5) 

= CTE„ (3.6) 

SH SH 
X. z 

Bz Bx " " y 

SH 
" T - ^ = aE (3.7) 

Sx z 

BH SH 
— ^ + — 2 = 0 ' (3.8) 
Sx Bz 

S(CTE ) B(CTE ) 

- T - ^ + - r - ^ = 0 (3.9) 
Bx Bz 

Observe that the only field components Involved In equat ions ( 3 . 2 ) , (3.4), 

( 3 .6 ) , and (3.8) are E , H , and H . Also, the only components entering 
y X z 

equat ions (3 .3 ) , (3 .5 ) , ( 3 .7 ) , and (3.9) are E , E , and H . Thus It Is 
X z y 

apparent that the two modes are decoupled and may be considered separate ly . 

The mode Involving E , H , and H Is usual ly cal led the TE or E parallel 

mode since the E field Is horizontal and parallel to the s t r ike . The mode 
Involving E , E , and H Is cal led the TM or E perpendicular mode s ince 

X z y 

the magnetic field Is horizontal and the e lect r ic field Is perpendicular to the ^ 

s t r ike . The strike Is the direction along which there are no variat ions In 

the model parameters . In this c a s e , the y direct ion. 

Thus, for a two-dimensional model two impedances are requfred 

to define the relat ionship between the horizontal components of the E and H 
f ie lds: Z _ = - E / H and Z,^^,= E / H . Exact solutions for Z__((D,X) and 

TE y X TM X y TE 

Z (uj,x) In terms of CT(X,Z) are not tractable analyt ical ly although a few 

approximate c a s e s have been worked out . In genera l , solut ions are obtain

able only by using numerical methods such a s finite differencing over a two 

dimensional grid. Computer programs are avai lable which Implement these 
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techniques (Pafrlck, 1969). It would appear that the Inverse .problem of 

finding CT(X,Z) In terms of Z (u;,x) and Z (u),x) could In principle be solved 

using iterative techniques similar to those used for the one dimensional Inverse 

problem. It Is bel ieved that such a solution would be unique, although no 

proof Is known. On the other hand, the number of ca lcula t ions Involved for 

grids large enough to be of Interest Is so great that the problem' seems to be 

out of the range of present day computers . Never the less , useful and Instructive 

Information about two dimensional modeling can be obtained-from solutions of 

the forward going problem. 

B. Z In a General Coordinate System for Two Dimensional Models 

As was shown above, for a two dimensional model the TE and TM 

modes decouple when one of the horizontal coordinates Is aligned with the 

s t r ike . It will now be useful to obtain the relat ionship between the tangential 

fields In a coordinate system In which the horizontal axes are arbitrarily 

or iented. 

Suppose that the x' - y' coordinate system as shown In figure 5 

Is aligned with the s t r ike , so that 

and 

E' = Z „ . H ' (3.10) 
X TM y 

E' = - Z ^ „ H ' (3.11) 
y TE X 

Suppose that the x-y coordinate system Is oriented at an angle 0 with 

respec t to the x' - y' system as shown in figure 5. Then 

E = E' cos 8 -i-E' s i n e (3.12) 
X X y 

E = -E ' s l n 9 -i-E' cos 9. (3.13) 
y X y 

and 
H = H' cos 9 -t- H' sin 9 (3.14) 

X X y 

H ^ - H ' sin 9 •+ H' cos 9 (3 15) 
y X y v o . i o ; 
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or al ternately 

H' = H cos 9 - H sin 9 (3.16) 
X X y 

H' = H sin 9 -I- H cos 9 (3.17) 
y X y 

Combining these equations gives 

Thus If one defines 

then 

E = E' cos 9 -I- E' sin 9 
X X y 

= Z„-.(H s l n 9 + H cos 9) cos 9 - Z,^^(H cos 9 -
TM X y TE x 

- H s In 9) s In 9 
y 

= V^^TM' V ^^"®^°' ^̂  -"^y^^TM^^"^ ® ^ 

- H Z ^ s i n ^ 9 3 

E = Z H -t- Z H 
X XX X x y y 

and 

^ x x ^ ^ ^ T M - V ^ ^ ' ^ Q ^ ^ ^ ^ 

= {—-2 > m 2 e 

2 2 
Z = Z _ . c o s 9 -I- Z__sin 9 

xy TM TE 

Z _ + Z „ „ ^ , Z _ - Z, 
/• _rM___rE_>> , ^ TM T E \ „Q 

= C ^ J ^ C ^ > o s 2 9 
Similarly for the other components , one obtains 

^ ^ T M I ^ T E N ^ ^ ^ T M " ^ ! ! . ^ - . 

V = • C 2 ) ^ C 2 ) "°^ 2 9 
and 
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In summary 

where 

X 

/< T E T M >, , - o 2 = f ) s i n 2 9 
yy V 2 y 

Z sin 2 9 Z + Z cos 2 9 

-Z +Z cos 2 e -Z sin 2 9 

^2= ' ^ T M ^ V / ^ 

H 

H 
(3.18) 

(3.19) 

(3.20) 

In .general , then, for a two dimensional model , the tangential 

components of E and H are related by a rank two tensor Impedance. The 

diagonal terms of the Z matrix are in general negat ives of each other and they 

reduce to zero when the axes are aligned with the s t r ike . 

C . General Form of Z for Three Dimensional Models 

For three dimensional models where CT Is a function of all three 

space coord ina tes , the six field components are in general all coupled to each 

other , so it is not poss ib le to separate the ana lys is Into two dis t inct modes 

as was done for the two dimensional c a s e . Never the le s s , It Is possible to 

make some general s ta tements about the re la t ionship between the tangential 

components of the E and H f ie lds . 

It will now be shown that a rank two tensor impedance of the form 

shown in equation (1.1) is unique and s t ab l e , subject once again of course to 

the assumption that the horizontal wavelengths of the Incident fields are long 

compared to a skin depth In the ea r th . Also it will be useful for later purposes 

to es tab l i sh that In general the vertical magnetic field can be expressed as a 

linear combination of the two horizontal H field components . That I s , 

H = r H -i-r H 
2 2X X z y y 
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where r and r are d imensionless cons t an t s , subject a l so of course to 
zx zy 

the assumption that the incident fields have horizontal wavelengths long 

compared to a skin depth. This assumption Implies that the Incident fields 

may be treated as normally Incident plane w a v e s . This being the c a s e , the 

Incident fields can be separated Into two orthogonal l inear ly polarized plane 

w a v e s . Clear ly , for a l inearly polarized normally Incident plane wave , each 

of the components of the total E and H fields will be proportional to the ampli

tude of the Incident wave . Thus, If the Incident E is l inearty polarized in the x 

direction then 

E = a E , 
X 1 xl 

E = a- E , 
y 2 xl 

H = b , E . 
X 1 XI 

H = b - E . 
y 2 XI 

H = c E . 
Z 1 XI 

where E , Is the Incident f ield. Similarly, if the incident E Is l inearly polar-
xl 

Ized In the y direction 

E = a . E . 
X 3 y i 

E = a . E , 
y 4 yl 

H = b.,E , 
X . 3 y i 

H = b . E , 
y 4 yl 

H = C.E . 
2 2 yi 

Since all of the field equat ions are linear with respec t to E and H, superposit ion 

must hold. Thus for a general normally incident plane wave 

E = a E .-^ a^ E . 
X 1 XI 3 y i 
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E = a„E .+ a .E . 
y 2 XL 4 yi 

H = b , E . + b^E . 
X 1 XI 3 yi 

H = b„E . + b . E , 
y 2 XL 4 yi 

H = c , E , + c „ E , 
z 1 XL, 2 y.L 

or in matrix notation 

X 

m 
E . 

XI 

y i 

and 

H 
X 

H 

a 

[B] 

[ C ] 

rE 
X I 

> i 

XI 

Vl 

If [S] is nonsingular , then 

"E 7 xl 

V l 

[B] 
-1 

H 

H 

so that 

X 

E 
L yJ 

= CA][B-] 
-1 

H 

H 
L y 

and 
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^ 2 = [C3[B] ,-l 

Thus 

and 

[Z] = [ A j [ B ] 
,-1 

H 

H 
L yj 

[0 = [r „ r J = [CJ[B] 
'- ^ 2 X z y L J L J 

r i 

(3.22) 

(3.23) 

(3.24) 

So [21 and [rl are defined, and E , E and H can be expYes.sed as linear 
^ • ' x y z 

Gomblnatlons of H and H . The only problem that might arise would be if 
X y 

[B] were singular. Singularity bf [B] implies that 

b b . = b b 1 4 -2 3 (3.25) 

Now for any reasonable earth model, the reflection coefficient for the mag

nefie field at the surface is almost unity so that the total H field is close to 

twice the Incident field. Thus, a normally incident plane wave with E linearly 

polarized in the x direction (and hence H linearly polarized in the y direetlon) 

will give rise to total fields such that H will be considerably greater than H . 
y x 

Thus 
l^zi >^ 1 

Similarly, for a normaily incident plane wave with E linearly polarized in the 

y dlrectiGn, H ., will be somewhat greater than H . Thus 
' X ^ y 

!b3 l» | i>4 l 

So clearly 

b b I >> lb b . 2 3' ' 1 4 

Comparing this with equation (3.2S) Indicates that for any reasonable earth 

model, [B] will not be singular, and hence Z Is defined by equation (3.23:). 

Next it will be useful to observe the behavior of the elements of 

Z as the coordinate system is rotated. As with the two dimensional model, 
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the e lements of Z In the x-y coordinate system will be expressed in terms 

of the elements pf Z' in the x ' - y ' coordinate system as shown in figure 5. 

The derivation Is the same as for the two dimensional c a s e except that 

equat ions (3 ,10) and, (3.11) are replaced by 

and 

Thus 

E' = Z' H' + Z ' H' (3.26) 
X , x x X x y y 

E' = Z' H' -f-Z' H' (3.27) 
y yx X yy y 

E = E' cos e + E' s i n e 
X X y 

= (Z' H' -^Z' H ' ) c o s 9 -*- (Z'. H' -nz' H' ) s l n 9 
XX X y^v V y x X y y y 

• = (Z' cos e -HZ' sin 6) H' -f (Z' cos 6 -t-Z' ^ sih 9) H' 
XX y x X x y • y y .• y 

= (Z' c ' 6 se+Z ' s m e ) ( H cos, 6 - H sine) 
XX y x X y 

+ (Z' . c o s 6 -i-Z' sin 9) (H sin 6 -i-H cos 8) 
xy yy x V 

= [Z' cos^e-i-Z' sln^e-t-(Z' -i-Z' ) s ine c o s e ] H. 
XX yy yx xy x 

-i-[2' . cos e - Z' s in e-i-(Z' - Z' J sin 8 cos BJH •• xy yx yy x x \ 

So that 

2 2 ' 
Z = Z ' cos e + Z ' sin e-i-(Z' !fZ' ) s i n e e o s 9 

XX xx- yy xy y x 

^ Z ' -F Z' ^ , 2 ' - Z' Z' -HZ' ^ 

Similar express ions for Z , Z , and Z are obta ined. The resul ts are 
xy yx yy 

Z = Z + Z „ c o s 2 e -J-Z^ s in2 6 (3,28) 
xx 1 '2 3 

Z = Z^+Z, ,cos 2 8 - 2_ Sln2 8 (3.29) 
xy 4 3 ' 2-
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where 

Z = -Z -i- Z: cos 2 9' - Z sin 2 6 (3 . 30) 

Z = Z^ - 2^ cos 2 e - Zg sin 2 6 (3.31) 

Z' -J-Z' 

h = - ' ^ ' T ^ (3.32) 

Z' - Z' 

2̂ = ^ V ^ - (3-33) 

Z' + Z' 

Z' - Z' 

If one further defines 

2 (9) = 2^ OOS 2 e - Z„ sin,2 8 (3.36) 

o 3 I. 

Then equat ions (3.28) through (3.31) become 

Z, = Z - Z (9 + 45°) " (3.37) 
XX 1 o 

Z = Z . - i - Z (8) (3.38) 
xy 4 o 

,Z == -Z.-K Z (9) (3.39) 
yx 4 o • 

Z. = Z, -i-Z (e-^45^ (3.40)" 
yy 1 o 

The function Z (9) t races an e l l ipse In the complex plane centered 

on the origin, as 0 var ies f roni zero ' to 180°.>. To show, that this..Is true take 
.. Z ^ ( e ) = x - t j y 

o 

where x and y are real., From equatipn (3 .3 6) 
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Letting 

givets 

and 

Thus 

and 

So that 

or 

or 

X - Re [Z ] cps 2 9 - Re [ 2 ] s in 2 6 

= A cos (2 B - a ) 

y = Im C2_] cos 2 6' - Im,[Z ] sin 2 6 

= B cps (2 9 - g) 

2 8 - ff = cp 

3 - a = ep 

X = A COS cp 

•y = B COS (cp - cp ) = C COS cp + D s in cp 

X 
COS ^ = T 

sin cp = ±y i - (x /A)^ 

y = C [ | ] -(-D[±/I--(X/A)2] 

2 2C . ^ C^ 2 „ ,..2 ,. X^ . 
y - - r xy -*- — X = D (1 - - ; - ) 

^ A"^ A^ 

., J A^y^ + (C^-l- D^) x^ - 2AC xy - D^A^ = 0 

This Is the standard form for an e l l ipse centered on the origin. Thus Z (6) 
o 

t races an eUipse In the complex plane as 8 varies.. Referring to equations 

(3.37) through (3.40) one obseirves that each of the elements of Z then 

t races an e l l ipse In the complex plane as the measuring axes are ro ta ted . 
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D. ComparLspn of Z MBtrLx for Two and Three Dimensional Models 

As was shown in the previous section, for a three dimensional 

model, the elements of Z trace ellipses in the complex.plane as the measufing 

axes are rotated. From equation (3.18) one observes that for two dimensional 

raodels, the theta dependent parts of the elements of Z have fixed phases. 

Thus the ellipses degenerate to straight Unes for the two dimensional case . 

Also one observes from equation (3.18) that the diagonal terms of the Z matriJx 

for the two dimensional case have no constant term, thus the straight line 

representing the locii of Z and Z in the complex plane passes through the • 
xx yy 

origin. Figure 6 iUustrates the general form: of the loclt of the elements of Z 

in the complex plane for the two and three dimensional cases. . 

At the present time solutions for the general three dimensional 

problem are not available. For this reason, It Is usually desirable to find one 

dimensional or two dimehsIonal models that approximately fit measured data 

which In general Is of course: three dimensional. It frequently happens that, 

over some limited frequency range, measured data looks almost two dimensional;, 

that is, the Z ellipses almost collapse to straight lines and the diagonal terms 

of the 2 matrix are almosfnegetives of each other. This situation will occur 

whenever there exists a hortzontal direction along which the conductivity cros.s 

section is nearly constant for a distance of several skin depths. Whenever 

this situation exis ts , it is desirable to determine the approximate strike direc

tion and to estimate the corresponding Z and 2 for comparison with 

theoretical Z's from two dimensipnai models. 

Several methods have been proposed for estimating the principal 

impedance axes [Swift, 1967] all of which converge to the correct result when 

the data is actually two dimensional. From the point of view of the impedance 

el l ipses , the most reasonable way seems to be to take 

^ T Z ' ^ - m ' h - % ' ' -^^ 
where Z' is the semi-major axis of the elUpse Z (B) a s defined in equation (3. 36). 

o o 
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This method yields the principal directions as the values of 8 which maximize 

|2^ (9) | . 

equation 

|Z (9) I . A little algebra will show that these values of B are .given by the 

2(x X -i- y y ) 

tan 4 8 = ^ ^ 2 F ^^'^^^ 
( ^ 2 / ^ 2 ^ - H " ' y 3 ^ 

where x, and y are the real and Imaginary parts of Z. respectively, with 

Z, being defined by equations (3.33) and (3.34). Incidentally, this method 

gives the same result as Swift's method of finding the angle B which maxi-
2 2 2 2 

mizes [ I z . I + 12 l } or minimizes fjZ I + IZ | ] . 
"•' xy' ' yx! ' xx yy 

Having,thus obtained estimates of the principal axes of the 

Impedance matrix and the corresponding principal Impedance values, it is 

desirable to have some measure of how two dimensional the data actually is . 

To aecbmpllsh this, there are two parameters that should be considered. 

First, there is the ratio of the constant terms In the cjlagonal and off diagonal 

elements of the Z matrix. In other words, the ratio 2 / Z . where Z and Z 

• are defined in equations (3.32) and (3.35).. Second, there Is the ratio of the 

minor axis to the major axis of the.Z .(8) el l ipse. The magnitudes of both of 

these ratios should be small compared to unity in ordei: for the data to fit a 

two dimensional model. 

E. Use of H for Determining the Strike Direction z 

In the previous section, an Indication was given as to how one 

.might estimate the principal axes of a measured Impedance matrix which Is 

approximately two dimensional, However, no method was given for determin

ing which axis represents the strike direction I This matter can be easily 

resolved in terms of H , the vertical magnetic field. Recall from equations 
• 2 ' 

(3i2) through (3.9) that H appears only in the equations for the TE mode, 
2-

Thus, with the x ' -y ' axes aligned with the strike, as in section B of this 

chapter, 
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and 

=i = -^TEH;, 

" z = "'-m". 

In the x -y coordinate sys tem, at an angle 8 from the x ' - y ' system 

Recall from equation^ (3.21) that for the general three dimensional model 

H' = r' H' -f- r' H' 
z zx X zy y 

so that 

Thus 

and. 

H = H' = r' H' -i-r' H' 
z z zx X zy y 

= r' (H c o s e - H s ine ) -Hr ' (H s in 8 + H. cos 8) 
zx X y zy x y 

= H (r' cos 8 + r' sin B) -i- H (r' cos 8 - r' sin 8) 
X zx zy y zy zx 

r = r' cos e + r' slh 8 (3i44) 
zx zx zy 

-r = r' c;ps 8 - r' s i n 8 (3.45) 
zy zy 2x 

eompar isoh of equations (3,44) and (3.45) with equation (3.36) lndical:es thaj: 

r and r like Z (8) trace e l l i p s e s in the complex plane as 8 va r i e s . 
2X 2 y o 

However, the Important difference Is that the magnitudes bf r . and r have 

only one peak every 180° Instead of every 90" like Z (8). Furthermore, one 
o 

observes from equation (3.43) that in the. two dimensional limit, the angle 9 
that maximizes r Is the strike direct ion. 

zx 

Thusi when measured data is approximately two dimensional , fhe 

angle that maximizes [r | should correspond to one of the principal axes of 
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the 2 matrix, and so It Is possible tp estimate the approximate strike direction 

and the corresponding Z_p and 2 „ , . 
TE iM 
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IV. METHODS FOR :ESTIMATING THE Z MATRIX FROM MEASURED DATA 

Now that a considerable amount of attention has been given t o t h e 

forms of the Z matrix for various classes of models and to possible interpre

tations of Z, i t is time to consider some methods ior estimating 2 from, 

measured E and H field data. 

A. The General Problem 

Consider the equation 

E = Z H -I-Z H 
X XX X x y y 

wh'ere E , H , and H may be considered to be Fourier transforms of measured 
X X y 

eleetric and magnetic field data. If one has two independent measurements of 

E , H , and H at a given frequency, denoted by E , , H , , H , E „ - H ^ 

and H - respectively, iihen 

and 

X X 

xy 

provided 

H ,H „ - H ^H , 7̂  0 
xl y2 x2 yi 

(4.1) 
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Equation (4,1) simply s t a t e s the fact that the two field measurements must 

haive different source polar izat ions . If the two have the sarae polar izat ion, 

they are not independent . 

Since' any physical measurement of E or H will include some 

n o i s e , i t i s usual ly des i rable to make more than two independent measure

ments , and then to use some type of averaging that will reduce t h e effects 

of the n o i s e . Suppose one has n measurements of E , H , and H at a 
X, X y 

given frequency. One can then es t imate Z . and Z in the-meah square 
• XX x y • -a . . 

s e n s e . T h a t i s , define 

n 
r-i * * * * * 

t = ) (E . - Z H , - Z H .)(E , - Z H . - Z H .) 
_i ,xi XX XL xy yi xi xx xi xy yi 

1=1 

* 
where E . Is the eomplex conjugate of E . , e t c . , and then find the va lues 

Xl Xl 
of Z and Z tha t minimize 'li. Setting the derivat ives of 'i' with respec t 

XX xy 
to the real and imaginary par ts of 2 to zero yields 

n . n n 

} E . H * . = Z ) H .H*,-HZ y H .H*. (4.2) 
^ x i X l XX ^ XI X l x y '-'• y i x i 

1 = 1 - i = l i = l 

Similarly, se t t ing the derivat ives bf ^ with respec t to the real and imagi 

nary parts of 2 to zero yields 
xy 

n n. n 
.H*. = 2 I H, ,H*,-i-. 2 7 H . H * . (4.3) 

. . r y i XX ^ XI y i x y ^ y i y i 

1=1 1=1 i = l 

Notice t h a t t h e summations represent auto and cross power densi ty spec t r a . 

Equations (4.2) and (4.3) may then be solved simuitaneously for Z and 

Z.. . This solution will minimize fhe error caused by noise on E . It i s 
xy X 

poss ib le to define other mean square es t imates that minimize other types 

of n o i s e . For example , if one takes 
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I _ * * 

M E , 2 . E . ^ z . ^ 
^ = ) ( ^ - H . - ^ H ,)( ~ - - H . - ^ H- .) 

^ , Z xi 2 yi „* XI „ * y r 
i - 1 XX XX 2 Z 

JQC X X 

I 

the resul t ing solution will minimize the err or. introduced by noise on H . 

I There are foiH" dis t inct equat ions that a r i se from the various 

j mean, square .es t imates . In terms of thevauto and cross power densi ty 

s p e c t r a , t h e y are 

1 

E E* = 2 H E* -i- 2 H E* (4.4) 
X X XX X X x y y X 

E E* = Z H E* H- Z H E* (4.5) 
X y XX X y x y y y 

E H* = Z H H* -i- Z H H* ' (4,6) 
X x XX ,x X xy y x 

and 

E H* = 2 H H'* + Z • H H* (4.7) 
X y XX X y x y y y 

Strictly speak ing , equat ions (4.4) through (4.7) are valid ohly 

i if E E* , E E* , e t c . refpresent the power densi ty spectra, a t a d isorete 
X X X y 

frequency UJ ^ In pract ice howeyer , 2. are slowly varying ' funct ions of 
( — • — • ' ' ^ • 

> frequency, and as s u c h , E E*, e t c . may be taken as averages over some 

finite, bandwidth; This is fortunate s ince it faci l i tates the est imation of 

the power densi ty spec t r a . 

B.. Estimation bf Power Density Spectra 

There are a variety of standard techniques avai lable fbr e s t i 

mating E E* , E E* , e t c . , the auto and cross power densi ty s p e c t r a , 
X, X. . X y . 

several bf which will be considered here! In a l l the c a s e s , it will be 

assurned that the field components aire,given as sampled time sequences 
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1. One methbd that was frequently used in the pas t was that of 

using the auto and cross correlat ion .functions of the field components . This 

method makes use of the fact t ha t the Fburier transform bf the auto cor re la 

tion function of a given signal is equal to t he power densi ty spectrum .of that 

s i gna l . Also the Fourier t rans form of the cross correlation function between 

two s ignals i s equal to the cross power densi ty spectrum of the two s i g n a l s . 

Blaekman and Tukey (1958) have considered in de ta i l the various a spec t s of 

est imating correlation functions and the corresponding power-dens ity spe.ctra 

for sampled time s e q u e n c e s . They have given careful at tention to the spectra l 

windows that resu l t from truncating the time sequences and the correlation 

functions. Hopkins (1966) and others have used this method for obtaining 

es t imates of E E* , E E* , e t c . in magnetoteliuric work. This method, when 
X X X y 

compared with the ones tha t will be considered next , has several d i sadvan

t a g e s . First it is more Ume consuming on the computer when many cross 

spectra are needed . Second, it gives s t a t i s t i ca l ly ebrrect resul ts only 

when the s ignals are s ta t ionary . Finally, i t i s more suscept ib le to error 

from the s ide lobes bf the spectral window when the spectra are not r e a s o n 

ably flat . Blackmanand Tukey sugges t that this ' th i rd disadvantage can be 

circumvented to some extent by digi ta l ly prewhitening the time sequences 

prior to computing the correlation functions . 

2 , Anbther methpd for estimating the power densi ty spectra of 

the field coraponents begins by subdividing each of the time sequences into 

several blocks . For each data block one computes the Fourier transforma

tion to obtain es t imates of E (uu), E. (uj), e t c . Then .one forms the products 
X y • 

E E*, E E* , e t c . Final ly , for each frequency, one averages the products 

over the several . t ime b i o c k s , thus obtaining time averaged .estimates of 
E E* , E E* , E H* , e t c . This method i s particularly well suited to small 

X X X, y X X 

digital computers s ince only one time block of data needs to be stored in 

merabry a t any given t ime , and the blociks may be quite small compared:to the 
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total time sequences. Also this method is especially useful for situations 

where the signals contain noise bursts that are isolated in time.. Such 

noise bursts may arise from tape drop-out, system saturation caused by 

large amplitude s ignals , or many other sources. Such noise bursts are 

often readily detectable so that data blocks containing them may simply 

be omitted from the time average.. 

3 , Anbther method for estimating the.power spectra that is 

very similar to the previous one consists bf'feeding the orlglnaltime 

sequences into a bank of narrow band digital recursive filters spanning the . 

desfred frequency range. The outputs of these filters are then treated the 

same as the outputs of the block Fourier transforms of the previous method. 

This recursive filter method has' essentially the same advantages as the 

previous method together wifh the additional advantage, that it lends itself 

quite readily to obtaining spectral estimates equally spaced on a log fre

quency sca le . This is because the recursive filters may be designed such 

that they all have the same Q and have the appropriate spacing on the fre

quency scale . Swift (1967) has used this technique. 

4 . For the final method to be considered .here, one begins by 

Fourier transfbrming each of the entire Urae sequences * The products 

E E* , E E* , e tc , are then formed for each harmonic. FinaUy the products 
X X X y 

are averaged over several neighboring harmonics to obtain the desired band

width. As far as computation Ume is concerned, this method is quite effi

cient i'f one uses the Cooley-Tukey algorithm for fast Fourier transforms, 

In fact, for a given nuraber of multiplications , the spectral windows obtain

able by this method are better than those bbt&inabie by .any ofthe other 

methods considered here. (A detailed discussion of specfral winc3pws is 

included in Chapter V.) This method, like the last one, lends itself readily to 

constant Q .estimates ofthe spectral density since the,number of harmonics 

averaged in each band may be made .approximately proportional to the center 
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frequency of the band. The primary disadvantage of this method is that, 

compared to the two previous methods , it requires a fafrly large number of 

storage locations; in general it requfres- a large computer. Actually, in a 

modified form which is not quite as efficient computationally, the Cobley-

Tukey algorithm is applicable to small computers. For a detailed considera

tion of this algorithm, see Cooley (1965). 

If then,, by one raeans or another,. estimates of the auto and 

cross power density spectra are obtained, one can proceed to estiraate the 

elements of the Z matrix. 

C. Estimation of 2 from Auto and Cross Power Density Spectra 

Corislder equations (4.4) through (4.7), Under certain condi

tions , these equaUons are independent so that any two of them may be 

solved simultanePusiy for 2 and 2 . Since there are six possible distinct 
XX x y 

pairs of equations , there are six ways to estimate Z and 2 . Fpr example, 
XX x y 

the six estimates for 2 are 
xy 

(H E*)(E E*) - (H E:*)(E E*) 
i = ^ ^ ^ y x y X X .(^_gj 

""̂  (H^E*)(HyE*) - (H^E*)(HyE*) 

(H E*)(E H*) - (H H*)(E E*) 

xy (H E*)(H H*) - (H H*)(H E*) 
X X y X X X y x 

(H E*)(E H*) - (H, H*)(E E*) 
i = ^ ^ ^ V X T XK ^^^^oj 

^y (H E*)(H H*) ~ (H H*)(H E*) 
X x y y X y y x 

(H E*)(E H*) - (H H*)(E E*) 
z = ^ y ^ ^ — ^ ^ ^ y (4.11) 

x y •• (H E*)(H H*) - (H H*)(H E*) 
X y y X X X y y 
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(H E'*>(E.H*) - (H H*)(E E*) 
2 =, ^ y ^ y ^ y ^ y (4.12) 

^ (H E*)(H H*) - (H H*)(H E*) 
X y' y y x y y y 

and 

(H H*)(E H*) - (H H*)(E H*) 
2 - ^ ^ ^ y ^ y ^ " (4.13) 
^ (H^HJ)(H^HJ) - (H^H*)(HyH-) • 

where 2 denotes a measured estimate of 2 . xy xy 

It tijrns out that two of these expressions tend tb be relatively unstable fbr the 

one dimensibnal case , particularly when the incident fields are unpolarized. 

For this case E E* , E.H* , E H* , and H H* tend toward zero, sô  that 
x y X X y y x y 

equations (4.10) and (4.11) become indeterminant. The other four expres

sions are cjuite stable and correctly predict 2 = E /H for the one dimen

sional case , provided the incident fields are not highly polarized. 

This same thing is true of the other three Impedance- elements 
2 , 2 , and Z . In each case there are six ways to estimate Z, , , two 

XX y x yy " 1 j 

of which are unstable for one dimensional models with unpolarized Incident 

fields . Also in each case the other four estimates are quite stable for any 

reasonable earth model prbvided the incident fields are not highly polari2ed. 

As was mentioned earlier, any physical measurement of E or H 

will necessarily contain some noise. It is desirable now to consider how 

such noise will affect the Z estimates defined abovei. Suppose that 

~! 

j E = E -H E • (4.14) 
I X xs xn 

4 E = E -i-E (4.15) 
j y ys yn 

i H = H . -i-H (4.16) 
X xs xn 

H = H -^H, (4,17) 
y ys yn 
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where 

xs 

L ys 

Z 2 
XX x y 

Z Z 
yx yy 

H 
xs 

H 
ys 

and E , E , H and H are noise t e rms . If the noise terms are all 2ero , 
xn yn xn yn 

then the four s table es t imates of each of the elements of Z are the s ame , and 

2, . = 2 . . 
ij 1] 

On the other hand, when the noise terms are nonzero , the four es t imates are 

in general different. 

Equation (4.13) for 2 corresponds to the one that Swift (1967) 

u s e d . He showed that his es t imates of Z. were biased down by random 

noise on the H s igna l , but were.not affected by random noise on the E s igna l . 

Similar arguments for the four s table es t imates defined above indicate that in 

each c a s e , two of them are biased down by random noise on H and are not 

biased by random noise on E (for example , equations (4.12) and (4.13) for 

Z ) while the other two are biased up by random noise on E and are not 
xy 

biased by random noise on H (for example , equations (4.8) and (4.9) for 

Z ) . The effects of the noise are most eas i ly seen for the one dimensional 
xy : 

model . For this model , if the incident fields are depolarized so that E E* , 
X y 

E H* , E H* , and H H* tend to ze ro , then equations (4.8) and (4.9) for 
_ x X y y X y 
Z reduce to xy 

Z = E E * / H E* 
xy X X y X 

(4.18) 

Equations (4.12) and (4.13) reduce to 

Z = E H * / H H* 
xy X y y y 

(4.19) 
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If one assumes that E and H are given by equations (4.14) and 

(4.17) and the E and H are random and independent of the s ignals and of 

each o ther , then the expected values of the'power densi ty spectra are 

<E E*> = <E E* > + <E E* > 
X X xs xs xn xn 

<H H*> = <H H* > -i- <H H* > 
y y ys ys yn yn 

<E H*> = <H E*> = <E H* > 
X y y X x s y s 

Thus , if the spectra l es t imates contain enough terms in the average so that 

the cross terms may b 

equation (4.18) gives 

the cross terms may be neglected ( i . e . E E* , e t c . are negl ig ib le ) , then 

E E* + E E* 
- ^ xs xs xn xn ^ ^ Q + E noise power , -̂  ^Q) 

^ u — F T ^ ^ s ignal power 
ys xs 

and equation (4.19) gives 

- ^ x s ^ * s ^ ^ H noise power 

^^ H—H*~ -1- H — H * ~ ^ s ignal power 
ys ys yn yn 

Thus the es t imate shown in equation (4.20) is biased to the high s ide by 

random noise on E while the one in equation (4.21) is b iased to the low 

s ide by random noise on H. For similar percentages of random noise on 

E and H, an average of t h a variouslestimatfes'.hopefully will be. bet ter- . . 

than any one est imate by i tself . Also the sca t te r between the various e s t i 

mates should be a good measure of the amount of random noise p resen t . 

In pract ice of course things are not quite this neat because the 

assumption that the cross terms in the average power es t imates are negigible 

may not be v a l i d . For example , terms of the form E H* will not be 
xn yn 
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negligible if the two noises are coherent. Such.might be the case for certain 

types of instrumentation noise or local industrial noise or 60 cps power line 

noise. Also terms ofthe form E E* will not be negligible if the noise is 
xs xn 

coherent with the signal source-. Even if all of the noise terms are random 

and independent of the. signals and of each other, the cros.s terms may npt 

be negliigible if the average power estimates do not have ehough degrees of 

freedom, 
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V. NOISE PROBLEMS 

As was mentioned in the previous chapter, any physical measure

ment of E or H will include some noise. This nblse may be In the fprm pf 

a constant bias caused by Inaccurate calLbratLbn of the measuring system, 

or It may be a nonlinear effect such as would result from drift In the 

sensltlvily of the measuring system. On the other hand many types of nPlse 

are independent of the signal. These Include such things.as-amplifier noise, 

60 cps power line, noise, digitizer round off noise, and, If the signals are 

j^ecprded in analog form, tape recorder noise. Also;, there is always the 

possibility of having source generated nol.se. For example. If the Incident 

fields iriclude some plane waves with horizontal wavelengths short cpmpared 

to a skin depth in the earth, the resulting surface fields may be represented 

as containing noise. 

In any event one can always represent the measured field components 

as sums of signals and noises as indicated In equations (4.,14) through (4.17). 

The degree to which the, noise terms are independent of the signal, terms 

depends entiirely upon the source of the noise. In the cases where the noise 

terms are dependent upon each other or upon the signal terms, the-effects of 

the noise upon the 2 estimates vary according to which estimates are used,, 

and according tp which signal and noise terms are coherent. No attempt has 

beea made to catalogue all of the various possible combinatLbns of signals and-

coherent noises . 

For the situation where the nblse terms are Independent of each other 

and Independent of the signals, some interesUng results can be: shown, 

A. General Incoherent Noise 

As was mentioned In the previous chapter, the various estimates 

of the elements of the Z,matrix are biased either up by random noise on E or 

down by random noise on H, This is caused by the fact that the auto power 
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densi ty spectra are in general b iased up by random n o i s e , while the cross 

power density spectra are not b i a sed . Forexarriple, suppose that 

and 

where 

E = E, -HE (5,1) 
X xs xn 

H = H -HH • (5,2) 
y ys yn 

<E E* > = 0 (5.3) 
xs xn 

< H H* > = 0 (5,4) 
y s yn 

<E H* > = 0 (5.5) 
xn yn 

and where the brackets < > denote "expected value of." Clear ly , for this 

s i tuat ion 

-<E E*> = <E E* > + < E E* > (5.6) 
X x xs xs xn xn 

< H H*> = <H. H* > + < H H* > (5.7) 
y y ys y s yn yn 

and 

<E H*'> = <E H* > (5.8) 
X y xs ys 

Equation (5.8) implies that the 'cross power can be est imated to any arbitrary 

degree of accuracy by measuring the fields for a long enough period of t ime. 

On the other hand, equat ions (5.6) and (5.7) Imply that the es t imates 'of the 

auto powers will be b iased regardless of the length of time that the fields are 

measiired. 

These ideas l e ad one to consider an al ternate approach to the 

problem. Suppose that one performs two simultaneous Independent measure

ments of one of the field components , say E.' , If the r e su l t s are 

45 



and 

where 

and' 

then 

E , = E -H E , (5,9) 
xl xs xnl ^ ' 

E „ = E -i-E „ (5.10) 
x2 xs xn2 ^ ' 

<E E* , > = 0 (5.11) 
xs xnl \ . ^ ' 

•<E E.* „> = 0 (5.12) 
xs xn2 

<E ,E* „ > = 0 (5.13) 
xnl xn2 

<E ,E*^> = <E E* > (5.14) 
xi x2 xs xs 

EquaUon (5.14) Implies that the E auto power densi ty spectrum can be estimated 

to any arbitrary degree of accuracy from two simultaneous noisy measurements 

of E If the measurements are taken for a long enough period of time and If the 

no ises on the two measurements are Independenti 

In general , , if one has double measurements of ei ther-the two tan

gential components of E or the two tange nt-lai.c&is pone nts of H, -one;can obtain 

estlraateE-.of- the four e lements of the 2 mBtrlx that are not biased by random noise, 

B . . Numerical Noise 

At this time considerat ion will be given tp several specif ic types 

of numerical n o i s e . The term namertcaL noise a s used here, refers to any noise 

that ts artificlaliy injected into the signal when the lat ter is sam,pied for 

numerical processIng, 

•I. Perhaps the most commonly recognized form of numerical noise 

is that 'which is usual ly referred to a s a l i a s i n g . In accordance with the samp

ling theorem, if a cpptinubus function which is sampled a t a fate f has any 

frequency components greater than the Nyquist or foldihg frequency (equal to 

f / 2 ) , these eprnponents will be lost from the sampled version of the function. 
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If any spectral analys is Is performed Ph the sampled functlbn, the lost fre

quency components will appear folded down into the desired spectrum, and 

will of cjourse repiresent noise* Since a l ias ing is a well documented and well 

understood phenomenon, nothing more will be said about it here except to 

note that anyone who deals with magneto tel luric data br any other form of 

sampled dhta should be aware of i t . 

2 . The next type bf noise that will be considered here is round off 

error on the analog- to-dlgI ta l converter . This type of noise ar i ses from the fact 

that the A-D converter has only a f ini te number of discrete l eve l s . Typically 

the s ignal p a s s e s through many levels between sample po in t s . For this reason , 

the noise can be character ized quite well a s a sequence of independent random 

variables-with amplitudes ranging from c/2 to - e / 2 with a flat dis fr ibu tion where 

e is the dis tance between adjacent levels on the A^D converter . Thus the noise 

spectrum will be flat.. The total noise power for 2m data points will be 

e /2 
"1 r 2 9 

= ~ \ x'^dx = e / 1 2 (5,15) Total Noise Power = 
e 

, - e /2 

Since the spec.fr-um is f lat , the average noise power per harmonic would.be 

s '^ / l2m for m harmonics^. If the signal spectrum were a lso flat, the average 
2 

signal power assoc ia ted with each harmonic would be about (Ms) / l 2 m where 

M Is the number of digi t izer l eve l s that corresponds tb the maximum peak to 

peak ampUtude of the s igna l . Thus, the signal, to noise ratio would be on the 
2 order of M . In practice,., i t frequently happens t h a t t h e signal spectrum Is not 

f lat . In this ease the expected signal to noise level fpr a given harmonic is 

about 
2 Signal power in harmonic 

Average signal power per harmonic 

1 , , 2 Signal power In harmonic ,,. , ^, 
= M m — „ . , , — ; '- (5.16} 

Total signal power 
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If there Is a total of m harmonics . 

As an experimental check of the digitizer no i se , the following 

was done. A, typical set df actual magnet ic field data was s e l e c t e d . It was 

Fourier transformed, and each harmonic was multiplied by a theoret ical Z 

computed from a typieal layered mpdeli - The resulting theoret ical E was 

Fburier fransformed back to the time domain and digitized; t h a t i s , rounded 

pff to 5 given number of significant b i t s . The resul t ing E together with the 

original H were used to corapute an apparent res is t iv i ty versus frequency 

curve . Figure 7 shows the individual .harm.bnics bf the true E pbwer density 

s pe c trum a 1 bn g w i th the. e x pe e te d dig! t izer nc is e I e ve 1 s for e ig.ht a nd twe 1 ve 

bit d ig i t iz ing . Figures 8 and 9 show apparent res Is tivity versus frequency for* 

the individual harmonics for eight and twelve bit digitizing together with the 

true p. computed from the assumed model . Figures 10 through 12 give the 
a 

correspPndIng resul ts when the power densi ty spectra are first averaged In 

bands of cons tant Q, From these f igures , it is seen that , as expec ted , the 

apparent r e s i s t iv i t i e s coraputed from the individual harmonics have random 

scat ter when the signal power is not sufficiently large compared to the n o i s e . 

Also a s expec ted , the apparent r e s i s t i v i t i e s computed from the averaged power 

e s t ima tes a re 'b iased to the high side by random digit izer no i se on E, These 

experimental resul ts are cons i s t en t with the theoretical d i scuss ion of digitizer 

n o i s e . 

3 . The next type of numerical noise that will be considered Is 

that which r e su l t s from truncating the time ser ies to a finite length T, Suppose, 

that one of the field components has an ampUtude. that Is described by f(t) for 

all t ime . The Fourier transform F̂ oj) is then given by 

aa 

-jujt F(uj) = C f(t) e ^ ^ dt (5.17) 

It is then desired to approximate F(uj} by F (nuj ) , a Fourier ser ies representa t ion 
o 
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of f(t) over some time interval T.. Thus 

_ T/2 _jnu) t 
F(nuj ) = ^ f(t) e • " ° dt; n = 0 t 1, + 2, , , , (5.18) 

-T /2 

where uj = 2TT/T. 

o 
Notice that 

09' 

F(uj) = \ m d(t) e"^""^ dt ~ (5.19) 

where d(t) = 1, for 11 j < T/2 and d(t)' = 0 for j t | > T / 2 . Thus, from the 

convolution theorem 

F(nuj ) ~ { F(ID) D(nuj - uj) das (5.20) 
o J o 

where 

D,(a)) = C d(t) e"^^ dt 

= 1 ^ ^ ^ ^ d t 
-T /2 

- s in (nu/uj ) 
= 211 ° (5.21) 

UJ (TTUJ/UJ ) \ = . ' 

o o 

D(uj) is usual ly cal led the specfral window since the bbserved spectrum F(UJ) is 

equal tb the true spectrum F((D) cbnvoived with D(UJ); 

The specfral window defined by equation (5.21) is actually not very 

desi rable s ince the side lobes go off only a s l /u j , A better window-, usual ly 

knbwn as the Hanning window is obtained by letting 

f . S + .5 cos uj^t ; I t ! < T/2 , , 
d t) = 1 o ' i -i 5_22) 

^ 0 ; 11 ( > T/2 
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Then 
T/2 

D(uj) = \ (•. 5 + .5 cos u) t) e 
J • o 

~T/2 

^ dt 

UJ sin (rr w/m ) 

. ' ° , 2 2, ° '=-23) 
OJ (U) - UJ I 

o 

The" main lobe of this spectral window is twice as wide as- the mam lobe of 
3 

the previous one; however, the side lobes go off as l/uu , The two windows 

are compared In figure 13, 

One could, define windows that have even smaller side lobes; 

howe'ver, they would necessarily have wider main lobes, and as wi l lbe seen 

later, this Is not de-s.frable. The Hanning window seems to be an adequate 

compromise between main lobe width and side .lobe height. 

One Is then faced with the fact that any physical estimate of the 

power density at a particular frequency UJ is necessarily a weighted average 

of the true power'density over a band of frequencies, the weighting function 

being the spectral window D(uj). If the impedance function that one is attempt

ing to estimate does not change slgnlflcaritly pver the bandwidth defined by 

D(uj), then the estimate will not be corrupted by the truncation effects,. In 

practice, however, the Impe da nee does change some so that there will be some 

truncation noise. The problem i s particularly severe if the power density 

spectra have iresonantpeaks or other steep slopes. If bne Is attempting to 

estimate the power density near the bottom of a steep slope,, the contributions 

frpm the side lobes ofthe spectral window may be significant compared to the 

cpntrlbutlon from the main lobe. This effectively broadens the bandwidth over 

which the Impedance function must hot ehahge,. 

These considerations lead one to inquire into the spec tral behavlGr 

of the E and H fields used In magnetdteiiurie surveyingi One would hope that 

the general shape of the spectra of the Incident E and H fields, might be more 
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or less independent of time and space coordinates.. If this were the case., then 

the measured total H field, which is close to twice the Incident H, field, would 

also be reasonably stationary with respect to time and spaee Goordinates, and 

hence tt could be prewhitened. On the other hand, the total E field Is a 

strong function of the local conductivity structure and hence, although it would 

be stationary with respect to time, the shape of the. spectrum would change 

from one locatipn tb the next as the conductivity structure changes. But s t i l l , 

the surface impedance Z ts a we 11,behaved function of frequency and as such 

one would expect that if the E signals were passed,through the same filters as 

were designed to prewhlten the H signals, the resulting filtered E signals 

would have a reasonably well behaved spectrum. This, in general, turns out 

to be the case . Actually, as ts tndicate'd by equations (2-..16) and (2.27), 2 

tends on the average to be proportional to the square root of frequency so 

that an optimum filter for E would differ from the H filter by a factor of I/Z/UTE 

With these ideas In mind, a study was made of the spectra of 

some actual H field data recbrded in central Texas. Figures 14 and 15 give 

composite plots of H and H power density specfra obtained from 104 different 

data samples'recorded at five different sites In cenfral Texas. This data was 

recorded by D, R, Wbrd., and a magnetotelluric interpretation bf the data is 

given by him (Word, 19 69), From these figures it is apparent that at least fpr 

the locations and times Involved here, the general shape of the H power density 

spectra is fairly well defined-. However, there are some definite resonant peaks 

(for example, around ,07 cps and around 2,5 cps) that appear in some of the 

spectra but are absent from others. These results are consistent with those 

obtained by Pther investigators (Ho pk in s, 19,66), (Bleil, 1964). It is believed 

that If the analog H, signals are prewhitened according to the general frends 

shown in figiires 14 and 15, the Hanning window can be-used withput encounter-

ing any side lobe difficulties except perhaps Immediately adjacent to the 

observed resonances.; 
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In order to get an es t imate of the effects of truncation upon the 

individual harmonics of the Fourier spec t ra , consider the following problem. 

Assume a one dimensional c a s e with 

E(uj) = 2(u)) H(uj) . 

Suppose that the H signal Is prewhitened with a filter that has a response 

F (m), and the the E signal is passed thrbugh a filter whose response is 
H 

F_(UJ) which may or may not be the same as F-,(uj).' Assume that the outputs 

of these filters are H (uj) and E (ui) respec t tve ly , so that 
o o 

„ , . E (uj) F„(uj) 
Z(uj) = 1 ^ , = r r ^ , • : ^ r r (5,24) H(uj) H (uj) F_(uj) 

O b 

Then define 

E (m) 2(uj)F (uj) 

o H 

Thus ,G(uj) is the rat ip o f t h e prewhitened ele b trie and magnetic field s ignals 

and will be equal to Z(uj) if the two prewhitening filters are the sarae. If the 

prewhitened s ignals are then sampled and a Fourier ser ies ana lys t s Is per

formed on e a c h , the resul ts w.lll be 

.» 
H"(nuj ) = { H (nuj - m) D(uj) duj (5.-26) 

p J o o 
- e a 

and 
es 

duj E (nuj ) = ^ E (nuj - UJ) D((D) 
O J O O 

- 0 8 

r H (nuj - U)) G(nuj - UJ) D(UJ) duj (5,27) 
J .o o o 

wiffira D(uj) Is again the spectral window used . If G w e r e constant over the 
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width of the window, then one would have 

so 

E (nuj ) = G(nuj) \ H (nuj - UJ) D(U)) duj o o J o o 
-ea 

= G(nuj ) H(nuj ) (5.28) 

o o 

the desfred result. In practice, however, G usually varies some. Suppose 

that in the neighborhood of nuj , G can be represented by the first two terms 

of a Taylor series expansion. Thus 

G(X) = G(nuj ) + (X - nuj ) G'(nuj ) (5.29) 
o o o 

where 
G ' W = ^ (5,30) 

If one lets X = nuj - UJ, equation (5.29) gives o 

G(nuj - UJ) = G(nuj ) - ujG'(nuj ) (5.31) 
o o o 

Putting this Into equation (5.27) gives 

ee 

E(nuj ) = \ H (nuj - UJ) [G(nuj )• - ujG'(nuj ) ] D(uj) duj o J o o o o 
- e e 

= G(nuj ) H(nuj ) - G'(nuj) T" H (nuj - UJ) D(uj) ujduj (5.32) 
O O O J o o 

— CB 

If one then defines 

G(nuj ) = E(nuj )/II(nuj ) (5.33) 
o o o 

and 

error = [G(nuj ) - G(nuj )]/G(nuj ) (5.34) 
o o o 

then from equation (5.32) 
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\ H (nuj - UJ) D(U)) ujduj 
J o ' o 

G(nuj ) =G(nuj ) - G'(nuj ) (5.35) 
o o o ~ 

\ H (nuj - UJ) D(U)) duj 
J O O 

and 

\ H (nuj )T- UJ) D(UJ) u)du) 
G'(nu, ) ^ ° ° 

error = - - z r , T^ I (5.36) 
G(nuj ) 

o \ H (nuj - ct) D(uj) duj 
J O O 

Assume now that the Integrals In equation (5.36) can be approximated by sum-, 

mations of the form 

SB 

H( nuj ) = \ H (nuj - UJ) D(a)) duj 
o J o o 

where 

and 

m 
= y H ,D , (5.37) 

L o n , I I 
l = -m 

H = H (nuj - lAu)) (5.38) 
o n , I o o 

m 
Y 0^= 1 (5-39) 

l = -m 

Then 
« 0 

W (nuj ) = \ H (nuj - UJ) D(UJ) ujduj 
O J O O 

m 
in = y H ,D. — (5.40) 

L o n , l 1 m 
l = -m 
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where n Is the maximum value of UJ confrlbutlng to the Integral. That Is, 

UJ = 0 corresponds to I = m. 

Assume that for any fixed n, H are a sequence of 2m-»-l 

Independent complex random variables whose components have normal dlsfrl-

butlons and zero means. Also assume that the original H signal was pre

whitened enough so that over any given band, the expected value of the power 

density is constant. Tha t i s , 

<9«n ^H* > ' = o^ ; 1 = 0, ± 1 , ± 2 , . . . ±m (5.41) 
on, i on , i n 

Since H , are assumed to be Independent and have zero means, on, I 

<H^^ ,> = 0 , ' (5.42) 
on, I 

and 

^ " o n . l H d n l j ^ = 0 • " ^ ^ r , . (5.43) 

Since H , are complex normal random varbahiea, H (nuj ) and W(nuj ) , which on,I o o 
are linear combinations of H ., must also be complex normal random variables, 

_ o n , l __ ^ 
Consider the statistics of H (nuj) and W(nuj). 

. o • o 
m • 

<H(nuj )> = < y H .D,> o L on, I I 
l = -m 

m 

on, I . I = - l <H„ .>D 
l = -m 

= 0 . (5.44) 

m m 
<H(nuj )H*(nuj )> = < r y H , D . ^ f y H* .D..."^> 

o o \ L on , l l y \ . ^ on,j j 7 
l=-m j=-m 

(Eq. cont'd on next page) 
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m m 
= y y D.D <H .H* .> 

L Lt l j on, 1 on,J 
l=-m j=-m 

m 
= y D,^<H ,H* > L I on, 1 on,I 
l = -m 

m 
2 r ^ 2 2 r r^^ 

= a > D. 
n L I (5.45) 

l = -m 

m 
in — v̂  m 

<W(nu j^ )>=<) H^^ <D. - • > o Lt on , l I m 
l = -m 

m 

on, I I = ^ y <H .>D. I 
m Lt 

l = -m 

= 0 (5.46) 

m m 
<W(nuj )W*(nuj )> = < r y H .D. — V y P* , D. - ^ V o o K L on, I I m. jf\. L on,j j m y 

l=-m j= -m 

2 m m 
( ^ ' ^ y y D,D i j < H .H* > 
Vmy L L I j on , i on,j 

l=-m j=-m 

l = -m 

m m 
<H(nuj )W*(nuj )> = < ( Y H , D . V y H* , D. ^ ' ) > o o K L on,I \ y \ u on,] j m y 

l=-m j=-m 

(Eq. cont'd.) 
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m m 
I* 

j • on , I o n , j 
l = - m j = - m 

= — y y D n. <H ,H* .> 

= ^ CT^ y I D ; (5.48) 
m n ZJ I 

l = -m 

2 2 
If the spectral window D(uj) Is an even function of UJ, then D = D and 

m 
2 ^ I Dĵ ^ = 0 (5.49) 

l = -m 

so that 

<H(nuj ) V\^(nuj )> = 0 (5.50) 
o o 

Thus, H (nuj ) and W(nuj ) are Independent complex normal random variables 

with zero means and with var iances defined by equat ions (5.45) and (5 .47) . 

A standard exerc ise In random variable theory Indicates that If two 

random variables X and Y are normal and Independent with zero means and 

equal va r i ances , then the function 

V = yx^- i -Y^ 

has a Rayleigh distr ibution (see for example , Papoul l s , 1965). Since H(nuj ) 
o 

and W(nuj ) are complex normal random variables with zero means , thefr 
o 

real and Imaginary parts satisfy the condit ions of the above exe rc i s e . Thus 

|H(nuj ) | and |W(nuj ) | must have Rayleigh d is t r ibu t ions . 

Another standard exerc i se in random variable theory Indicates 
that If 

V = X/Y 

then the distribution of V Is" given by 

o « CO y v ^ 

F^(v) = ^ ^ f , ^ ( x , y ) d x d y - ^ ^ C f ^ ( x , y ) dxdy (5.51) 

o - • "* yv 
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where f^^(x,y) Is the joint densi ty of X and Y (see Papoul ls , 1965). If X and 

Y are Independent and have Rayleigh dis tr ibut ions then equation (5.51) becomes 

i^{x) fy(y) dxdy 

o o 

WW 

= ^ i^^v) F^(yv) dy 

- I 
2 / n 2 

eo -y /2a 
- ^ e y 

2 
a 

o y 

[1 -
-(yv)V2a^ 

e ^ ] dy 

= 1 -
va 2 

(5.52) 

1 + ( T ^ ) 
a 

X 
2 2 2 2 

where a = < X > and a = <Y > . 
X y 

Now recal l that | H (nuj ) | and |W(nuj ) | have Rayleigh dlsfrlbutlons, 

From equat ions (5.45) and (5.47) 

m 
2 2 v̂  _ 2 

" » = CT 

n 
i = -m 

2 ^ 

<|H(nuj ) | > = CT y D.^ 
' o ' n L 1 

(5.53) 

and 

|W(n»^) |^>=( | ) o l I l^D' (5.54) 

l = -m 

Also, from equat ions (5 .36) , (5 .37) , and (5 .40) , 

error 

G(nuj ) W(nuj ) 
o o_ 

G'(nuj )H(nuj ) 
o o 

(5.55) 

Recall that F (v) Is by definition the probability that V ^ v . Thus, equat ions 
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(5.52) through (5.55) combine to give 

P {I error | ^ e J = 1 - (5.56) 

1+ (e 
G(nui ) I 

— ! K)^ 
G'(nuj ) ' '^' 

o 
where 

m 

K = 

I - I 
l = -m 

' I ' I 
l = -m 

(5.57) 
2 2 

and where P[X} denotes the probabil i ty, then X occu r s . Recall from equat ions 

(5.37) through (5.40) that the summations arose as approximations to Integrals, 

If one now le ts m -• « and p a s s e s back to the Integral formulation, equation, 

(5.57) becomes 

5 D^uj) duj 

2 - • 
K = —? 

[ UJ^D^(uJ) 
(5.58) 

duj 

- O S 

s ince D(uj) has been assumed to be an even function of m , and since 

P CI error I > e } = 1 - P [] error | s e } 

one has from equation (5.56) 

P {I error | > e 3 = (5.59) 

1 + e ' 
G(nuj^) 

G'(nuj^) 

^ D(uj)' duj 

OS 

p 2 2 
\ UJ D(uj) duj 

If D(uj) is a block window of width BW, equation (5.59) becomes 
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P {I e r r o r | > e} = 

1 + ^ - ^^ -
^ (BW)2 

G(nuj^) 

G'(nu) ) 
o 

or 

P {I e r ror | > e } = (5 .60) 

1 + 12e 
G(nuj ) 

o _ 
AG(nuj ) 

o 

w h e r e AG(nuj ) = G'(nuj ) • BW = c h a n g e In G(uj) over a b a n d of w i d t h BW around 
o o . 

nuj , S i m i l a r l y , for the Hann ing window w i t h 

D(uj) = Sin ^ ^ ( 
UJ 

2 2 
o uj(uj - UJ ) 

o 

one o b t a i n s 

P{ I e r ror I > e } = 

3.2 I ^'" '"o' 
1 -i-

2 j G'(nuj ) 
UJ 1 o 

o 

I t h a s b e e n o b s e r v e d t h a t for one d i m e n s i o n a l m o d e l s 

(5 .61) 

(5 .62 ) 

d l o g a (UJ) 
- — ^ g i . 

2 d logu j , 2 

Now If one u s e s the same p r e w h i t e n i n g f i l t e r s on E and H 

I G(uj) I = I 2(uj) I = y u n l T a j M " 

and It fo l lows tha t 

(5 .63) 

(5 .64) 

i ^ d loq |G(u j ) | ^ 1 
4 d log UJ 4 

o r 

d loq|G(uj)i 
d log UJ 

UJ 
G(uj) 

dlG(uj) 
duj 4 

(5 .65) 

(5 .66) 
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or, for the worst case 

G(nuj ) 
o 

• G'(nuj ) o 

4nuj 
(5.67) 

Thus, for this case equation (5.62) becomes 

1 
P { | e r r o r | > e 3 = ^^ g ^ (5.68) 

l + - j n e 

Equation (5.68) Indicates that, as expected, the probability of the 

error being greater than e goes down as e Increases. Also, as expected, the 

probable error decreases as n, the harmonic number. Increases. The latter 

result Is expected since | AG(UJ)/G(UJ) | should be proportional to the percentage 

bandwidth of the window, which In tum Is Inversely proportional to the harmonic 

number. The results of equation (5.68) are summarized In figure 16. 

It Is doubtful that the results shown in figure 16 are useful quanti

tatively because of the assumptions made about the form of H (UJ) , the pre-
o 

whitened miagnetlc field signal. In particular, it was assumed that 
2 

CTjj = <H (UJ) H (uj)*> Is Independent of frequency. In practice this Is not 

attainable since, as noted earlier, magnetotelluric signals are not really sta

tionary. 

In order to get some type of estimate of the effects of fruncatlon 

upon realistic data, the following experiment was performed. A typical set of 

actual magnetic field data was selected. It was Fourier transformed using the 

Hanning window, and each harmonic was multiplied by a theoretical Z computed 

from a typical layered model., The resulting theoretical E was Fourier trans

formed back to the time domain. This E, together with the original H, were 

truncated to some fraction of the original length. The resulting truncated E 

and H signals were Fourier transformed, and apparent resistivities were com

puted from each harmonic. These apparent resistivities were then compared 

with the frue apparent resistivities for the assumed model. This experiment 
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was repeated for several different models with several different original data 

lengths and several different truncated data lengths. The results showed a 

very definite trend. In each case , the apparent resistivities computed from 

the ffrst eight to ten harmonics were significantly In error. The higher 

harmonics showed very little error. The amount of error on the ffrst few 

harmonics depended significantly upon how white the spectra were; the 

Avhlter specfra had less error. Figures 17 and 18 show the results of a 

typical run. Figure 17 shows the Individual harmonics of th^ specfrum of a 

truncated H signal. Figure 18 shows the corresponding apparent resistivities 

along with the frue apparent resistivity curve for the assumed model. 

These considerations lead one to believe that the ffrst few har

monics of a Fourier spectrum of typical magnetotelluric data are likely to be 

corrupted considerably by truncation error. 
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VI. CONCLUSION 

The methods of analysis discussed In the foregoing chapters have been 

Implemented In a digital computer program constructed by the author for use on 

the CDC 6600 computer at The University of Texas Computation Center. This 

program estimates the power density specfra of sampled E and H-signals by 

computing the Fourier fransforms of the sampled data using the Cooley-Tukey 

algorithm, and averaging the resulting auto and cross powers^In frequency bands 

of constant percentage bandwidth as discussed In Chapter IV, Section B..4. The 

Hanning window discussed In Chapter V, Section B,3 Is used for the Fourier 

fransforms. The elements of the Z mafrlx are then estimated from the power 

density specfra using the techniques described In Chapter IV, Section C. The 

principal axes are then determined In accordance with the discussion In 

Chapter III, Sections C and D. Also the approximate strike direction Is deter

mined from the vertical magnetic field as discussed In Chapter III, Section E. 

As diagnostics, the tensor coherency mentioned In Chapter IV, Section C, and 

the two-dlmenslonallty parameters mentioned In Chapter III, Section D, are 

determined. 

This program has been used extensively for analysis of magnetotelluric 

data recorded In central Texas by Darrell Word. Samples of the results are 

given by Word (1969). For most of the data analyzed using this program, the 

resulting surface Impedance estimates have been consistent and repeatable. 

In areas where the geology Is reasonably one dimensional, these surface Imped

ances have been successfully Interpreted In terms of horizontally layered models, 

The resulting resistivity profiles have agreed quite well with Independent obser

vations such as resistivity well logs In cases where the latter have been avail

able. 

In areas where the geology Is more complex, particularly where It Is 

highly three dimensional, Interpretation has not been so successful. However, 

even here the surface Impedance estimates have been fairly repeatable. Thus, 
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It Is believed that now, perhaps for the ffrst time, the surface Impedances 

have been measured more accurately than they can at present be Interpreted. 

For this reason, It Is believed that future confrlbutlons to the science of 

magnetotellurics must come In the area of Interpretation. 
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Fig. 1 Description of N Layer Model 
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NOriLINEAR ELECTRICAL PROPERTIES 

G.R. OLHOEFT 

U.S. Geological Survey MS964, Box 25046 Federal Center, Denver, CO 80225 USA 

ABSTRACT [ ' 

• Electrical properties become nonlinear in several different v;ays due to a variety 

of mochanisuis and processes. In naturally occurring materials, nonlinear behavior 

is dominantly caused by the charge transfer reactions accompanying either oxidation-

reduction processes or ion-exchange processes. Since most nonlinearities arc 

directly caused by specific chemical phenomena, nonlinear electrical properties 

may-be used in the remote measurement of geochemical activity v;ithin the earth. 

Applications through borehole geophysics include the determination of geochemical 

.information during solution mining'of minerals, monitoring ground water chemistry 

for leaks around nuclear waste repositories, and measuring the buildup of clays 

and similar alteration products thai: may clog pores in geothermal systems. 

• 1 

-INTRODUCTION j ~ ' 

J Electr ical properties are useful in the earth sciences in a wide variety of ways 

. as they are one of the easiest of a l l physical properties to measure and they are 

• one of the most sensitive to changes in material or environmental parameters (Keller 

"and Frischknecht, 1956; Olhoeft, 1976). The extrem.e sens i t i v i t y of some e lect r ica l 

„proporLies to small changes in a wide variety of parameters is sometimes a problem. 

-.'As en example, a volcanic m.aterial l i ke basalt may exhibi t an e lect r ica l r es i s t i v i t y 

'•at a frequency of 10"^ 1!.̂  v/hich is 10'^ ohiii-m v.'hen vacuum dry at room temperature. 

That same material w i l l have a res i s t i v i t y of 10^ ohm-m i f i t is saturated with a 

-••few weight percent water or̂  i f i t is raised to a temperature of 700°C or i f i t is 
i 

•".measured at a frequency of 10^ Hz. A few weight percent clay or a single monolayer 

of adsorbed water can a l ter the low frequency res i s t i v i t y by an order of magnitude 

while not al ter ing the high frequency res i s t i v i t i es at a l l . j . 
; " I 

•• To address tho ambiguous and mult iple nature of e lect r ica l propert ies, ; 

investigators measure the widest possible nutnher of e lect r ica l parameters a's ] 

functions of variables that are easily control led by the experimenter. Typically 

this involves the use of frequency of measurement os a variable. ;• 

In the frequency doiiiain, the e lect r ica l properties describing a system rosponr;e 



re la te the input (or st imulus o r e x c i t a t i o n ) to the. output (or response), o f the 

• system by a m u l t i p l i c a t i v e ' f a c t o r i the t r a n s f e r func t ion of the system. I f the • 

;i'hput to the system is ah eTo'ctr ical f i e l d and the qu tpu t is cur ren t .dens i ty , then 

the t r a n s f e r f unc t i on is tHe comple'x e l e c t r i c a l c o n d u c t i v i t y . I f the input i s 

current d-;nsity and the output is e l ec t r i c a l f i e l d , then the t rans fe r ' func t ion vs the 

.complex e l e c t r i c a l r e s i s t i v i t y . The cojiiplex G l e c t r i c a l r e s i s t i v i t y and complex 

e l e c t r i c a l conduc t i v i t y are rec iproca ls of each other and are furtheY- discuss'ed in 

.:,,-, the appendix. I— ' 

•' The equatioh re la t i r ic i the. input and output p f a system is ca l l ed the systeni 

equat ion. I f a l l the der ivat ive's o f the input and output i n the syst.em e.quation 

^ are ra ised t o the f i r s t pov/er only and there are no products o f d e r i v a t i v e s , then 

— the system i s s^aid to be lu iGar . Mathemt ica l p roper t i es o=f l i ne 'a r sysitems- inc lude 

' a d d i t . i v i t y and homgaeneity ( toge ther c a l l e d superpos i t ior i ) v/hich are discussfid i n 

de ta i l i n Cooper and MeGillem (,1967). These mathematical pro'petitles o f l i n e a r i t y 

r esu l t i.n tV;o measursb.le pro.perties of l inea*" systems: T) the t r a n s f e r f unc t i on of 

a l i n e a r system i s independent o f the amplitude o f the input to the system, ahd • 

2.) the outj'Jut of a l i n e a r system c'efitains no new ivarmonic content that -d. id not 

-appear i n the inpu t to the system. In the l a t t e r ca'se,. i f the i.nput to the l i n e a r 

;system i s â  pure sine wave, then the output contains ho harmonics. r ; 

J . In add i t ion to l i n e a r i t y , systems are described as being caussl o r acausal and 

-, by being i n t eg rab l y t ransformable or not . Causal systems have outputs which are 

"^/independent o f f u t u r e values c f t.he i npu t . ATI phys i ca l l y r e a l i z a b l e systems are 

causal ( they cannot p red i c t the f u t u r e ) . A system which is l i n e a r may be 

„* integrab. ly transfoi-mable. The. i n t eg ra l transforms of the i n p u t , ou tpu t , or system . 

- t r a n s f e r func t ion do not e x i s t unless the Integi 'a ls are convergent (Sneddon, 1S72), 

• "~;f1dst phys ica l l y r ea l i zab le waveforms are conyargent in t h i s ' sense , , and i t is always 

ipDSsible to choose; the input t o a system such tha t the input ahd the output are 

- fbo th convergent. • • j - - .! 

"'j The i n t eg ra l trans.form of ,a causal f unc t i on has a time func t i oh t h a t i-s ; ' i 

J completely spec i f i ed by e i t h e r the rea,l or the imaginary part o f the t ransform (see 

.— ide r i va t i on i n Landau and L i f s h i t z , 196.0). Th.us, the - rea l and ima.ginary parts, and 

"'ithe amplitude and phase spectra of the t r a n s f e r func t ion are re l j i t ed to each o the r . 

•' iThe-rel at ion betweeh. the real ahd imaginary par ts is^ ca l l ed the H l l b e r t t ransform 

..|o,r tfie Kramers-Kroni.g re la t i ons (Landau and: L i f s h i t z , 19SQ). I f th,e rea l and 

••' j imaginary parts, o f the t r ans fe r func t ion do not obey t i ie H i l b e r t t ransform and the 

! input was chosen to give a convergent inpu t and ou tpu t , then the systeisi i s e i t h s r 

V [acaiisal or non l inear . As a l l physical l y r e a l i z a b l e systenis must be causa l , such a 

systGiii must then.be nonl inc t i r . ; 

. , As'a .consequence, ther.e are tv/o add i t i ona l measures of n o n l i n e a r i t y : -3) t l ie 

• t t -ansfcr functio'n o f a system i n the frequency .dotisnin is the L'lPlace t ransform of 

• the- fmp.ulse response'of the systeni i h the time, domain (see Copiier and f leRi l lc in , 

http://then.be


1967), and .4) thiS real and iii iaginary parts o f ' t h e t r ans fe r func t ion are a H i l b e r t 

t ransform pa i r . Ih pi-actice tfie t h i r d measure of l i n e a r i t y i s . very d i f f i c u l t to 

obta in as the imp'ulse response is d i f f i e u T t , *to measure d i r e e t l y . However, a s i m i l a r 

' t e s t may be performed using the s'tep response or by.measuring and comparing the 

t r a n s f e r func t ions of a system measured'by using, tv.'d very d i f f e r e n t vavefdrms of 

• input (such as a sine-v/ave versus a t r iangu la r -v jave) . In l i n e a r systems, the 

t r a n s f e r f unc t i on i s independent o f the form of the i n p u t . I 

.] Thus, there are four methods o f measuring n o n l i n e a r i t y in an e l e c t r i c a l -system: 

••• 1) Measure the G l e c t r i c a l t r ans fe r func t ion at two or more d i f f e r e n t values of 

• input s ignal ampl i tude, A measure- of th6 n o h l i n e s r i t y i s the d e r i v a t i v e o f the 

t r a n s f e r func t ion vnth respect tb ampl i tude o f i npu t . Note t h a t the t r a n s f e r 

i f u n c t i o n is a complex quant i t y and tha t amplitude and phase SiSectra may be 

"jindependently non l inear . j 

; 2) Measure the harmonic content o f tfie inpu t and output o f the system. The 

ro.ot-mean-square (RtiS.) d i f fe rence bstv.'scn tho harmonics in inpu t ahd 'output is the 

• t o t a l - h a r m o n i c - d i s t o r t i o n (THD) and i s a measune of n,onl inGari ty. 

3) Measure the t rans ' fer funct i . f ln using a- sine-v/ave and a .triang.yTar-wave input.. 

.The d i f fe rence Betv/een the r e s u l t a n t t r a n s f e r func t ions i s a measure" o f n o n l i n e a r i t y . 

'} 4) Measure the frequency dependence o f the t r a n s f e r f u n c t i o n . Use the H i l b e r t 

•tran.sform to generate new real and imaginary parts o f a . syn the t i c t r a n s f e r f unc t i on 

•from the imaginary 'and real par ts of the measured t r a n s f e r f u n c t i o n . The di f ferenc'es 

'between the der i ved syn the t i c and tfie o r i g i n a l measured t r a n s f e r func t ions .are 

measures o f n o n l i n e a r i t y versus frequency. f 

j Fur ther , these four generalize'd measures o f n o n l i n e a r i t y may appear in 

- d i f f e r e n t wa^s. I t is possib le to have a complex t r a n s f e r f unc t i oh w i th an 

':amplitude n o n l i n e a r i t y (the amplitude or mffgnituda o f the t r a n s f e r fur ic t ion var ies 

w i th the amplitude o f the inpu t ) t u t v/ i thout a phase npn l i nGar i t y ( f o r txample, 

r i f the non l inear i t i .es in the- real and "imaginary parts o f the t r a n s f e r funct ioh 

•icaneel). I t i s also: poss ib ls t o have a system which exhi bi ts the f i r s t two types 

o f n o n l i n e a r i t y (ampTituds and harmonic) , but does npt e x h i b i t the l a s t type of 

i n o n l i n e a r i t y ( i - l i l b s r t ) . The reverse i s also possib le and has been found to be 

1 coninon in clay ripinerals» . 1 " 

\ -.,. \ _ ', 

iEXASIITES . • [.-
j . * 

I Nonlinear e l e c t r i c a l p roper t ies have been studied f o r a number o f years by 

'eleetrochemists. through a v a r i e t y of tecf in iques, i nc lud ing polarography.,~cycl ic 

, vol tamnietry, and others-. Theifi techni'ques are disciis'sed in textbooks such as 

Doekris and Redely (1970), Fleet and Jee (1973), Nuniberg C19"/4).. Galus (1976), 

Antropov (1977) s and otfvors. The best known of the nonl inear procqs'scs i s t ha t 

accompanying charge t r a n s f e r dur ing px ida t i on - reduc t i on react ions ( f o r a (jeneral 

discussion of cliarge* t r a n s f e r , seo tlathev/s and Bockr is , 1971). ", 



The l inear equation describing .electrical properties is Ofiin's law, giveh by 

J - oE (see appendix) 

where J = current density • . • ^ . 

,: £ = e lec t r i c f i e l d strength \ 

and p. = e lec t r ica l conductivity f t f ans f t r function between E and J ) . 

" , The oxi da t i o n - re d ue t ipn re actio n car ry i n g c fia r ge a c ross an in ter facebe tv/ee n a 

;Solution and an eTectrode is given by th:e .honlinear Butler-Volmer absolute rate 

..-• equa t ion 

d = Ĉ  e^'^2^ . C3 e - f l - ^ ) ¥ 

J where C. = various 'cdhstants inyolving chemical parameters such as diff'usion 

cpef f ic ients , concentrations,-kinetics, and-SQ fqr th i -

•"' and 0 = anodic transfer coeff ic ier i t . p-" 

1 The details of the coeff icients are unimportant for the purposes of describing how 

.. nonlinear behavior appears ( for further discussions se^ Sluyt'ers-Rehbach and . . 

• Sluyters, 19.70,- or tfie e Tec tro'chemi stry te,vtbooks .refe ran ced .above). 

The Butler-Vol nie r type of equation yields e lect r ica l properties which are not 

only nonlinear. But atfe alsc complex, frequency dependent, and asytrjr.etrical with 

- respect to the polar i ty of the input, The prop.erties may become l inear fdr very 

"";small perturbations of E, for frequencies of input that are higher than the speed • 

o f reaction-, and "For conditions which may be di f fusion or otherwise l im i ted . The 

- properties may be. as.ymmetrical i f the constarits in fhe equation are not equal for 

" the anodic and ca.thdd.ic terms, or i f the onodic (reductiori) process is not 

completely reversible during, the cathodic (oxidation) prpcess, or i f "thfe system 

..'•stores energy and exhibits irremory (a dynamic system) d i f fe rent ly for the anbclic 
i • 

"'•• process than for the cathodic p i-o cess, f-

"1 Figure "1 i l l us t ra tes the-plot of current versus e lec t r ic potential across a 

-.-• pyrtte/water interface.. In both parts o f t h e f igure , the s-ample is in â three- .. 

-i terminal sample holder similar to tfie corrosion cell of Reters (1977) with 0.1 molar 

"iNaCl aqueaus solution at a pH of 7. Ths driving waveform is a sin'ev;a.v.e with the 

.,: ilTustra.ted Lissajous patterns-proceeding in a clock-wi'se di rect i o'ri. The'"dottt'd 

• l i n e s are the actual v.'aveforms recorded by fa d ig i t a l oscilloscope v/hile the so l id 

" ' | l ihe in Piglire lb is a mgdsl f i t 'based upon the But!er-'^/olnier equation (offset 
^ ' i . . • -

. ; for clari 'ty).. - ; 

• ! FigurG la i l lust rates ' t f ie pyr i te with a freshly polished surface at a" frequeiicy 

i.of^'O.l Hz and a current density of 0.OSS kjsi?-. Each change in slope or distort ion. 

of the pattern re lat ive to an elTipse is i'ndi-tativG of a specif ic chemical reaction. 

. Reactions qc,cur at specif ic potentials across the interface (MiTazzo and Carol i , 

•1978)-, and i f the current density is not high enougli to VjoneratG tiie required 

potential then tlis reaction w i l l not occur. Simi lar ly , reactioh.s procetd at 

specif ic rates (detenivined by either the reaction kinetics or the sppeds of 

d i f fus ic f i , see Ar-via and narchiano, 1971, :and Bernosooiii, 1976), and i f the 
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-2 .5 0 2.5 V 
FIGURE 1: Figure la (left) i l lus t ra tes the Lissajous pattern of current density 

(vertical axis) versus electrical norential (horizontal axis) across the pyrice-water 
•interface with a 0.1 molar IJaCl aqueous solution. The cross marks zero current and 
• zero potential. The frequency is 0.1 Hz at a m.aximuin current density of 0.085 A/m .̂ 
•Figure lb (right) i l lus t ra tes the same sample and conditions as part la except a 
.frequency of 0.01 Hz and a current density of 0.008 A/m-. At this current density, 
only cne oxidation-reduction couple is present. The dotted curve is the actual 
digitized data v/hile the solid line is a model f i t based upon the Butler-Volmer 

'equation. The tv/o curves are offset for clar i ty with broken horizontal bars through 
. each indicating zero current. 

! . . ' • • -

j frequency of excitation is too high, the reaction will not occur. In ei ther case 

; of too low a current density or too high a frequency, the system becomes linear. 

i - Figure la i l lus t ra tes several reactions occurring witli tho lov/er left quadrant 

! (anodic) of the plot reducing the sample and generating hydrogen gas while the 

: upper right quadrant (cathodic) is where the sample is oxidized and oxygen may 

Ibe evolved. Figure lb i l lus t ra tes the same sample at a lov/er current density and 
I 

I a lower frequency where only one reaction couple is activated. The opening of the 
i 

r loop in ths oxidizing quadrant indicates that the sam.ple either resis ts being 

; oxidized or the oxidizing reaction is diffusion limited. As the plot does not 

; change upon s t i r r ing the solution, the sample must be resistant to oxidation. The 

lov/er left reducing quadrant i l lus t ra tes that the sample is not diffusion limited 

nor resistant to being reduced. For further discussion of the detailed electro

chemistry of pyri te , see Peter (1977), Hall (1975), Biegler and others (1977), 

Scott and Nicol (1977), and Klein and Shuey (197aa, b). i 

Figure 2 i l lus t ra tes tlie dependence of highly altered pyrite upon current 

density at 0.1 Hz in a four-terminal sample holder. The sample holder has a 

symmetrical arranacment with a current electrode in solution, a potential electrode 

near but not touching the pyrite sample, tlic pyrite sample potted in s i l icone, 



FIGURE 2: An altered pyr i te-electrDlyte interface under similar conditi.ons as fpr 
Figure 1 with a frequency of 0.1 Hz and various current densities as indicated dh 
each curve. This ,is a four-terminal sample holder as described in the text . 

another potential ele'ctVode, a'nd a no th'er current electrode in solution'. The 

• electrodes are, a l l constructsd of platinum'mesh (bright pT a t i hum" as the plat in ized 

. elGctrodes introduce imput"ities and db not stay plat inized over long periods of 

time). High input impedance '(.->>T0--̂ ••' ohms) electrcmeter amplif iers are used in' the 

meas ure iiiqnt of the potential electrodes so as-to-pot drav/ enough current to 

generate s ign i f icant charge transfer impedances in the potential pieasuring c i r cu i t . 

Th.e eleetrode arrangement is id,enticaT with .conwon practice for geophysical and 

borehole.InstrLinientgtion (Keller and Frischkneclit, 1966). This >elGCtrqde arrange

ment w i l l not produce ths clra,racteri.:stic and-asy mine t r i cal pl,ots of Figure 1 unless 

the oxidation-reduction r,eact1ons are incompletely reversible or ara dyn.amically 

diff&rGnt at anode and cathode. In the l a t t e r case, dynamically d i f fe rent means 

tha anode stores energy and exhibits nfemdry (piiase lag) i n a manner d i f ferent 

than the cathode. 

Figure 2 i j l ustrates the pyr i te-e lect ro ly te reactio/i.'̂ < as- a' function of current 

density .showiflg the d is t inc t asyiimietry fo r one of the above reasons. In addi t ion, 

the d..S4 •A/ni-'- current .dens-jty pat tern is nearly'a; per-feGt e l l ipse and there fore^ 



FIGURE 3: "The frequency dependence of the Lissajous patterns for, a cation 
exch'ange' resin .as a function of frequency. Ths numbers next to each curve are 
the lo.'garithni of the frequency to'base ten. The 1 Hz a'nd'10 Hz patte'fns overlap 
and are nearly ident ica l . The patterns are ess'ehtialy l inear above 10 Hz. 

; approaching a-l inear system response. The'Specimen in Figure 2 has' a highly 

I altered surface and requires higher current dsn'sitiGS, for nonlinear behavioj- than 

; the highly polished SDs'cims'R: of .Figure 1, • r 
.- i 

: The second important charge transfer process in natural materials that causes 

m-2as.urable nonlinear enectrical behavior i s due to ion exchange. Unfortunately, 

the prbeess of ion .exchange is i t s e l f very T i t t l e understood .nnd the electro

chemistry of ioii exchaiige is. even I'ess wel l known. The best discussions occur in 

Carroll (1959), Payne (,1372), Dukhi'n and Shilov (1974), puiikin (1974^, Dukhin and 

Derjaguin (1974), Derjaguin and ilukhin (T974)., Ad amson (1976) and van Qlpfien (19'77). 

Some atteiTiirts at niodel s of tfie eleetrocheniistj^y have been made; by Arms'trong. {19S'9), 

Tiiimer and .others {1970) j and others, \ 

The following examples x l lust rate the type of behavi'or tha t fras been observed 

in cl variety of clays and zeoTite's,. For s impl ic i ty , the examples, w i l l be drawn 

from investigations pci^foniied dn ioh sxcfiahge resins. Essentian.y s-iiniTar results 

have been; Obtained with a variety o f clay minerals. Figure 3 i l lus t ra tes, the 



electr ical behavior of a catiori ex'change resin (Table 1) in a four-termina.l 

sample holder as a function of frequency. The resins are very dynamic and 

exhibit considerable memory. The cations easily adsorb onto the surfaice., but 

reluctantly desorb. This causes the d is t inc t nonlinear asymmetry shown in the' 

f igure. Al so, at the higher frec|uenoies the eations caiih01 respond to' the driving 

force and the procGss becoriies l ir iear as i t is di f fusion Timited. Due td the 

memory and d i f fus ion coeff ietents, the frequency depende'irc'e of the transfer function, 

is measurably d i f ferent depending upon v;hether i t is ineasured from low tp high 

frequen'Gie's or from high to low frequencies. ' !'" 

TABLE 1 1--

Both exchanoe resiins are .styrene divinyl.benzene copqly.Tier na'trix beads, 16.-50 
mesh size, laboratory grade, with a v/orking; range bf" 0-14 pH,, and are manu-
factured by J.T. Baker Company., :-

Designation ': 

Type 

Form (ionic form) 

G'ro up 

C-2,67 cation 

.strong acid 

,H 

sulfonic 
functional 

4.0 

.45-55" 

400-500 

AMGA-542 anion 

strong bas.e 

CH f. 

alkyl quatefbary 
ami he 

3.2 r 

60-70 percent 

300-500 '.-• 

'\ Total dry exchange capacity (me.q/g) 

• Moisture content 

-: ' Working density (g/1) 
_ ' ' • i..^^. 

_ j . Figure 4 i l l us t ra tes the frequency dependence of the cation resin and an 

...! equivilant anion resin {Table 1) measured from lov/ to high frequency. Note that 

-' the cation, resin has a much higher -totaT-hermonic-dist-ortiori (THD) that tire anion 

^. res in , has a largsr phascr angle, and has a stronger frequency depehdeffc'e. ATsO, 

. „ ; the three res i s t i v i t i es plotted represent the asymmetry-of the system with the 

"1 res ist iv i ty- detefmined from tlie whole v/aveform (H), from j-ust the posit ive half (P), 

" jand from jus t th'e negative" half (H)- Th2 cation res'in is considerably [liore 

_i asymmetrical tha'ri the aiiidn resin. [.. 

—: • Due to the generally smaller size of the cat ion, i t is not surprising tliat 

" i ' i t is more importa'ht than the anioti in adsorption proGesses (see discussions' in ' 

'; van Olphen, 1977). Also, most niate'riaTs tend to have, negative surface charges in 

..j excess a'nd thus prefer to a t t ract cations over anions. Thus, a l l other thi-rios 
1 . . •' • " .. . - ^ 

- ; being equal, it is. fortunate that the cation exchange process is more nonlinear 

. than the anion process as this allows the nonlinear effects to be' used to acquire 

a.ddi tional informafion about tite ma teri,a.l surface with which the ions are 

i,nteracting, j 
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FIGURE 4: The frequency depen-de'iice o f t h e total-Ifafmohic-distort ion (THD), tha 

real part of the coniplex resi s t i v i t y i and the phase angle of tife cation exclinng^e 

(soli'd l ines with open f>ynibQls) ahd the anion exchange (dashed l ines with closed 

symbols) resins-pf Tahiti 1. P, l-J, and N on the res i s t i v i t y plots indicate the use 

0 f 0 fl Ty the po si t i v.e h al f , t h e wh o 1 e, or only tlie n e.g at i ve ira 1 f of the wave f p rms 

(as in Figure 3) 'for the .cons'truGtion of the res i s t i v i t y . 



FIGURE 5: The Hilbert nonlinear 
effect as. the deviation in percent 
of the real r es i s t i v i t y actually 
measured from that derived by 
the Hilbert transform from the 
actually m.easured imaginary 
res i s t i v i t y . The dashed, so l i d , 
and dotted curves are the dev
iations for the following 
instrumentation: General Radio 
1615 and Wayne-Kerr B-201 
bridges together (dashed). 
General Radio 1621 and Wayne-
Kerr B-201 bridges together 
(solid.), and the U.S.G.S. 
Petrophysics Laboratory transfer 
function analyzer (dotted, Olhoeft, 
1973). The t r iangles, crosses, 
and circ les are data from real 
materials, respectively: an 
unaltered juv i te in d i s t i l l e d 
water, very pure water (gre-3ter 
than 150,000 ohm-m), and a highly 
altered juv i te in d i s t i l l e d v/ater. 
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Figure 5 illustrates the final nonlinear example. This figure shows the percent 

deviation of a resistivity transfer function v/hen the real and imaginary parts are 

tested with a Hilbert transform. A problem with the measurement of this type cf 

nonlinearity lies in its occurrence in common laboratory measurement apparatus. 

Several examples are shov;n for commercial instruments as well as the instrument 

used to acquire the sample data illustrated (see Olhoeft, 1978). ,•-

The data in Figure 5 illustrating the nonlinear Hilbert response for real 

materials includes a juvite specimen saturated with distilled water (triangles), 

very pure water (crosses), and a highly altered specimen of juvite saturated with 

distilled water. This type of nonlinearity has been commonly observed in clays, 

zeolites, and other highly altered materials such 'as the altered juvite shown. The 

reason for ths nonlinearity is not knov/n. but it may be related to the cation 

exchange process as it is usually not observed in tho materials v/here oxidation-

reduction reactions dominate. \ 

The Hilbert nonlinearity in water (crosses in Figure 5) has only been observed 

in v/ater with DC resistivities above 150,000 ohm-m. There are other dielectric 

nonlinearities in water (Jones, 1975), but neither this nor the others are well 

understood. ' 

There are many other examples of nonlinear electrical behavior than these 

given here, but these should suffice as an introduction. Other examples which 

may be found in the literature include nonlinear electrokinetic phenomena (Dukhin 

and Derjaguin, 1974), nonlinear dielectric phenomena (Kiolich, 1972; Jones, 197^5), 

fcrroelectrics (Jono and Shirane, 1962; Burfoot, 1967), and otliers. 



APPLICATIO;iS 

Several applications of nonlinear electrical properties are already in use as 

standard electroanalytical techniques (see texts referenced above), but several 

other interesting applications are v/orth mentioning. The first is the study of 

reactions versus frequency as a way to measure and study the kinetics of reactions. 

This has been done in the past, but very infrequently. Second is the study of 

chemical processes under high temperature and pressure conditions in which it is 

..^difficult to access the reaction products for analysis but it is relatively easy 

to insert wires and electrodes to monitor electrical properties. Third, through 

the use of borehole logging, it should bo possible to exploit the electrical 

. nonlinearities to measure ground water and mineral chemistry in situ. 

There are other applications, but the first two are primarily laboratory tools' 

,to expand the general knowledge of chemistry, particularly of kinetics (Bernasconi , 

'l976). The last application is of the greatest interest, however, in a variety of 

current problems. A.niong these are the problem of determining geochemical parameters 

to design solution mining procedures for uranium and other scarce minerals, the 

problem of monitoring ground water chemistry for leaks around nuclear waste 

repositories, the problem of m.easuring the buildup of clays and other alteration 

products v/hich may clog pore structures in geothermal systems, and a variety of 

problems in the study of permafrost. 

Permafrost is particularly interesting because the colloidal clay particles 

have electrochemical double layers which may be thicker than the average dimension 

;of the clay particle. Such thick double layers help depress the freezing point of 

v/ater and harbor large am,ounts of unfrozen water in the permafrost. Electrical 

.measurement techniques may exploit the current channeling capacity of this unfrozen 

"v/ater to utilize the nonlinear response of the cation exchange process to map and 

.'detect the presence of clay minerals. This is particularly important in the 

-.'exploration for sulfide minerals in permafrost where the clay response may be 

• jvery similar to various standard geophysical instruments, but easily di.stinguishable 

between'the clays and sulfides through the nonlinear techniques. 

• In general, the more information upon which to base a decision or course of 

action, the better. Nonlinear electrical properties provide a considerable amount 

•of information that may not bo otherwise available. Rather than being limited to 

,-traditional measurements of electrical properties which provide only amplitude and 
i • 

.phase versus frequency, nonlinear electrical moasurcm.ents can also provide amplitude, 

;phase, asymmetry, total harmonic distortion, Hilbert distortion, and a variety of 

other param.eters versus frequency and current density. ^ 
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APPENDIX 

This appendix is included to introduce the terminology of e lect r ica l properties 

-•' as used by the exploration geophysicist based upon Olhoeft and others (1978). 

.Unless otherwise speci f ied, these terms a're defined for systems which are causal, 

l inear , t ime-invariant, dynamic, and isotropic. The systems may be either lumped-

' parameter (ordinary d i f fe ren t ia l equation) or distributed-parameter (par t ia l d i f f 

erential equation), and they may be either discrete time ( difference equation) or 

.continuous time (d i f fe rent ia l equation). For def in i t ions of these specifying terms, 

. seo Cooper and .'IcGillem (1967). Included with the def in i t ions are the units in 

" the Sl system (shov.'n in brackets). 

1 Definitions of e lect r ica l properties log ica l ly begin with Ohm's Law 

.'• • J = oE (1) 

••.where J = free charge current density [Ajnp/m^j 

'! E = e lect r ica l f i e l d strength [Volt/m] j ~ ' 

j and CT = e lect r ica l conductivity [Siemen/m]. !.._. 

This is equivalently presented as •-

; E --= pJ (2) 

•v/here p = CT"^ = e lect r ica l conductivity [Ohm-m]. Up to th is point , r es i s t i v i t y 

-land conductivity are defined including only free' charge transport. ;•— 
j • • i 

In the general case, the f o l l ow ing l i n e a r r e l a t i o n s h i p also appl ies 

J D =•• cE • (3) 

.•V/here E ~ d i e l e c t r i c p e r m i t t i v i t y [Farad/m] <-- \ 

•i and D = d ie lec t r ic displacement - e lec t r i c f lux density [Coulomb/m]. \ " 

i COiiibihing equations (1) and (3) tlirough l-iaxv/ell's equation [ : 

.1 V >̂  h' = J •̂  aD/5t = J - '(4) 

•where H - magnetic f i e l d strength [Amp/m], 

• yields a tota l current density, J.p, which includes both free carr ier conduction 

..' and d ie lec t r ic displacement terms 

-j JT = CTE + c3E/8t. (5) 
f ' • 

•| Since, in the general case, both the conductivity and the d ie lec t r ic permi t t i v i t y 

i may be independently complex (Ful ler and Ward, 1970), the total r es i s t i v i t y and 

the tota l conductivity may be defined through the relat ion ; 

! (p | - i p p " ' ' -.: o.j. -1 io^ = (o' .+ ia" ) + iw (c' - ie") (6) 

with a loss tangent, tanS, and a phase angle, .;>, defined 

tan5 == cot<̂  = Py/pj = a|/ay (7) 



with tho unsubscriptod a and c from equation-(5). 
Most instruments fall into tv/o classes: they either measure electrical parameters 

, by measuring voltage and current' (related to E and J by the geometry of the system), 
or they measure equilalent series or parallel admittance or impedance by substi
tution against standards. In the latter case, the effective capacitance and 
conductance measured become the effective dielectric permittivity of (E' •̂  o" / i i i ) 

-. from equation (6), and the loss tangent of equation (7). 

Those instruments that measure voltage and current usually measure the total 

- current, yielding a typical measurement of the form ] ' • 

• , ^ = EQ ''""^^^ " ̂ 'ê  -(S) 
JT = J sin((iit -*• 6 •) , . . 

•; T 0 ' ""j' , . 

' where E = amplitude of E ' " 
0 ' 

J = amplitude of J^ . : 

. • • t = time [sec] 

' OJ = c i rcu lar frequency [rad/sec] = 2uf (v/here f is frequency in Hertz) 

^ = arbi t rary phase offset re lat ive to some time zero for E 

and (Jl. = arb i t rary phase offset re lat ive to the same timebase as for E. 

- In terms of these equations (8) , the total res i s t i v i t y is given as . • 
•j . |p.j.| = (p|^ + p^^)^''^ = E^/Jp = res i s t i v i t y magnitude [Ohm-m] .'(9) 
: i f i j = (Jl = arccot (p l /pp = <> - (|). = phase angle [radians] (10) 

I . "T " (V'^o^ ^°^''' ^"'' T̂ ^ -V^o^ ^•'"•' • ^̂ ^̂  
• The complex total conductivity may be obtained from equation (6). The loss tangent 

.! and phase angle of equation (7) are identical with the def in i t ion in equation (10). 
t 

-: The definitions up to' this point have been formulated for steady state sinusoidal 

'•- excitations. Hov.'ever, the definitions are equally valid v/hatever ths form of the 

_! excitation and response, provided that only the fundamental frequency is employed 

; in determining tire resistivity and phase angle at that frequency from the 
: measured E and J,.. Harm.onics may be similarly used only if the system is "' '. 
i ' . j— ' 
J demcnstratably linear. •. 

'. Further introduction and discussion of those parameters may be found in Keller 

') (1959), Fuller and Ward (1970), Shuey and Johnson (1973), Cooper and .'IcGillem (19-57), 
-.' ' . . 

.': and Olho.eft and others (1973). :_ 
I 
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Qbjective: To compute and map scattered surface fields of a geGthermal 

reservoir, induced by an incident plane wave 

Method: Use Unimoment Method to solve electromagnetic scattering 

by buried rnhomogenities. 

Description of Method: 

The Unimoment Method separates the scattering configuration 

into two independent parts. The region inside a Unimoment 

surface (e.g., a sphere)'may be inhomogenous. The region 

outside the Unimoment surface is assumed to be homogenous 

or layered earth (Figure 1). 

Inside the Unimoment Sphere, the finite element method is 

used to generate a. sequence of solutions of Maxwell's 

equations consistent with tha inhomogeneity. 

Outside the Unimoment sphere, multipole expansion df fields 

satisfying the layered e^rth boundary conditions are used. 

Assuming the solutions inside and outside the Unimoment sphere 

are numerically complete, the solution may be uniquely 

determined by enforcing the continuities of the tangential 

* electric and magnetie fields. 

Accomplishments to Date:: 

(1) Derived the variational formulation of Maxwell's Equation's 

specifically for an axially symmetrical scatterer, for 

use in finite element applicatidns. 

(2) Completed an automatic triangular mesh generator program, 

for use in finite element applications. Sample plot 

is shown in Figure.2. 
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Figure 1. Configuration of EM Scattering by 'a Geothermal Reservoir 
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Figure 2. Triangular Element o,f a Finite Cylinder 
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Accomplishments to Date (cont.) : 

(3) Completed f i n i t e element program to generate solutions -" 

of Maxwell's Equations inside a Unimoment Surface. 

(4) Derived the multiple solutions involving air-ground 

Interface boundary conditions, .the Generalized Sommerfeld 

Integrals. 

(5) Programmed the computation of Generalized Sommerfeld 

Integrals. -

(6) Programinned the boundary f i e l d match ings on the 

Unimoment surface. - ,. ,, 

.,̂ ,. . , , _ ^ ,X7) , Computed and mapped.'the. scattered s.urface f . 

..„ . ' " ' .':;:'•:,.as i^:rate-'d:lsA%GtrlG;cyl^ih^ Scattering 

.. ,, ,,̂_ ,^ ,, •. conf Igur.atlon and plots are. showiri i.n. FTgu.re 3. . 

'• ', (8) Defined theObw frequency region Where a ppr ox, ™̂ ^ 

, the Genefailzed Sommerfeld's Integrals exist. 

(9) Reprograiratied (5) for medium low frequencies for fast 

convergence. 

-Objectives Yet to' be Reached': -

(1) Tq compute' and map the :Scattered surface f i e ld at low 

frequencies used In geothermal exploration., 

(2) To compare results obtained by other research groups . 

using di f ferent approaches. • . 
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Figure 3. 3-D and Contour Plots of Scattered E-Field Amplitude: on the 
Earth Surface (e .̂ = 0 ° , frequency = 700 MHz) 
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I. INTRODUCTION 

The DOE agreement to study "Terrain Effects in Resistivity and 
Magnetotelluric Surveys" has the following objectives: 

1. Development of computer algorithms which calculate the electrical 
resistivity response (using various electrode arrays) of earth 
models with arbitrary three-dimensional topography. 

2. Development of computer algorithms which calculate the telluric 
and magnetotelluric (MT) response of earth models with arbitrary 
two- and three-dimensional topography. 

3. Provide validity and accuracy checks for the resistivity and 
magnetotelluric algorithms. 

4. Provide suites of topographic models with calculated responses 
for resistivity and magnetotelluric surveys. 

5. Provide case studies of the application of the algorithms in 
interpreting existing resistivity and MT field data. 

Practicsil techniques have been developed for modeling the resistivity 
response in three-dimensions and the magnetotelluric response in two-
dimensions. Development of three-dimensional techniques for magnetotellurics 
is in progress. 

II. RESISTIVITY MODELING 

The technique used is an adaptation of the solution of the boundary 
value problem for the electric potential. The solution domain is a hexahedral 
section of the earth with an arbitrarily irregular upper surface. A standard 
finite element approach using the variational method is employed. The surface 
is incorporated into the near surface elements with an isoparametric transformation. 

Two programs have been developed and tested. One calculates the bipole-
quadrupole total field apparent resistivity response over an arbitrary 
three-dimensional topography and subsurface resistivity structure, and the 
other calculates the dipole-dipole response. The programs were verified 
by comparing results with existing scale model data and results calculated 
analytically over a hemispherical sink. 

As an example,. Figure 1 shows the calculated bipole-quadrupole response 
over a 100 ohm-meter half space with a topographic sink. 

III. MAGNETOTELLURIC MODELING 

Two independent techniques are being used to calculate the MT response 
over arbitrary topography. One applies the fast Fourier transform (FFT) 
numerical technique to the scattering theory proposed by Lord Rayleigh. The 
other applies the isoparametric finite element technique. 

A. Rayleigh-FFT 

This technique was first applied to radio frequency scattering 
but has been successfully extended to magnetotelluric frequencies. 
Two programs which calculate the MT response over two-dimensional 



topography have been successfully tested. One calculates the 
tranverse electric (TE) responses over a rough homogeneous half 
space. The other calculates the TE responses over a rough layered 
half space. Transverse magnetic (TM) responses are obtained using 
the principle of duality. A program which calculates the response 
over a three-dimensional rough half space is being developed. 

As an example. Figure 2 shows the TE mode response over a two-dimensional 
asymmetric valley at periods of 100 and one seconds. 

B. Finite Element 

Two programs using finite element techniques are being tested. 
One is an adaptation of a program developed by Rijo (1977). It is 
a two-dimensional program using triangular finite elements, and has 
been adapted to include topography. The other is a three-dimensional 
isoparametric finite element program similar to that used for the 
resistivity problem. 

C. Validity Checks 

Since there are no known calculated or scale model results for 
MT response over topography, the two independent methods described 
are being used to test one another. There are self-consistency 
checks included in both techniques. 

IV. CASE STUDIES 

A resistivity case study is being done on data collected by the University 
of New Mexico surrounding the LASL Hot Dry Rock Geothermal Site in New Mexico. 
The data include total field mapping from several source locations, inter
secting dipole-dipole soundings, and deep Schlumberger soundings. LASL drilling 
results give local deep well control. 

A magnetotelluric case study is being performed on remote reference data 
collected in the Rio Grande rift. It has both deep well and extensive CDP 
reflection seismic control. 

V. FORTRAN COMPUTER ALGORITHMS 

It is anticipated that documented copies of the seven computer programs 
listed in Table 1 will be included in the final project report which will be 
released after December 31, 1980. All programs have been developed on a CDC 
7600 computer. However, they may be adapted for use on other systems, including 
mini-computers with a virtual memory capability. Specific details may be 
obtained by contacting the authors. 



TABLE 1. FORTRAN computer programs available upon project completion. 

Program Name 

1. RES3TF t 

2. RES3DD;t 

3. MTF2RS t 

4. MTF2RL t 

5. MTF2FE * 

6. MTF3RS * 

7. MTF3FE * 

Function System 

Calculate blpole-quadrapole total CDC 7600 
field apparent resistivity over 
arbitrary 3-D topography and 
subsurface. 

Calculates dipole-dipole apparent CDC 7600 
resistivity over arbitrary 3-D 
topography and subsurface 

Calculates TE or TM mode MT CDC 7600 
apparent resistivity over rough 
2-D homogeneous half space 

Calculates TE or TM mode MT CDC 7600 
apparent resistivity over 2-D rough 
layered half space 

Calculates TE or TM mode MT CDC 7600 
apparent resistivity over arbitrary 
2-D topography and subsurface 

Calculates MT apparent resistivity CDC 7600 
over rough homogeneous half space 

Calculates MT response over arbi- CDC 7600 
trary 3-D topography and subsurface 

Approximate Cost Per Run at Sandia 
Laboratories Computer Center 

$15-20 

$70-100 

$3-5 

$10-15 

$20-30 

$50-100 

$500-1000 

t Program previously confirmed. 

* Program under development. 
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Figure 1. Bipole-quadrupole total field apparent resistivity response over 

a hemispherical topographic sink in a homogeneous half space. Half space 

resistivity is 100 ohm-meters. Contour interval is 20 ohm-meters. Asterisks (*) 

indicate the location of sources. The dotted circle is the edge of the 

topographic sink. 
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BSTRACT 

gungul, S.H., 1977. The telluric methods in the study of sedimentary structures —a 
survey. Geoexploration, 15: 207—238. 

J l Telluric and magnetotelluric methods are compared from principle and application 
^andpoints, particularly as applied to the study of sedimentary basins, as two distinct 
^ethods: magnetotelluric by its completeness, and telluric by its simplicity and economy. 

Theory and practice of the relative, intrinsic, and absolute elhpse methods, single-
Bation methods, and hybrid magnetotelluric methods are described, emphasizing physical 
pnderstanding, with a view to assisting prospective users. Qualitative and quantitative 
Bnterpretation methods for two- and three-dimensional structures are discussed, with the 
Qld of case histories. 

Telluric methods are suited primarily to low-cost reconnaissance in not-too-deep sed-
pnentary structures associated with lateral changes in electrical resistivity that are fre
quently encountered in petroleum and geothermal exploration. 

This paper is primarily a literature survey, but includes some original material. Some 
procedures that are explained only in patents have also been included. 

PRODUCTION 

"^e four major branches of electrical methods suitable for the explora-
iHOn of sedimentary basins are: controlled-source dc (resistivity), control-
[•M-source ac (electromagnetic), telluric, and magnetotelluric. Among these, 
K f̂naps the telluric method has been covered the least in the English litera-

felluric currents are induced in the earth by natural electromagnetic 
l^ves of extraterrestrial origin. The telluric method uses only the hori-
Rii components of the electric field, E, associated vsrith these currents, at 
L 6 surface {tellus and telluris mean the earth in Latin). The magnetotelluric 
L «hod uses both the horizontal components of E and the three orthogonal 
k "'Ponents of the magnetic field, H, associated with E, measured simul-
m ,̂ *̂ ŝly at each measuring site. 
P ihese methods are based on the same theory, but are much different in 
^v_/" They are used to solve different kinds of exploration problems in pe-

Us A *""* Chevron Resources Company, P.O. Box 3722, San Francisco, California, 
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NOTATIONB 

«-• 

Bnse station 
Field station 
Magnetotelluric 
Electric field intensity, mV/km, in practical units 
Magnetic field intensity, gamma, in practical units 
Components parallel to the geologic strike 
Components perpendicular to the geologic strike 
Resistivity, ohm-m 
Effective horizontal resistivity of a stack of horizontal layers 
MT apparent resistivity 
PB derived from E^ and Ht 
Po derived from £ / and Hi 
"Horizontal unit conductance" of a stack of horizontal layers, mho 
A frequency window In which instantaneous dc assumption is justi
fied 
Period, sec 

troleum, |,'oothcrinnl, and mining geophysics. 
The Drimary purpose of this paper is to survey the principles and proce-

j f g vurioty of telluric methods. Low-cost telluric methods will be em-
hasized bocnusc the cost of telluric surveys, unjustly compared with that of 
-ivitv surveys, hampered their use in the past. The emphasis will be on 
'>thods nnd procedures with established econoraic usefulness, presented for 
prs who.sc daily functions do not involve a great deal of mathematics. We 

hnll assume that the reader is somewhat familiar with the magnetotelluric 
othod (MT), which is extensively reviewed by Vozoff (1972). 
Geoohysicists not familiar with the telluric method believe that it has 

h en reolncod by MT. This paper will show the need for both, frequently 
sod in conjunct ion. Recent experience, especially in prospecting for geo

thermal resources, supports this point of view (Morrison et al., 1975; Maas, 
1975; and Hermance and Thayer, 1975). 

The first practical teUuric techniques were developed by Schlumberger 
n 936 1941)- The "relative ellipse area" method by Kunetz (1952a) con-
titute'd a miles'o"^' in that scalar telluric anomalies could be assigned to 
easuremcnt sites. This method is described by 3oissonnas and Leonardon 

fl948)" their article is probably the earliest significant English literature on 

this subject. 
A comprehensive paper by Migaux (1951) describes the principles and 

geologic signifii'iu^cP of the telluric method. A review paper by Kunetz 
fl958') contains many interesting case histories concerning petroleura ex
ploration. 

Anotlier milostone was a book by Berdichevskii (1960) which contrib
uted substflnti.ll quantitative information on the telluric method. This was 
done on Uic bai^ of then newly developed MT theory. 

Other important contributions wall be discussed or referenced under 
specific topics. 

^ifcSiJii.. •j??i&,*«»jk.-., i,v',if|Sw?.ce?«eV 
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[TELLURIC AND MAGNETOTELLURIC METHODS COMPARED 

% 

I 

Figure la is a cross-section (a two-dimensional model) representing a salt 
ridge in a deep, unusually low-resistivity sedimentary basin, similar to the 
Texas Gulf Coast. The two near-surface inhomogeneities could represent 
fresh-water sands. 

Figure Ic shows the computed MT sounding curves at stations A, B, and 
'C. The dotted curves are the results obtained ignoring the near-surface in
homogeneities. The solid line curves have been computed for the complete 
^model. Apparent resistivities obtained using that component of the electric 
Geld which is in the direction of geologic strike are designated P ; ; in the 
transverse direction, p i . Data at 3 would be interpreted in a straightforward 
way, in terms of a one-dimensional model, smd yield very valuable informa
tion; it would resolve some of the layers if they existed. 
'. The dotted curves at A cannot be interpreted by themselves. Such curve 
pairs at a number of stations over the salt ridge have to be satisfied simul
taneously by two-dimensional trial-and-error modeling. Such interpretations 
are laborious and the surveys are relatively expensive. 

Including the near-surface inhomogeneities (the solid line MT sounding 
curves) makes the situation much worse; the pi curves diverge by a factor of 
about 10 if the station is displaced as little as a few hundred feet. The mea-

|suring axes can analytically be rotated to obtain pe, which is not much af
fected by the inhomogeneities, and pt may be interpreted without the bene-

.;fit of Pi. However, this is possible only if the near-surface inhomogeneities 
iand deep structure are two-dimensional and have the same strike, which is 
tousual. A space-domain filtering of the data is not practical, because MT 
surveys used in petroleum exploration cost $ 1000 to $ 4000 per station. 

Figure l b shows a profile of normalized electric field components across 
"le model for a sine wave whose psriod is 300 seconds. Ei is parallel and Ei 
perpendicular to the strike. These data, which constitute essentially a telluric 
'y^ey, are extracted from a survey made without knowing the strike direc
tion. The effects of inhomogeneities can be filtered out if there are suffi-
'̂ lent data points, and the salt ridge anomaly can be isolated and interpreted. 
One can have a high density of telluric stations, because the cost is about 
one-tenth that of MT. Choice of the proper solution from the infinite num
ber available requires help from other kinds of data. This might be a few MT 
Soundings at sites judiciously selected through the telluric data. 

Another consideration is the search for relatively small three-dimensional 
features such as salt domes, reefs, and geothermal reservoirs (with or without 
"ear-surface inhomogeneities). Such surveys require many stations; Fig. 12 
*hows 287. An MT survey with the same number of stations would be very 
^xpensive. Also, most of the wealth of MT data thus obtained could n o t . 
oave been used effectively, because interpretation of MT data in terms of 
"'ee-dimensional structures is not yet practical. 

The telluric method is primarily a lateral exploration tool, similar to 
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resistivity mapping with £m immense feeding dipole length. The measured 
anomalies are almost entirely due to lateral variations in electrical resistivity. 
MT is, at its most effective, a vertical exploration tool similar to resistivity 
sounding, that yields well-log type information; the milder the lateral resis
tivity variations in sedimentary basins, the more rewarding the results. 

The telluric method preceded MT by about two decades and led to it, but 
a quantitative understanding of the former was a by-product of the latter. 

NATURAL ELECTROMAGNETIC FIELDS 

The eeu-th's natural electromagnetic fields have a very broad frequency 
ra-.ge, from years per cycle to megacycles per sec. The telluric method, in its 
a^clication to the study of sedimentary basins, usually makes use of the day
time electromagnetic signals with periods of about 5—600 sec. These "geo-
iKsnetic micropulsations" are generated through the interaction of ionized 
S«c clouds from the sun with the earth's quasi-stationary magnetic field and 
a'-TiOsphere. Most telluric surveys employ a class of micropulsations called 
"-'-ntinuous pulsations of type 3" , designated Pc3, whose period range is 
av.ut 10—45 sec. 

ieveral thousands of papers (and many reviews) have been written on the 
"t'-ropulsations, especially in connection with research in space physics. 
T^ recent publications are a book by Jacobs (1970) and a 50-page review 
Pi?er by Orr (1973). 

^oe phenomena are called magnetic instead of electromagnetic micro-
P.̂ sations because the amplitude of the electric field is highly dependent on 
•̂ •̂ J geology and does not clearly show the worldwide properties of the 
^ s . The magnetic field, on the other hand, depends little on the local ge-
' ^ ^ . This is why the telluric method uses E instead of H; the geological 
gnostic power resides mainly in E. In MT the primary role of H is in 
^^alizing E to the source strength", whereas in telluric work E at each field 
f îon is normalized to E at the base station. Amplitude of E, also affected 
^•he frequency, time of the day, season, and latitude, is very roughly 1 
^/km. Telluric currents "scan" the subsurface from all directions, usually 
"*?laying a statistical elliptic polarization in a frequency band. 
-n sedimentary basins the signals can be considered plane waves (Madden 

^Nelson, 1964; and Srivastava, 1965). Also, the resistivity contrast be-
•^^n air and the earth is so large that waves with all angles of incidence are 
.J^smitted into the earth very nearly vertically. These considerations lead to 
/*^assumption that the signal is a vertically incident plane wave. This in 
4'^ implies that in a horizontally layered subsurface the telluric currents 
^ horizontally, that E is horizontally uniform (but amplitude and phase 
J? with depth), and that variations with horizontal distance are totally 
-^ogic. These assumptions are still controversial, especially for very long-
- lod signals used in the study of the earth's crust beneath sedimentary 
"̂ ŝ (Tikhonov et al.. 1974). 
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INSTRUMENTS AND EQUIPMENT 1000 

A horizontal component of E is measured by stretching an insulated wire 
on the ground, planting two electrodes at its ends, and measuring the poten
tial difference between them. Two orthogonal components of E can be mea
sured simultaneously by using three electrodes and an L-shaped wire. 

Wire length largely depends on the nature of near-surface irregularities, 
which must be averaged out by using a sufficiently long wire; otherwise 100-
ft. lengths -would be suitable so far as instrument noise is concerned. It is 
possible to operate with 500-ft. lengths if the measuring sites are judiciously 
selected, but 1000-ft. lengths are recommended. 

Electrodes used include non-polarizable (reversible) types of copper, cad
mium, silver, or zinc. Bare copper pipes or lead plates are also used. This 
writer prefers weathered, paper-thin lead strips having no fresh surfaces, at
tached to the wire with an alligator clip. This seems to be the best compro
mise between precision and economics. The strips are expendable, so one 
does not have to walk to the end of the wire at the completion of measure
ments. 

The instrument system for each channel consists of: a variable dc bias; a 
low-pass filter; a dc amplifier with an input impedance of at least 10 meg
ohms; a band-pass filter; a strip-chart or " X - V recorder, depending on the 
technique used. 

The amplifiers and recorders are off-the-shelf items; but the filters may be 
either homemade, to suit the geologic problem on hand or commercial vari
able pass-band filters. Overall system hoise of less than about 3 p 'V rms within 
the frequency band of interest is satisfactory, and not difficult to achieve. A 
two-channel system can be accommodated in a suitcase, less the power source. 

100 -

nm 

1 

0.01 

PRINCIPLE OF THE TELLURIC METHOD 

The structure analyzed in Fig. 2, shown in the upper left corner, is a hori
zontally layered sedimentary section overlying a high-resistivity half-space 
(the basement). Below it are shown the computed MT apparent resistivity 
(Pa) and phase (i/)) curves as functions of T. The Pa curve minima and maxi
ma on the left relate to the sedimentary layers; it then rises on the right to 
become asymptotic to the resistivity of the basement. 

The section of the rising branch between T, and Tj is close to a straight 
line having a slope of 45° in the logarithmic plot; let us assume that it is ex
actly so. This branch has to satisfy the well-known MT relationship (in the 
practical units mV/km, gamma, and ohm-m): 

p , = 0 . 2 T \ E J H y \ ' (1) 

A 45° straight-line relationship requires that in: 

log Pa = logT-Hog[0.2| i ; , / / /y 1̂ ] (2) 
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f"?- 2. Theoretical magnetotelluric sounding apparent resistivity and phase curves for the 
• •"•'Zontally layered subsurface model sho"wn at the upper left corner. Layers are isotropic. 
(I 

3 fhe second term be independent of T. That is, within the T, —Ta range the 
I "npedance Z = E^/Hy is independent of T. The T^ •T̂  interval is called "S 
.1 Zone" (Berdichevskii, 1960); S is the "horizontal unit conductance", in 

"O's, of the sedimentary section: 

^ ^ • ! l ( V p / ) = i 5 / p , (3) 

. e r e n is the number of sedimentary layers, hi are layer thicknesses, and D 
^ ^epth to basement, both in m. This formula also defines Pg, called the "ef-

tive resistivity" of the sedimentary section. The 45° branch does not 
, "̂ ge substantially so long as S remains constant, no matter how many 

rs and what sequential combinations are considered. 
•^erdichevskii (1960) developed an asymptotic equation for Z for periods 
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longer than about T, . His equation (in MKS units) is: 

where p^is basement resistivity, and dots represent complex quantities. 3e-
cause Z is independent of T in the S zone, eq. 4 must then take the form: 

(4) 

Z = l / s (in MKS) (5) 

or: 
Z s 796/S (in practical units) (6) 

On the other hand the phase curve in Fig. 2 shows that the phase difference 
between Ex and Hy is small within the S zone and can be assumed to be zero. 
It follows that the impedance is approximately a real number (i.e., purely 
resistive); for instantaneous values the relationship between E and H is that 
of a dc electromagnetic field. The telluric field can be assumed to be an in
stantaneous dc field within the window T̂  —Tj. and it will scan the total 
sedimentary section as such. 

Figure 2 shows that another approximately dc window exists within the 
Ti -T4 range, for which the top of the 200 ohm-m layer would behave like 
a basement. 

The S zone periods are such that the skin depth* for pg is from about 1.5 
to 10 times the depth to the basement. 

So far we have based our argument on models of a horizontally layered 
subsurface. This would be valid if the measuring sites were far from lateral 
changes, or if the lateral changes were not abrupt. However, an important 
role of the telluric method is the study of abrupt changes, such as faults 
and subcrops. In reality, from the viewpoint of exact analysis, in such cases 
the dependence of Z on T, and the phase relationships become very compli
cated. However, theory and practice show that so long as one operates in 
the S zone, in terms of the average characteristics of the sedimentary section, 
the instantaneous dc assumption is still met satisfactorily, usually good 
enough for quantitative interpretation, as will be demonstrated later. When 
such is not the case, qualitative interpretation can be made. However, if the 
dc condition is met, the interpretation of measurements is drastically sim
plified. 

Relationship betiveen components of telluric field in S zone 

In the general case, for one arbitrary frequency, f, of a plane wave in-

*The depth, z, at which the electromagnetic field reaches 1/e of its surface value: 
z = ( l / 2 7 r ) ( 1 0 p r ) l / 2 
where z is in km, p in ohm-m, and T is in sec. 
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Rident to an arbitrary subsurface (inhomogeneous and anisotropic), the com-
fponents of E and H are related by (Cantwell, 1960): 

lEx(t) = Zxyfiy{t) + Zx^Hx(i) 

(7) y(t)-ZyxHx{t) + ZyyHy{t) 

Where t is time, dots signify complex quantities, and Z's are the components 
of a surface impedance tensor. If we assume that within the S zone Z's are 
Independent of frequency and the phases are negligibly small, tj> =0, eq. 7 
'reverts to: 
'x{t) = C,Hy{t) + C2HAt) 
y{t) = C3Hx{t) + C,Hy{t) (8) 

fhere all quantities are real numbers, Cs are constants depending only on 
|the subsurface geology and the direction of the measuring axes, and E{t) 's 
are real-time series that include all frequencies within the S zone. 

It follows that the components of E at two separate locations (measured 
along the x, y-axes at a base station 3 and along the u, y-ELxes at a field sta
tion F) are also linearly related: 

Su[t) = aEx{t)-i-bEy(t) 

^v{t) = cEx{t)-i-JEy{t) (9) 

where constants a, b, c, and d depend only on the directions of the coor
dinate systems and subsurface geology. 

t RELATIVE ELLIPSE AREA METHODS 

l̂ ĥe relative ellipse and triangle methods 

/' These methods were developed by Kunetz (1952a). In eq. 9 the instan-
S wneous ̂ -values can be replaced by synchronous increments between time 
[ intervals: 

\^^aX-\-bYand V = cX + dY (10) 

t. here capital letters signify components of a pair of conjugate variation 
Fj^^^K. AEp at F and A Eg at B. These correspond to an arbitrary time in-
i '^al, At = t, —t,, as schematically shown in Fig. 3. Such strip chart records 
5, called tellurograms. 
fc The X, y-system at B and the u, v-system F are oriented arbitrarily. If a 
^h °^ P^*" °^ ^"^^ conjugate variation vectors are determined, and 
> °^^ *t F are normalized to the magnitudes of their conjugates at B, the 
• '^'^alized AEIj. traces an ellipse whose area is equal to: 
' " ' ^ ^ ^ l a d - b c ] (11) 

^'e J is the Jacobian of the transformation from the x, y-system to the u. 
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t, t j TIME 

Fig. 3. Hypothetical tellurograms representing simultaneous recordings along orthogonal 
measuring axes x, y at base station and u, v at field station. (Reproduced from Yungul, 
1968.) 

u-system. Normalization is equivalent to assuming that A E B traces a circle; 
and a circle at B transforms into an ellipse at F through eq. 10. 

Experience shows that fairly regular ellipses are obtained, an indirect 
proof of the validity of eq. 10. The ellipse, and therefore J, is an invariant 
for a pair of measuring stations, depending only on the geology at F and 3. 
The ellipse at F is called the "relative ellipse", and J is the "relative ellipse 
area". 

Theoretically two pairs of conjugate vectors, determined by eight com
ponents, are sufficient to solve for J from eq. 10. The ratio of the areas of 
two conjugate triangles formed by these vectors is: 

J = (12) 
\X,Y^-X^Y,\ 

This is called the "triangle method", which yields J without constructing an 
ellipse. 

Usually many triangles are constructed at each site, and a statistical value 
is determined among the selected ones. There is considerable scattering, due 
to: (1) experimental error; (2) cultural electrical noise; and (3) the fact that 



\ 
\ 

•~1 

ngs along orthogonal 
luced from Yungul, 

B̂ traces a circle; 
1. 10. 
id, an indirect 
/, is an invariant 
ology at F and 3. 
"relative ellipse 

d by eight com-
0 of the areas of 

(12) 

at constructing an 

a statistical value 
ble scattering, due 
J (3) the fact that 

217 

eq. 10 is not rigorously satisfied. At least ten selected triangles must be 
used to obtain one J-value. This involves a total of eighty selected compo
nents. The procedure for the triangle method, described in detedl by Berdi-
chevskii (1960), is tedious, expensive, and requires considerable skill. It also 
requires at least 30-min record sections. It does not readily lend itself to digi
tal computer processing, because favorable time intervals are visually selected 
first and then the resulting variation vectors are subjected to another visual 
selection. 

Coefficients a, b, c, and d can be calculated graphically (Y-Shu, 1963), 
but the difficulties are essentially the same as in the triangle method. 

The intrinsic ellipse method 

Approximate values of Jean be obtained by an automated version of Ku
netz' (1952b, 1957) "intrinsic ellipse" method. 

As with the triangle method, tellurograms are obtained at F and 3 along 
the u, V- and x, y-axes; a schematic one is shown in Fig. 4a. A synthetic tel-
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8- 4. The method of intrinsic ellipse, a. A hypothetical tellurogram. b. Determination 
'he intrinsic ellipse by means of Its tangents. 
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lurogram is computed for the median direction of the measuring axes, such 
as along the u;-axis (Fig. 4b). The median direction tellurogram can also be 
obtained directly in ipe field, by means of a third measuring line. The total 
variations on the tellugiams are computed for a selected time interval, say 15 
minutes. On Fig. 4a the total variation along the 3c-axis is the numerical sum
mation of the peak-to-trough excursions: 

X = a + b-^c-^d + e + f + |r 

A straight line perpendicular to the x-axis, drawm at distance X from the or
igin, constitutes a tangent to the intrinsic ellipse (Fig. 4b). The ellipse is de
termined by its origin and three tangents. Its area at F is (Kunetz, 1952b): 

l r = l { [ { X + Y f - 2 W ^ ] [2W 2 {X-YfU i n 

(13) 

The ratio of A-p to A-Q is approximately equal to J. Kunetz' (1957) com
parison of the intrinsic ellipse and triangle (or relative ellipse) methods shows 
a mean deviation of 7% between J's. • 

The intrinsic ellipse method can readily be processed by digital computer. 
The total variations can also be obtained directly in the field, by means of 
counters (Kunetz, 1957). I have found that for computerized automatic pro
cessing of 20-min tellurograms, the accuracy of J deteriorates as ellipticity 
increases. Sometimes eq. 13 yields imaginary values. This would be helped 
by using longer record sections and measuring the third component in the 
field. The procedures of this method are described in detail by Thieme 
(1963). 

Azimuth and ellipticity of the intrinsic ellipse have some geological sig
nificance, as will be discussed under Absolute Ellipse Methods. 

The vectogram method 

r-. 

< - j 

I find that the most economical method of determining J, compared with 
the ellipse, triangle, and intrinsic ellipse methods, is polar dijigram recording 
of E on "X-Y" recorders (Yungul, 1968). 

Figure 5 shows a pair of vectograms, obtained approximately simultane
ously at F and 3 , in about 1 min of recording time. The band-pass filter was 
peaked at T = 20 sec. The ratio of any single or combination of closed areas 
at F, including the tangents, to the conjugate at 3 is equal to J. This is in 
accordance with eq. 10. About a dozen J-values can be measured from this 
pair, but three, obtained from the contours (1, 2,3), (3, 4, 5), and (2, 3, 6), 
will suffice. 

Normally a few such vectogram pairs are obtained at each field station. 
Many fewer J-values are needed than in the triangle method, because each 
closed area is equivalent to the average of several triangles. The measurement 

' l ^ ^^p l ^^^^ l ^^^ iP^ ' ^ ^̂< j ^ 
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f fig. 5. A pair of actual vectograms, recorded simultaneously at base station (B) and field 
. ttatlon (F), over a period of about one minute. (Reproduced from Yungul, 1968.) 

Of closed areas effectively integrates the undesirable signals and noise of re-
; latively higher frequencies. 

I have found that the standard deviation for the vectogram method is 
shout one order of magnitude lower than for the triemgle method, at the 

I Same 20-min recording interval (Yungul, 1968). 
Approximately simultaneous vectograms can be obtained at F and B 

through oral communication by means of portable radio transmitters. One 
"ian at 3 can manage three or four F crews. The closed areas on the vecto-

- ^rams can be measured with a planimeter, without need for accurate time-
tying. 

At locations where E is somewhat linearly polarized the accuracy of Jbe-
F ,?^^^ low and sometimes unusable with the triangle method. Not so with 
.̂ he vectogram method; one can wait perhaps several minutes, until one or 

Wo nonlinear loops occur. 

^SOLUTE ELLIPSE METHODS 

on- ^^^^ discussed the intrinsic ellipse method in terms of J only, but the 
'upticity and azimuth of the intrinsic ellipse at F also have geological sig-
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nificance. ElUpticity is large if dips are steep or F is near a lateral disconti
nuity, and small if the subsurface is nearly horizontally layered. Where F is 
on the axis of an anticline, the long ellipse axis tends toward perpendicular 
to the anticline's axis; where F is on the anticline's flank, the axis tends to
ward parallel to the anticline's axis (Kunetz, 1952b). This is entirely in
dependent of the geology at 3 . However, ellipticity and azimuth at F depend 
on the polarization of the source field as well as the geology at F. In my ex
perience, the azimuth may vary tens of degrees from one 15-min record 
section to another. Kunetz (1957) states that a record perhaps 1 month long 
would be needed to obtain stable ellipticity and azimuth, an "absolute el
lipse". This procedure would, of course, have very little economic value, but 
it is possible to obtain one absolute ellipse at B and mathematically trans
form relative ellipses at F's into absolute eUipses (Tkachev, 1963; and Gugu-
nava and Chemyavskii, 1964). Tkachev obtained the absolute ellipse at 3 by 
averaging the 15° beams of the variation vectors. This procedure is based on 
the assumption that a long time average at 3 cancels out source polarization 
effects, so that the absolute ellipse at 3 depends solely on the geology there 
(which probably cannot be guaranteed). We shall discuss this subject further 
under Hybrid Magnetotelluric Methods. 

SINGLE-STATION METHODS 

Statistical analysis of E-data obtained at one site over a relatively short 
time, say 3 hrs, can yield some geological information at that site (Yungul, 
1961), but such techniques are priraariiy of acaderaic interest. In what fol
lows we shall confine ourselves to economical exploration methods. 

Split-spread method 

Figure 6 shows a field setup having a collinear and equally spaced three-
electrode array. The two potential differences, each one being between the 
center electrode and one outer electrode, are simultaneously recorded on the 
same strip of paper for about 20 min. The result is a pair of somewhat mesh
ing tellurograms at each setup. 

Proceeding as with seismic reflection continuous profiling (overlapping 
spreads), hence the terminology "split-spread", one can determine J-values 
at midpoints of consecutive electrode pairs; e.g., at TV̂  with respect to Af, 
and at 0 with respect to N, all normalized to M. Theoretically, determination 
of J requires two-dimensional (x, y) data, whereas this procedure provides 
only one-dimensional (x) data; nevertheless J-values are obtainable if AE scans 
the subsurface from various directions and if it is assumed that the subsur
face is, piecewise, two-dimensional in the immediate vicinity of each spread 
(Yungul, 1965). 

On each pair of tellurograms the peak-to-through araplitudes of somewhat 
meshing events are measured with an expanding-scale type of ruler, and the 

R = 
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Fig. 6. The method of split-spread. Field setup and a hypothetical tellurogram. 

ratio, fl, of these amplitudes are computed: 

(14) 

About 30 li-values are obtained and plotted, either as dot histograms or se
quentially (Fig. 7). In general, R has a large amount of dispersion. Then J-
values are picked by visual inspection of these histograms, as explained be
low. 

Suppose that the horizontal acute angle between the geologic dip direc
tion and the spread is 0, which is arbitrary and imknown. In theory (un
published) R varies, in general, from —°° to +«> for each setup. However, if 
^Ex 's are taken from somewhat meshing events, the following theoretical 
and approximate relations are obtained: 

\IQ = 90° (spread along the strike), there is no dispersion in JR; ii and J 
equals J. 

If 9 is small, say 10°, dispersion in i2 is small; J equals average R. 
If 6 is large, say 20°-70°, dispersion in R is large; it varies from 1 to J; 

therefore J equals the maximum deviation ofi? from 1. 
If 5 is close to 90°, say 80°, dispersion in R is small; J equal the maxiraura 

deviation of i? from 1. 
If 9 = 90° (spread along the strike), there is no dispersion in R;R smd J 

equal 1. 
figure 7 shows four actual cases; also how </'s are picked from R histo-

S âms. The histograras are plotted on a logarithraic i?-scale, to reduce office 
ork by applying the calibration factor to only the picked J-values. 
The measurement of J is repeatable within about 5% if cumulative errors 

p adjusted by tilting long profiles, because random errors accumulate as 
kl' ^ ^ ^ ^ " î  '^^ number of setups (stations). The J's are usually within 
"Out 10% of those obtained by the triangle raethod, if cumulative errors 

^e adjusted. 
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Fig. 7. Actual examples of processed data with the split-spread method. R is amplitude 
ratio; 0 is angle between geologic dip direction and line of electrodes. 

The split-spread method has very high resolution for local and very small 
anomalies associated wdth such features as pinchouts and minor faults, as 
wiU be shown under Interpretation (see Fig. 10); however, it suffers from 
long-distance and regional accuracy. Data processing at the office is extrem 
ly simple, but ii-values can be obtained directly in the field, by means of 
special instruments. 

The leapfrogging collinear three-electrode procedure was used by Neuen
schwander and Metcalf (1942) and Dahlberg (1945), from 0.5 Hz to severa] 
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kHz. Their analyses were confined to extracting relative noise levels or 
average araplitude ratios, which would yield repeatable and geologically ana
lytically significant data only when d is either 0° or 90°. 

T-spread method 

It is soraetiraes desirable to obtain dip and strike inforraation at an iso
lated field station. Here dip and strike pertain to the gross electrical anisot
ropy (macro- and micro-anisotropy combined). A third measuring wire 
spread is laid perpendicular to the split-spread from the raiddle electrode to 
form a T-shaped spread (Yungul, 1967). Three simultaneous tellurograms 
are recorded on the same strip chart. First, the split-spread data are obtained 
(Fig. 7). If the data turn out to be as in the exaraple shown at the top of 
Fig. 7, no further analysis is needed: the split-spread is perpendicular to the 
strike, and the J-value indicates the dip azimuth. (J is less than unity on the 
down dip side, as will be explained under Interpretation.) 

For an arbitrary orientation of the T-spread, the split-spread data will 
come out as shown at the bottom of Fig. 7. Here i?-values A and B aie close 
to unity, so for A and 3 the variation vector AE was nearly parallel to the 
strike. Now the direction of this AE can be determined by means of the 
third spread, and this will be the strike direction. The dip azimuth is deter
mined by J, as explained above. 

Cross-spread method 

If the third recording channel that the T-spread method requires is not 
available, the dip and strike information can be obtained by making two con
secutive split-spread measurements, obtaining J, first, and then Jj from a 
spread formed by rotating the first spread 90° around the middle electrode. 
This method actually yields more precise results than the T-spread, although 
it requires a little more work. The data analysis is described below. 

The boundary conditions show that any one telluric current sheet in the 
subsurface, say at a unit depth under the center electrode, can be replaced 
"V the top of a fictitious insulating basement without perturbing E at the 
surface. If the top of this basement immediately under the cross-spread is 
turned to be an arbitrarily inclined plane under a homogeneous and iso
tropic geologic section, then the J's are approximately inversely proportional 
y depths to the basement, as will be explained under Interpretation. Thus, it 
5̂ a simple georaetry problem to relate independently normalized J, and Jj 
^» one hand and the azimuth of the dip of this baseraent on the other. The 
Casement is detennined by a triangle having one corner vertically below the 
Center electrode and two comers below the reference points of J, and J j , at 
"^Pths i, Dj andOj respectively, where: 

^ ' = 2/(J, -̂  1) and Dj = 2/(Jj + 1) (15) 
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HYBRID MAGNETOTELLURIC METHODS 

V^T;,-; 

5:: 

Cagniard (1953) stated that MT data can be obtained at sea by measuring 
H at a base station (B) on land and E only at sea stations. Observations sub
stantiate the theory that horizontal components of H should not change 
from one site to another, in particular if the geologic formations do not 
have steep dips and abrupt lateral variations. Let us call this modification a 
"roving MT". 

It is now coraraon practice to use this procedure to lower costs on land 
where logistics and surface conditions are difficult, such as in raarshy or arc
tic regions. For instance, H is raeasured only at one station for all MT sta
tions within about a 5-mi radius. However, H can change by a factor of 
about 1.5, in 5 rai, if the subsurface has major lateral variations (see, for in
stance, Hughes, 1974). This effect is frequency-dependent and can lead to 
serious errors. 

I was able to modify and simplify Cagniard's roving MT so as to produce 
MT data with or without magnetic measurements (Yungul, 1966); in particu
lar, by confining the E-measurements to the approxiraately Eicoraponents 
(perpendicular to the average strike of major geologic features). The sub
surface at 3 is known frora a dipole sounding, an MT sounding, or a well 
log. EL is measured simultaneously at 3 and F. It is well knowm in MT 
theory that for an exactly two-dimensional subsurface, Ht is exactly the 
same everywhere at the surface if the air resistivity is assumed infinite. All 
that is necessary is to obtain amplitude ratios of Ei at F to those at 3 for 
the frequencies of interest. The square of this ratio multiplied by the pi of 
the theoretical (or actual) MT sounding curve at 3 yields the pi-value at F. 

Needless to say, this simple and inexpensive procedure is sensitive to de
viations from two-dimensional tectonics, and the lack of complete MT data 
makes it difficult to cope with near-surface inhomogeneities. This method 
was evaluated by Crews (1972). 

This method can be further extended, at least theoretically, to the case 
in which neither a theoretical nor a real MT sounding curve exists at 3, for 
a subsurface consisting of n horizontal layers at B and m horizontal layers at 
F, if the parameters of only one layer are known (Yungul, 1966). 

Another modification of Cangiard's roving MT (Hermance and Thayer, 
1975) requires one set of MT measurements at B. The remainder of simul
taneous measurements at 3 and F are confined to E. With reference to eq. 7, 
components ZV of the surface impedance tensor [Zg] can be determined at 
3 from MT measurements by means of well-known procedures. (See, for in
stance, Vozoff, 1972.) 

Equation 9 relates the components of E at 3 to those at F and, retvuning 
to complex quantities, defines a "telluric transfer tensor", [T] , whose com
ponents are Ty . This can be computed in the SEune raanner as Zg. If it is as
sumed as before, that H is the same everywhere, impedance tensor [Zp] at F 
is equal to the product of [T] and [ Z B I ; this is MT data at F. 
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This method seems to be a Uttle more economical than Cagniard's roving 
MT, but involves one more assumption: the existence of an exact telluric 
transfer tensor [T] at all frequencies of interest. 

In a book by Porstendorfer (1975, p. 65—80) the telluric and magneto
telluric tensor relationships are treated in a unified fashion. 

In the Introduction we first discussed MT, then mainly considered the in
stantaneous dc condition, which can be called the "real telluric method". 
We have now corae nearly fuH circle, back to MT. 

I believe that the real telluric and real MT methods have definite and last
ing places in applied geophysics: MT by its completeness, and telluric by the 
distinct factors of simplicity and economy. SimpUcity is important in that it 
tenders an occasionally used method readily available. Whether the hybrid 
methods also have definite and lasting places seems to be open to question. 

INTERPRETATION 

-The geologic significances of the eUipticity and azimuth of an absolute el
lipse have been briefly described under Absolute Ellipse Methods. 

The eUipticity and azimuth of a relative ellipse also have some geologic 
significance; however, these depend on the geology at B as much as that at 
F. Their interpretation can be misleading unless 3 happens to be in a region 
of horizontally layered subsurface. Consequently, relative ellipses are gener
ally not constructed; only their areas, J, are determined. In what follows we 
shall confine ourselves to the interpretation of J. Contour maps of J are cal
led "teUuric anomaly maps". 

Qi^alitative interpretation 

To facilitate understanding of the geologic significance of J, we shall con
fine discussion to two-diraensional structures. For a two-dimensional struc
ture whose strike is in the y-direction, J at F is equal to the JS ĵ̂ -ratio at F to 
'hat at 3 : 

"^P^ -^XF/^XB (16) 

or a dc field Ey is the same everywhere, and an E in the x-direction does 
"ot generate any y-component. This iraplies that in eq. 9, & = c = 0, d = i , 
^ d j = a,henceeq. 16. 
. Approximately two-dimensional anomalies can be obtained by construct-
* i J-profiles from a telluric anomaly map along directions substantially 
Perpendicular to contours. 

We can mentally construct a two-dimensional analog model that replaces: 
W the electric current by a nonturbulent fluid flow: (2) the electrical con-
Uctivity (l/p) distribution by a fluid perraeability distribution; and (3) E 
y fluid velocity u. This can be done because both phenomena are governed 
y the same equations and boundary conditions. This anology is helpful in 
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visuaUzing qualitatively what kind of J-distribution to expect at the surface 
of the earth over certain geologic models. For raost people water velocity is 
easier to visualize thjm E. 

Figures 8 and 9 schematically show the J-anomalies associated with typi
cal structures in sediraentary basins. Several of these characteristic effects 
raay be included in one raodel. Let us now examine a few case histories cor
responding to some.of these schematic models. 

SALT STRUCTURE SHALE STRUCTURE 
FT. 

I«I» 

3i,' : 

,-, ,̂  

MACRO-ANISOTROPY BASEMENT 
STRUCTURE 

Fig. 8. Schematic telluric anomalies due to two-dimensional hypothetical structures. 
Numbers represent resistivities In ohm-m. 
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Fig. 9. Same notations as in Fig. 8. 
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. fig. 10. A telluric anomaly obtained by the split-spread method, over a fault. Subsurface 
''- "nformation came from seismic and well log data. Profiles 1 and 2 are 1 ml. apart. The 

lotted curve would have been obtained if the sediments were homogeneous and isotropic. 

Figure 10 shows two telluric profiles over a fault. The subsurface informa
tion comes from detailed seismic arid drilling data. The sediraentary section 
(Under flat farmlemd) consists of gently dipping formations that include no 
•"̂ ajor discrete resistivity layers. The effective resistivity is about 4 ohm-m. 
^ e teUuric data were obtained by means of split-spread measurements. Pro-
ules 1 and 2 are 1 mi. apart. A band-pass filter peaked at T = 20 sec was used. 

^ 'ae repeat of ProfUe 1 was obtained at a different time and by different in
strumentation than the other two profiles, to check repeatability. 

The anoraaly associated vrith the fault would have probably been within 
f_^Perimental error for another teUuric method. It corresponds to Fig. 9b, 
faulted stack". Constructing a model of this subsurface is practically im

possible from well logs that could quantitatively account for this anomaly, 
•'is is because aU of the microscopic and macroscopic properties of the sedi-

"'̂ entary section enter into the picture. One has to consider this anomaly as 
^ 'signature" and be satisfied with it. 

ĥ Fig. 10 the regional rise in J to the right is primarily due to rising base-
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ment. This corresponds to Fig. 8c, "basement structure". If the sedimentary 
section was homogeneous and isotropic, one would obtain the dotted curve; 
this wiU be explained under Approxiraate Interpretation. The steeper rise in 
J is due to increasing resistivity to the right, toward the basin margin. 

The teUuric anoraaly shown in Fig. 11 was obtained over the Haynesville 
piercement salt dorae in Texas (Boissonnas and Leonardon, 1948). The 
depth to the salt top is about 1200 ft. The salt outUne near the top is shown 
by the dashed contour. This anomaly corresponds to Fig. 8a, "salt structure". 
It wiU be analyzed under Quantitative Interpretation. 

! 5-

«^' 

6000 FEET 

Fig. 11 . Telluric anomaly map (J-contours), Haynesville piercement salt dome, Texas. 
(Modified from Boissonnas and Leonardon, 1948.) 

Figure 12 is a telluric anomaly raap of an area in the Midland 3asin, Texas, 
coraprising three major, isolated, known, and deeply buried reefs (Yungul et 
al., 1973). These are the MiUican (M), Jameson (J), and lAB Reefs. The data 
were obtained mostly by the vectogram and partly by the split^spread meth
ods. Only the vectogram stations, 287 of them, are indicated on the map, 
by heavy dots. 

Figure 13 is an east—west cross-section and J-profUe across the MiUican 
Reef, showing the results of quantitative interpretation (as wiU be explained 
in the section so named). The numbers in the resistivity zones are the resistiv
ity ratios. The known reefs are geographicaUy associated with large telluric 
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MITCHELL COUNTY 

SCALE IN FEET 

^'g. 12. Telluric anomaly map (J-contours), Midland Basin, Texas. Stippled areas show 
tte known producing reef buildups: Jameson (J), lAB, and Mllllcan (M). (Modified from 
Yungul etal . , 1973.) 

uighs. However, the cause of these anomalies is lateral variation in resistivity 
''ithin the post-reef sediments, which seem to be ordinary "layer-cake" 
•ypes on the basis of extensive drill data. This anomaly is somewhat of the 
type of Fig. 9c, "interfingering". The effect of the reef mass on this very 
large anomaly is negligible. 

Finally, Fig. 14, a classical exaraple of a detail telluric survey, was done in 
^e Aquitania Basin, southern France (Migaux, 1946). This is a detaUed por-
^on of a reconnaissance survey of a large area. Telluric stations are shown as 
eavy dots. The relative-eUipse method was used. An anticline lies uncon-
orinably under a horizontal section several hundreds of meters thick. 

The subcrop of a limestone layer in the anticline creates "cuesta" type 
"^Uor low and high teUuric anomaly belts around the apex of the domal 
portion of the anticline, as shown by dotted and dashed lines, respectively. 

e anticline is represented by a telliuric high that corresponds to a combi-
ation of Fig. 8d, "macro-anisotropy", and Fig. 9d, "micro-anisotropy". 
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MOOEL DATA 

SCALE 

10.000 Ft 
J . 

Fig. 13. Two-dimensional model of the Mllllcan Keef, Midland Basin, Texas, east—west 
cross-section, and the theoretical (model) and actual (field) telluric data. The model re
sistivities are indicated as resistivity ratios. Resistivities in ohm-m are 7 times these ratios. 
Analog modeling with conducting paper and numerical modeling yielded practically the 
same results. (Reproduced from Yungul et al., 1973.) 

I 
I -

0 5 km 

Fig. 14. Telluric'anomaly map (J-contours) of an area in the Aquitania Basin, France, 
over the domal part of an anticline. The dotted and dashed curves are the minor low and 
high axes respectively, associated with a limestone subcrop. (Modified from Migaux, 
1946.) 
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The limestone subcrop that creates the cuesta type anomaly constitutes 
another model type that is not included in Figs. 8 and 9. Here again, it would 
be extreraely difficult to model this subsurface for quantitative interpreta
tion, primarily due to the micro-anisotropy dependence. 

Approximate interpretation 

Smooth structures with low relief, and no high-resistivity "screening" 
layers within the sediments produce simple relationships between J emd 
either the total horizontal conductance, S, ot the sediments above basement, 
or depth, D, to basement. 

Fonan arbitrary two-dimensional subsiirface whose strike is in the y-direc
tion, we have seen that: 

Jp = E^^IE^^ (16) 

and that Hy is the same everywhere at the surface. It follows that: 

(17) 

Where Ẑ ŷ is the MT impedance obtained frora E^ and Hy, and p^ is the MT 
transverse apparent resistivity. 

If it is assuraed that B and F are away from abrupt lateral changes in the 
geology and overlie nearly horizontal layers, although in different sequences, 
We have, according to eq. 5: 

^B = 1/5B, Z^=1IS^ , 

in the MKS system. Therefore, eq. 17 takes the following form: 

^here, as defined by eq. 3: 

"^erefore: 

(18) 

"eF 

^ 8 8 

(19) 

^ the structures are smooth and of low relief, even though three-diraen-
^onal, eq. 19 holds so long as stations are away from abrupt lateral changes. 
pother Umitation is that there should be no high-resistivity screening inclu-
°ns in the sedimentary section, such as evaporite and carbonate layers of 

^Preciable thickness. Such a layer accentuates the teUuric effect of the sec-
"on above it at the expense of that below (see Fig. 8d). 

Equation 18 was derived by Migaux (1951), but the above derivation is 
^ l a r to that of Berdichevskii (1960, p. 38-42). 

"-etuming to eq. 18, if S B is known, then J's can be converted into an S-
p. Evidently this does not resolve D and Pg separately. However, if Pe's 
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are obtained at some locations by means of dipole or MT soundings or weU 
logs, J's can be converted directly to D's. This requires empirically modified 
forras of eq. 18, frora a statistical relationship between J's and sounding 
data. 3erdichevskii (1960, p. 197—204) deraonstrates the usefulness of such 
relationships in several case histories involving basin evaluation. 

With reference to eq. 19, if pg reraains approximately the sarae in a region, 
then: 

Jr =D^IDp. (20) 
This is how the dotted curve in Fig. 10 was obtained. Obviously Pe increases 
toward the basin margin, and eq. 20 does not hold quantitatively in this case. 

The much publicized approximate interpretation techniques described 
above are too restrictive and yield crude quantitative information at best, un
less they are combined vrith an adequate amount of sounding data. They 
cannot be used at all for interpretation of abrupt lateral discontinuities such 
as those in Fig. 13. These, as weU as broad structure anomaUes, can be inter
preted by quantitative modeling, discussed next. 

Quantitative interpretation 

C 
cF: 

Quantitative interpretation is done by determining a theoretical teUuric 
anomaly due to an assumed subsurface model (by means of analog or scale 
modeling, or by numerical or analytic methods). This model is modified un
til the theoretical anoraaly raatches the field measurements, which is called 
"the forward problem" procedure in geophysical terminology. Going direct
ly from the measurements to the model by imposing sorae constraints on 
the model type, is called the "inverse problem" or "inversion". 

Telluric interpretation at present is practically confined to the forward 
problem. With the exception of scale modeling, it is also confined to two-
dimensional structures. The inverse problems and three-dimensional numer
ical methods constitute research projects at various organizations at present. 
MT model calculations also yield teUuric anomalies for these models. How
ever, since teUuric anomalies represent the dc case, simpler solutions can be 
found for them by either experiraental modeling (analog or scale modeUng) 
or calculations. 

With the dc assumption, telluric current flow is governed by Ohm's law: 

i = E/p, (21) 

where i is the current density. This leads to Laplace's equation: 

V^V = 0 (22) 
where V is the electric potential of which E is the gradient. The subsurface 
model is confined between two half-spaces of infinite resistivity, namely the 
air and basement. The soiurce is a primary imiform horizontal E. A solution 
of Laplace's equation that satisfies the boundary conditions of the model 
yields E (x, y), from which J-maps can be constructed. However, a straight-
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forward analytical procedure is not practical, and recourse is raade to mathe
matical "tricks" even for extremely simple models. Two early and significant 
papers of this nature are due to 3aranov (1951), and Kunetz and Chastenet 
deGery(l956). 

Baranov's (1951) method deals with a two-diraensional basement configu
ration of arbitrary shape. The sedimentary section is homogeneous and iso
tropic. Starting with the current density at the surface (obtained from J's 
and assumed resistivity for the sediments), current lines are constructed in 
the subsurface by making use of Hermite polynomials. Any one of these 
current Unes can constitute the solution, naraely the top of the basement. 
Evidently this is a method of solving the inverse problem. 

The method developed by Kunetz and Chastenet de Gery (1956) is ap
plicable to the calculation of teUuric anoraalies due to a large number of 
two-dimensional structures. These are formed by two or more homoge
neous media separated by surfaces of various shapes. The method uses the 
technique of conforraal transforraation. 

These papers and many others now have historical value, in view of the 
developments in MT numerical calculations that we shall discuss later. 

Experimental modeling 
The only practical technique for three-dimensional interpretation now 

seems to be scale modeling in electrolytic tanks in which the surface of the 
electrolyte represents the surface of the earth. Utzmann (1954) describes in 

-detail the instrumentation and the techniques of constructing the models 
8nd making the measurements for the case of instantaneous dc, although an 
^temating current source is used. 

MT scale raodeling facUities can dso be used to determine telluric anom-
«Jes, but such systems have additional constrictions not necessary for tel
luric measurements. A review of MT scale modeling methods is given by 

'If 

(21) 
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Dosso (1973). 
fn certain cases master curves can be obtained by scale modeling for use 
u^terpreting anomalies due to a certain type of model but for a wide 

•ange of georaetric parameters. Such a case foUows. 
A piercement salt dome was modeled by £m upright circular paraffin cyl-
ler, placed on the tank bottom, which represented the basement. The 

fjr*̂ ."Olyte represented the sediments. The ratio of salt to sediment resistiv-
. ^ is practically infinite in this model. In reality (such as on the Gulf 
fĵ *̂̂ ) this is of the order of 1000, but whether it is 1000 or « makes no 
|PPreciable difference in the results. 
L ^^^ this simple model does not lend itself to analytic calculations. Three 
«nd f ^^'^ constructed for different ratios of salt height, h, to diameter, d, 
'yj '^uuric anomalies for each one were measured for several depths, z, to 
In J,. P- The results were compiled in the form of master curves, as shown 
5yi. "̂ 15. The solid curves represent raeiximum J's, which occur over the 

uer axis, as a function of depth-to-diameter ratio, z/d, for three dif-
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Fig. 15. Master curves for teUuric anomalies due to an insulating upright circular cylin
der, compiled from electrolytic tank scale modeling. The cylinder, resting on the tank 
bottom, represenU a piercement salt dome, d is diameter, h is height, and z is depth to 
the top. Solid curves are maximum anomalies over the axis, and dashed curves are the 
anomalies at one radius from the axis. 

ferent models chsiracterized by heigh-to-diameter ratios, h/d. Similarly, the 
dashed curves are J's above the salt edge, that is, one radius away from the 
axis. 

Interestingly, the curves are practically the same for models for which 
the heigh-to-diameter ratio, h/d, is equal to or larger than unity: a condition 
that applies to the piercement domes in the Gulf Coast area in general. 
Therefore, one solid curve and one dashed curve, say for h/d = 2, wiU suf
fice to interpret domes of all geometric parameters so long as (h/d)>l. 
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= Let us apply this to the interpretation of the anomaly showm in Fig. 11. 
Ethe J-contours are smoothed and normalized to the nonanomalous region 
Kid an average radicil representative of the anomaly is obtained (not shown), 

he maximum J at the center is 2.4. This yields {z/d) = 0.095 from the solid 
^irve for {h/d) = 2, and J = 1.96 over the edge from the corresponding 
^ h e d curve. On the telluric anoraaly, J = 1.96 corresponds to a diaraeter 
Bf 14,500 ft. Therefore, the depth is 1,380 ft. According to the map given 
By 3oissonnas and Leonardon (1948), the drill data indicates an average 
^ameter of about 13,800 ft near the top, and an average depth of 1,200 
K. The interpreted depth and diameter figures are satisfactorily close to the 
Ectual data. 

[̂ Apparently the jmomaly of Fig. 11 was obtained by using signals whose 
periods were shorter than the S zone would require at Haynesville, Texas, 
Wthe total sediraentary section is considered. On the other hand, the curves 
Bf Fig. 15 are for the dc case (the S zone). Nevertheless, the interpretation 
Besiilts are good. This is because the anomsdy is not sensitive to the entire 
weight of the salt stock, £is evinced from the h/d independence of the scale-
piodel data. All that matters in this case is that enough of the salt stock 
joes within the depth of penetration, say within less than a skin depth. Evi
dently this example shows that quantitatively significant teUuric data can be 
pbtained even for periods shorter than those in the S zone. 

Conductive paper modeling for two-dimensional structures is probably 
[the most practical approach for occasional interpreters who do not have 
peady access to MT numerical modeling programs. The paper represents a 
nVertical cross-section. The upper edge represents the air and the lower edge 
twe basement. A uniforra dc electric field at the left and right extrerae 
tfdges is applied by raeans of strips of aluminum foU cemented with a silver 
[paint to the edges. The electric field along the upper edge is measured by 
Keans of a high-impedance voltmeter having a two-electrode probe. 
Pi Finite resistivity ratios within the sediraents can be obtained by stacking 

LŜ veral layers of paper or by punching holes in regular patterns. Stacking 
ĉ «lows a decrease in two-dimensional resistivity (in ohms per square) down 
f ŵ  ^^otor of about 0.1. Punching holes allows an increase up to a factor of 
I ."Out 10. The stacking is effective only if the raodel is pressed under an in
e a t e d plate to about 0.25 Ib/sq in. 
p oome conductive papers manufactured by telegraph companies for use in 
J-J^Printers are satisfactory. They usuaUy have sorae anisotropy; resistivity 

J>v?'Sher across the roU of paper than along it; but the results can easUy be 
^|]fected mathematically. 

Th 
^sul ts 

e modeling results shown in Fig. 13 were done vrith conductive paper. 
with numerical MT modeling were practically the same. 

^^er ica l modeling 
umerical two-dimensional teUuric modeling consists of computing Ei. 's, 

"nauzed to a non-anomalous location where the subsurface is horizon-
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tally layered, for the frequency with which telluric data had been measured. 
This constitutes one of the outputs of MT modeling computer programs. 
Normalized Ei 's are equal to J's if the frequency is within the S zone, as 
shown by eq. 16. Obviously this requires that the model be in terms of re
sistivity values and not resistivity ratios. 

We have seen that the S zone coraprises a broad band of frequencies. Ac
cording to the law of electroraagnetic similitude, resistivity and frequency can 
be changed so long as their ratio is kept constant. Consequently, teUuric 
modeling results will remain practically the same for a wide range of resistiv
ities and frequencies so long as the resistivity ratios are correct. 

As mentioned above, the model data shown in Fig. 13 represent numeric 
as well as paper modeling. The theoretical telluric and MT data shown in 
Fig. 1 also were obtained by numerical modeling. 

The published two-dimensional numerical MT modeling raethods fall into 
three main types: (1) transraission Une analogy; (2) finite difference; and (3) 
finite element. These methods are extensively reviewed by Ward et al. (1973). 
The listing of a FORTRAN IV program using the finite-difference method 
was published by Jones and Pascoe (1971). Recent progress in numerif'"! 
MT raodeling is reviewed by Praus (1975). 
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