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NONLINEAR ELECTRICAL PROPERTIES 
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ABSTRACT 

E lec t r i ca l propert ies become nonl inear in several d i f f e r e n t ways due to a va r ie ty 

o f mechanisms and processes. In na tu ra l l y occurr ing mate r ia l s , nonl inear behavior 

is dominantly caused by the charge t rans fe r reactions accompanying e i t he r ox ida t ion -

reduction processes or ion-exchange processes. Since most non l i nea r i t i es are 

d i r e c t l y caused by spec i f i c chemical phenomena, nonl inear e l e c t r i c a l propert ies 

may be used in the remote measurement of geochemical a c t i v i t y w i t h i n the ear th . 

Appl icat ions through borehole geophysics include the determination of geochemical 

in format ion during so lu t ion mining of minera ls , monitor ing ground water chemistry 

f o r leaks around nuclear waste repos i t o r i es , and measuring the bui ldup of clays 

and s im i l a r a l t e r a t i o n products tha t may clog pores in geothermal systems. 

INTRODUCTION 

E lec t r i ca l propert ies are useful i n the earth sciences in a wide var ie ty of ways 

as they are one of the easiest of a-ll physical proper t ies to measure and they are 

one of the most sens i t i ve to changes in mater ia l or environmental parameters (Ke l le r 

and Frischknecht, 1966; Olhoef t , 1976). The extreme s e n s i t i v i t y of some e l e c t r i c a l 

proper t ies to small changes in a wide var ie ty of parameters is sometimes a problem. 

As an example, a volcanic mater ial l i k e basal t may exh ib i t an e l e c t r i c a l r e s i s t i v i t y 

at a frequency o f 10"^ Hz which i s 10 '^ ohm-m when vacuum dry at room temperature. 

That same mater ial w i l l have a r e s i s t i v i t y of 10^ ohm-m i f i t is saturated w i th a 

few weight percent water £ r i f i t is raised to a temperature of 700°C £ r i f i t i s 

measured at a frequency of 10^ Hz. A few weight percent clay or a s ing le monolayer 

of adsorbed water can a l t e r the low frequency r e s i s t i v i t y by an order of magnitude 

whi le not a l t e r i n g the high frequency r e s i s t i v i t i e s at a l l . 

To address the ambiguous and mu l t i p le nature of e l e c t r i c a l p roper t i es , 

invest iga tors measure the widest possible number o f e l e c t r i c a l parameters as 

funct ions o f var iables that are eas i l y con t ro l l ed by the experimenter. Typ ica l l y 

t h i s involves the use of frequency of measurement as a var iab le . 

In the frequency domain, the e l e c t r i c a l propert ies descr ib ing a system response 
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relate the input (or stimulus or excitation) to the output (or response) of the 

system by a multiplicative factor, the transfer function of the system. If the 

input to the system is an electrical field and the output is current density, then 

the transfer function is the complex electrical conductivity. If the input is 

current density and the output is electrical field, then the transfer function is the 

complex electrical resistivity. The complex electrical resistivity and complex 

electrical conductivity are reciprocals of each other and are further discussed in 

the appendix. 

The equation relating the input and output of a system is called the system 

equation. If all the derivatives of the input and output in the system equation 

are raised to the first power only and there are no products of derivatives, then 

the system is said to be linear. Mathematical properties of linear systems include 

additivity and homogeneity (together called superposition) which are discussed in 

detail in Cooper and McGillem (1967). These mathematical properties of linearity 

result in two measurable properties of linear systems: 1) the transfer function of 

a linear system is independent of the amplitude of the input to the system, and 

2) the output of a linear system contains no new harmonic content that did not 

appear in the input to the system. In the latter case, if the input to the linear 

system is a pure sine wave, then the output contains no harmonics. 

In addition to linearity, systems are described as being causal or acausal and 

by being integrably transformable or not. Causal systems have outputs which are 

independent of future values of the input. All physically realizable systems are 

causal ( they cannot predict the future). A system which is linear may be 

integrably transformable. The integral transforms of the input, output, or system 

transfer function do not exist unless the integrals are convergent (Sneddon, 1972). 

Most physically realizable waveforms are convergent in this sense, and it is always 

possible to choose the input to a system such that the input and the output are 

both convergent. 

The integral transform of a causal function has a time function that is 

completely specified by either the real or the imaginary part of the transform (see 

derivation in Landau and Lifshitz, 1960). Thus, the real and imaginary parts and 

the amplitude and phase spectra of the transfer function are related to each other. 

The relation between the real and imaginary parts is called the Hilbert transform 

or the Kramers-Kronig relations (Landau and Lifshitz, 1960). If the real and , 

imaginary parts of the transfer function do not obey the Hilbert transfonn and the 

input was chosen to give a convergent input and output, then the system is either 

acausal or nonlinear. As all physically realizable systems must be causal, such a 

system must then be nonlinear. 

As a consequence, there are two additional measures of nonlinearity: 3) the 

transfer function pf a system in the frequency domain is the Laplace transforra of 

the impulse response of the system in the time domain (see Cooper and McGillem, 
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1967), and 4) the real and imaginary parts of the transfer function are a Hilbert 

transform pair. In practice the th i rd measure of l inear i ty is very d i f f i cu l t to 

obtain as the impulse response is d i f f i c u l t to measure direct ly. However, a similar 

test may be performed using the step response or by measuring and comparing the 

transfer functions of a system measured by using two very different waveforms of 

input (such as a sine-wave versus a triangular-wave). In linear systems, the 

transfer function is independent of the form of the input. 

Thus, there'are four methods of measuring nonlinearity in an electr ical system: 

1) Measurethe electr ical transfer function at two or more different values of 

input signal amplitude. A measure of the nonlinearity is the derivative of the 

transfer function with respect to amplitude of input. Note that the transfer 

function is a complex quantity and that amplitude and phase spectra may be 

independently nonlinear. 

2) Measure the harmonic content of the input and output of the system. The 

root-mean-square (RMS) difference between the harmonics in input and output is the 

total-harmonic-distortion (THD) and is a measure of nonlinearity. 

3) Measure the transfer function using a sine-wave and a triangular-wave input. 

The difference between the resultant transfer functions is a measure of nonlinearity. 

4) Measure the frequency dependence of the transfer function. Use the Hilbert 

transform to generate new real and imaginary parts of a synthetic transfer function 

from the imaginary and real parts of the measured transfer function. The differences 

between the derived synthetic and the original measured transfer functions are 

measures of nonlinearity versus frequency. 

Further, these-four generalized measures of nonlinearity may appear in 

dif ferent ways. I t is possible to have a complex transfer function with an 

amplitude nonlinearity (the amplitude or magnitude of the transfer function varies 

with the amplitude of the input) but without a phase nonlinearity (for example, 

i f the nonlinearities in the real and imaginary parts of the transfer function 

cancel). I t is also possible to have a systera which exhibits the f i r s t two types 

of-nonlinearity (amplitude and harmonic), but does not exhibit the last type of 

nonlinearity (Hi lbert) . The reverse is also pdssible and has been found to be 

common in clay minerals. 

EXAMPLES 

Nonlinear electrical properties have been studied for a number of years by 

electrochemists through a variety of techniques, including polarography, cyclic 

voltammetry, and others. These techniques are discussed in textbooks such as 

Bockris and Reddy (1970), Fleet and Jee (1973), Nurnberg (1974), Galus (1976), 

Antropov (1977), and others. The best known of the nonlinear processes is that 

accompanying charge transfer during oxidation-reduction reactions (for a general 

discussion of charge transfer, see Mathews and Bockris, 1971). 
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The l i nea r equation descr ibing e l e c t r i c a l propert ies i s Ohm's law, given by 

J = oE (see appendix) 

where J = current densi ty 

E = e l e c t r i c f i e l d strength 

and a = e l e c t r i c a l conduct iv i ty ( t rans fe r funct ion between E and J ) . 

The ox idat ion- reduct ion react ion carry ing charge across an in te r face between a 

so lu t ion and an electrode i s given by the nonl inear Butler-Volmer absolute rate 

equation 

J = C, e^^2^ . C3 e - ( l - e ) V 

where C. = various constants invo lv ing chemical parameters such as d i f f u s i o n 

c o e f f i c i e n t s , concentrat ions, k i n e t i c s , and so f o r t h 

and 6 = anodic t rans fe r c o e f f i c i e n t . 

The de ta i l s of the coe f f i c ien ts are unimportant fo r the purposes o f descr ib ing how 

nonl inear behavior appears ( f o r f u r t he r discussions see Sluyters-Rehbach and 

S luy te rs , 1970, or the electrochemistry textbooks referenced above). 

The Butler-Volmer type of equation y ie lds e l e c t r i c a l propert ies which are not 

only nonl inear , but are also complex, frequency dependent, and asymmetrical wi th 

respect to the p o l a r i t y of the input . The propert ies may become l i n e a r f o r very 

small perturbat ions of E, f o r frequencies of input that are higher than the speed 

of reac t i on , and f o r condi t ions which may be d i f f us i on or otherwise l i m i t e d . The 

propert ies may be asymmetrical i f the constants in the equation are not equal fo r 

the anodic and cathodic terms, or i f the anodic (reduct ion) process i s not 

completely revers ib le during the cathodic (ox idat ion) process, or i f the system 

stores energy and exh ib i t s memory (a dynamic system) d i f f e r e n t l y f o r the anodic 

process than f o r the cathodic process. 

Figure 1 i l l u s t r a t e s the p lo t of current versus e l e c t r i c po tent ia l across a 

py r i te /wate r i n te r face . In both parts of the f i g u r e , the sample is in a three-

terminal sample holder s im i l a r to the corrosion ce l l o f Peters (1977) w i th 0.1 molar 

NaCl aqueous so lu t ion at a pH o f 7. The d r i v i ng waveform is a sinewave w i th the 

i l l u s t r a t e d Lissajous patterns proceeding in a clockwise d i r e c t i o n . The dotted 

l i nes are the actual waveforms recorded by a d i g i t a l osci l loscope whi le the s o l i d 

l i n e in Figure lb i s a model f i t based upon the Butler-Volmer equation (o f f se t 

f o r c l a r i t y ) . 

Figure l a i l l u s t r a t e s the p y r i t e wi th a f resh ly pol ished surface at a frequency • 

of 0.1 Hz and a current density of 0.085 A/m^. Each change in slope or d i s t o r t i o n 

o f the pat tern r e l a t i v e to an e l l i p s e is i nd i ca t i ve o f a spec i f i c cheraical reac t ion . 

Reactions occur at spec i f i c po ten t ia ls across the in te r face (Milazzo and C a r o l i , 

1978), and i f the current density i s not high enough to generate the required 

potent ia l then the react ion w i l l not occur. S i m i l a r l y , react ions proceed at 

spec i f i c rates (determined by e i t he r the "reaction k ine t i cs or the sppeds of 

d i f f u s i o n , see Arvia and Marchiano, 1971, and Bernasconi, 1976), and i f the 
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FIGURE 1: Figure la ( le f t ) i l lustrates the Lissajous pattern of current density 

(vertical axis) versus electr ical potential (horizontal axis) across the pyrite-water 
interface with a 0.1 molar NaCl aqueous solution. The cross marks zero current and 
zero potential. The frequency is 0.1 Hz at a maximum current density of 0.085 A/m^. 
Figure lb (r ight) i l lust rates the same sample and conditions as part la except a 
frequency of 0.01 Hz and a current density of 0.008 A/m^. At this current density, 
only one oxidation-reduction couple is present. The dotted curve is the actual 
digit ized data while the solid l ine is a model f i t based upon the Butler-Volmer 
equation. The two curves are offset for c lar i ty with broken horizontal bars through 
each indicating zero current. 

frequency of excitation is too high, the reaction w i l l not occur. In either case 

of too low a current density or too high a frequency, the system becomes linear. 

Figure la i l lust rates several reactions occurring with the lower l e f t quadrant 

(anodic) of the plot reducing the sample and generating hydrogen gas while the 

upper right quadrant (cathodic) is where the sample is oxidized and oxygen may 

be evolved. Figure lb i l lust rates the same sample at a lower current density and 

a lower frequency where only one reaction couple is activated. The opening of the 

loop in the oxidizing quadrant indicates that the sample either resists being 

oxidized or the oxidizing reaction is diffusion l imited. As the plot does not 

change upon s t i r r ing the solut ion, the sample must be resistant to oxidation. The 

lower l e f t reducing quadrant i l lustrates that the sample is not diffusion l imited 

nor resistant to being reduced. For further discussion of the detailed electro­

chemistry of pyr i te , see Peter (1977), Hall (1975), Biegler and others (1977), 

Scott and Nicol (19.77), and Klein and Shuey (1978a, b). 

Figure 2 i l lustrates the dependence of highly altered pyrite upon current 

density at 0.1 Hz in a four-terminal sample holder. The sample holder has a 

symmetrical arrangement with a current electrode in solution, a potential electrode 

near but not touching the pyrite sample, the pyrite sample potted in si l icone. 



400 

FIGURE 2: An a l te red p y r i t e - e l e c t r o l y t e i n te r face under s im i l a r condi t ions as f o r 
Figure 1 wi th a frequency of 0.1 Hz and various current densi t ies as ind icated on 
each curve. This i s a four- terminal sample holder as described in the t e x t . 

another po ten t ia l e lec t rode , and another current electrode in s o l u t i o n . The 

electrodes are a l l constructed of plat inum mesh (b r igh t plat inum as the p la t i n i zed 

electrodes introduce impur i t ies and do not s t a y ' p l a t i n i z e d over long periods of 

t ime) . High input impedance ( » 1 0 ^ ^ ohms) electrometer ampl i f ie rs are used in the 

measurement o f the potent ia l electrodes so as to not draw enough current to 

generate s i g n i f i c a n t charge t rans fe r impedances in the po ten t ia l measuring c i r c u i t . 

The electrode arrangement i s i den t i ca l w i th common pract ice fo r geophysical and 

borehole instrumentat ion (Ke l le r and Frischknecht, 1966). This electrode arrange­

ment w i l l not produce the cha rac te r i s t i c and asymmetrical p lo ts of Figure 1 unless 

the ox idat ion- reduct ion react ions are incompletely revers ib le or are dynamically 

d i f f e r e n t at anode and cathode. In the l a t t e r case, dynamically d i f f e r e n t means 

the anode stores energy and exh ib i ts memory (phase lag) in a manner d i f f e re r i t 

than the cathode. 

Figure 2 i l l u s t r a t e s the p y r i t e - e l e c t r o l y t e react ions as a funct ion of current 

densi ty showing the d i s t i n c t asymmetry f o r one o f the above reasons. In a d d i t i o n , 

the 0.84 A/m^ current density pat tern is nearly a per fect e l l i p s e and therefore 
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FIGURE 3; The frequency dependence of the Lissajous patterns for a cation 
exchange resin as a function of frequency. The numbers next to each curve are 
the logarithm of the frequency to base ten. The 1 Hz and 10 Hz patterns overlap 
and are nearly identical. The patterns are essentialy linear above 10 Hz. 

approaching a linear systera response. The specimen in Figure 2 has a highly 
altered surface and requires higher current densities for nonlinear behavior than 
the highly polished specimen of Figure 1. 

The second important charge transfer process in natural materials that causes 

measurable nonlinear electrical behavior is due to ion exchange. Unfortunately, 

the process of ion exchange is itself very little understood and the electro­
chemistry of ion exchange is even less well known. The best discussions occur in 

Carroll (1959). Payne (1972), Dukhin and Shilov (1974), Duhkin (1974), Dukhin and 

Derjaguin (1974), Derjaguin-and Dukhin (1974), Adamson (1976) and van Olphen (1977). 

Some attempts at models of the electrochemistry have been made by Armstrong (1969), 

Timmer and others (1970), and others. 

The following examples illustrate the type of behavior that has been observed 

in a variety of clays and zeolites. For simplicity, the examples will-be drawn 

from investigations performed on ion exchange resins. Essentially similar results 

have been obtained with a variety of clay minerals. Figure 3 illustrates the 
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electrical behavior of a cation exchange resin (Table 1) in a four-terminal 

sample holder as a function of frequency. The resins are very dynamic and 

exhibit considerable memory. The cations easily adsorb onto the surface, but 

reluctantly desorb. This causes the distinct nonlinear asymmetry shown in the 

figure. Also, at the higher frequencies the cations cannot respond to the driving 

force and the process becomes linear as it is diffusion limited. Due to the 

memory and diffusion coefficients, the frequency dependence of the transfer function 

is measurably different depending upon whether it is measured from low to high 

frequencies or from high to low frequencies. 

TABLE 1 

Both exchange resins are styrene divinyl benzene copolymer matrix beads, 16-50 
mesh size, laboratory grade, with a working range of 0-14 pH, and are manu­
factured by J.T. Baker Company. 

Designation 

Type 

Form (ionic form) 

Group 

Total dry exchange capacity (meq/g) 

Moisture content 

Working density (g/1) 

Figure 4 illustrates the frequency dependence of the cation resin and an 

equivilant anion resin (Table 1) measured from low to high frequency. Note that 

the cation resin has a much higher total-hermonic-distortion (THD) that the anion 

resin, has a larger phase angle, and has a stronger frequency dependence. Also, 

the three resistivities plotted represent the asymmetry of the system with the 

resistivity determined from the whole waveform (W), from just the positive half (P) 

and from just the negative half (N). The cation resin is considerably more 

asymmetrical than the anion resin. 

Due to the generally smaller size of the cation, it is not surprising that 

it is more important than the anion in adsorption processes (see discussions in 

van Olphen, 1977). Also, most materials tend to have negative surface charges in 

excess and thus prefer to attract cations over anions. Thus, all other things 

being equal, it is fortunate that the cation exchange process is more nonlinear 

than the anion process as this allows the nonlinear effects to be used to acquire 

additional information about the material surface with which the ions are 

interacting. 

C-267 cat ion 

strong acid 

H 

su l fon ic • 
funct ional 

4.0 

45-55 

400-500 

ANGA-542 anion 

strong base 

OH 

a lky l quaterbary 
amine 

3.2 

60-70 percent 

300-500 
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FIGURE 4 : The frequency dependence of the to ta l -ha rmon ic -d i s to r t i on (THO), the 

real par t of the complex r e s i s t i v i t y , and the phase angle of the ca t ion exchange 

( so l i d l ines wi th open symbols) and the anion exchange (dashed l ines wi th closed 

symbols) resins of Table 1 . P, W, and N on the r e s i s t i v i t y p lo ts ind ica te the use 

of only the pos i t i ve h a l f , the whole, or only the negative ha l f o f the waveforms 

(as in Figure 3) f o r the construct ion of the r e s i s t i v i t y . 
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FIGURE 5: The H i l be r t nonl inear 
e f f e c t as the deviat ion in percent 
o f the real r e s i s t i v i t y ac tua l l y 
measured from that derived by 
the H i l be r t t ransform from the 
ac tua l l y measured imaginary 
r e s i s t i v i t y . The dashed, s o l i d , 
and dotted curves are the dev­
i a t i ons f o r the fo l l ow ing 
ins t rumentat ion: General Radio 
1615 and Wayne-Kerr B.-201 
bridges together (dashed). 
General Radio 1621 and Wayne-
Kerr B-201 bridges together 
( s o l i d ) , and the U.S.G.S. 
Petrophysics Laboratory t rans fe r 
funct ion analyzer (dot ted, . Olhoef t , 
1978). The t r i a n g l e s , crosses, 
and c i r c l e s are data from real 
ma te r ia l s , respec t i ve ly : an 
unaltered j u v i t e in d i s t i l l e d 
water , very pure water (greater 
than 150,000 ohm-m), and a h igh ly 
a l te red j u v i t e in d i s t i l l e d water. 
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Figure 5 illustrates the final nonlinear example. This figure shows the percent 

deviation of a resistivity transfer-function when the real and imaginary parts are 

tested with a Hilbert transform. A problem with the measurement of this type of 

nonlinearity lies in its occurrence in common laboratory neasurement apparatus. 

Several examples are shown for commercial instruments as well as the instrument 

used to acquire the sample data illustrated (see Olhoeft, 1978). 

The data in Figure 5 illustrating the nonlinear Hilbert response for real 

materials includes a juvite specimen saturated with distilled water (triangles), 

very pure water (crosses), and a highly altered specimen of juvite saturated with 

distilled water. This type of nonlinearity has been commonly observed in clays, 

zeolites, and other highly altered materials such as the altered juvite shown. The 

reason for the nonlinearity is not known, but it may be related to the cation 

exchange process as it is usually not observed in the materials where oxidation-

reduction reactions dominate. 

The Hilbert nonlinearity in water (crosses- in Figure-5) has only been observed 

in water with DC resistivities above 150,000 ohfn-m. There are other dielectric 

nonlinearities in water (Jones, 1975), but neither this nor the others are well 

understood. 

There are many other examples of nonlinear electrical behavior than these 

given here, but these should suffice as an introduction. Other examples which 

may be found in the literature include nonlinear electrokinetic phenomena (Dukhin 

and Derjaguin, 1974), nonlinear dielectric phenomena (Kielich, 1972; Jones, 1975), 

ferroel ectri cs (Jona and Shirane, 1962; Burfoot, 1967), and others. 
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APPLICATIONS 

Several applications of nonlinear electr ical properties are already in use as 

standard electroanalytical techniques (see texts referenced above), but several 

other interesting applications are worth mentioning. The f i r s t is the study of 

reactions versus frequency as a way to measure and study the kinetics of reactions. 

This has been done in the past, but very infrequently. Second is the study of 

chemical processes under high temperature and pressure conditions in which i t is 

d i f f i c u l t to access the reaction products for.analysis but i t is relat ively easy 

to insert wires and electrodes to monitor electr ical properties. Third, through 

the use of borehole logging, i t should be possible to exploit the electr ical 

nonlinearities to measure ground water and mineral chemistry in s i tu . 

There are other applications, but the f i r s t two are priraariiy laboratory tools 

to expand the general knowledge of chemistry, part icularly of kinetics (Bernasconi, 

1976). The last application is of the greatest interest, however, in a variety of 

current problems. Among these are the problem of determining geochemical parameters 

to design solution mining procedures for uranium and other scarce minerals, the 

problem of monitoring ground water cheraistry for leaks around nuclear waste 

repositories, the problem of measuring the buildup of clays and other alteration 

products which may clog pore structures in ge'othermal systems, and a variety of 

problems in the study.of permafrost. 

Permafrost is part icularly interesting because the colloidal clay particles 

have electrochemical double layers which may be thicker than the average dimension 

of the clay part ic le. Such thick double layers help depress the freezing point of 

water and harbor large amounts of .unfrozen water in the permafrost. Electrical 

measurement techniques may exploit the current channeling capacity of this unfrozen 

water to u t i l i ze the nonlinear response of the cation exchange process to map and 

detect the presence of clay minerals. This is part icularly important in the 

exploration for sulfide minerals in permafrost where the clay response may be 

very similar to various standard geophysical instruments, but easily distinguishable 

between the clays and sulfides through the nonlinear techniques. 

In general, the more information upon which to base a decision or course of 

action, the better. Nonlinear electr ical properties provide a considerable amount 

of information that may not be otherwise available. Rather than being l imited to 

tradit ional measurements of electr ical properties which provide only amplitude and 

phase versus frequency, nonlinear electr ical measurements can also provide amplitude, 

phase, asymmetry, total harmonic d is tor t ion, Hilbert d istor t ion, and a variety of 

other parameters versus frequency and current density. 
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APPENDIX 

This appendix i s included to introduce the terminology o f e l e c t r i c a l propert ies 

as used by the exp lora t ion geophysicist based upon Olhoeft and others (1978). 

Unless otherwise s p e c i f i e d , these terms are defined f o r systems which are causal , 

l i n e a r , t i m e - i n v a r i a n t , dynamic, and i s o t r o p i c . The systems may be e i t he r lumped-

parameter (ordinary d i f f e r e n t i a l equation) pr d ist r ibuted-parameter ( p a r t i a l d i f f - u 

e ren t i a l equat ion) , and they may be e i t he r d iscre te time ( d i f fe rence equation) or 

continuous time ( d i f f e r e n t i a l equat ion) . For d e f i n i t i o n s of these speci fy ing terms, 

see Cooper and McGillem (1967). Included w i th the d e f i n i t i o n s are the un i ts in 

the SI system (shown in brackets) . 

Def in i t ions of e l e c t r i c a l propert ies l o g i c a l l y begin wi th Ohm's Law 

J = aE (1) 

where J = free charge current density [Amp/m^] 

E = e l e c t r i c a l f i e l d strength [Vo l t /m] 

and a = e l e c t r i c a l conduc t iv i t y [Siemen/ra]. 

This i s equ iva len t ly presented as 

E = pJ . (2) 

where p = a '^ = e l e c t r i c a l conduct iv i ty [Ohm-m]. Up to. t h i s p o i n t , r e s i s t i v i t y 

and conduct iv i ty are defined inc lud ing only f ree charge t ranspor t . 

In the general case, the fo l low ing l i nea r re la t i onsh ip also appl ies 

D = eE (3) 

where e = d i e l e c t r i c p e r m i t t i v i t y [Farad/m] 

and D = d i e l e c t r i c displacement = e l e c t r i c f l u x densi ty [Coulomb/m]. 

Combining equations (1) and (3) through Maxwell's equation 

V X H = J -t- 3D/3t = Jy (4) 

where H = raagnetic f i e l d strength [Amp/m], 

y ie lds a t o t a l current dens i ty , J j , which includes both free c a r r i e r conduction 

and d i e l e c t r i c displacement terms 

J.J. = aE •̂  e3E/3t. (5) 

Since, i n the general case, both the conduct iv i t y and the d i e l e c t r i c p e r m i t t i v i t y 

may be independently complex (Fu l l e r and Ward, 1970), the t o t a l r e s i s t i v i t y and 

the t o t a l conduct iv i ty may be defined through the r e l a t i on , 

(p^ - i p ^ ) - ' ' = a | + i a ^ = (a' -f i a " ) + im (e' - i e " ) (6) 

with a loss tangent, tan6, and a phase angle, i)>, defined 

tans = cot(|i = p-l-/pj = "-[/"T ^̂ ^ 
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wi th the unsubscripted a and e from'equation (5 ) . 

Most instruments f a l l i n to two c lasses: they e i t he r measure e l e c t r i c a l parameters 

by measuring voltage and current ( re la ted to E and J by the geometry of the system), 

or they measure equ i la len t ser ies or pa ra l l e l admittance or impedance by subs t i ­

t u t i on against standards. In the l a t t e r case, the e f f ec t i ve capacitance and 

conductance raeasured become the e f f ec t i ve d i e l e c t r i c . pe rm i t t i v i t y of (e ' -•- O" / ( J ) 

from equation ( 6 ) , and the loss tangent of equation (7 ) . 

Those instruments that, measure- voltage and current usual ly measure the t o t a l 

cu r ren t , y i e l d i n g a t yp i ca l measurement of the form 

E = E^ s i n ( u t + * J (g) 

J - = J sin{mt -t= * . ) 

where E = ampli.tude of E 
0 

J = amplitude of J -

t = time [sec] 

0) = c i r c u l a r frequency [ rad /sec ] = 2Trf (where f i s frequency in Hertz) 

A = a r b i t r a r y phase o f f s e t r e l a t i v e to some time zero f o r E 

and (\>. = a r b i t r a r y phase o f f se t r e l a t i v e to the same timebase as f o r E. 

In terms o f these equations ( 8 ) , the t o t a l r e s i s t i v i t y i s given as 

|p.j.| = ( p j ^ + p^^)^^^ = E y j p = r e s i s t i v i t y magnitude [Ohm-m] (9) 

ip-^ = (J) = a r c c o t ( p j / p j ) = <fi - iji. = phase angle [ rad ians ] (10) 

p j = (EQ/JQ) COS* and p^ = XE^/J^) s i n * . (11) 

The complex total conductivity may be obtained frora equation (6). The loss tangent 

and phase angle of equation (7) are identical with the definition in equation (10). 

The definitions up to this point have been formulated for steady state sinusoidal 

excitations. However, the definitions are equally valid whatever the form of the 

excitation and response, provided that only the fundamental frequency is employed 

in determining the resistivity and phase angle at that frequency from the 

measured E and Jj. Harmonics may be similarly used only if the system is 

demonstratably linear. 

Further introduction and discussion of these parameters may be found in Keller 

(1959), Fuller and Ward (1970), Shuey and Johnson (1973), Cooper and McGillem (1967), 

and Olhoeft and others (1978). 
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DISCUSSION 

G.R. OLHOEFT 

Davies - I have not grasped what is the basis of the curve for the frequency-
dependence of the conductivity of water ? Is it, perhaps, based on the 
Eigen-school studies of proton-jumping cimes in the medium. 

•! 

Again, is it necessary to invoke the presence of liquid water in your '• 
permafrost speciments ? Is there reasonably direct evidence for the fluidity 'j 
of this component . 'j 

I 
Finally, I have not understood which non-linear effect in water is very 

sensitive to impurities such as dissolved carbon dioxide. The dielectric 
changes with high field (Ae/E ) are not sensitive to electrolyte until the 
conductivity exceeds 10 times that of "equilibrium" atmosnheric water. 

Olhoeft - Tlie frequency dependence shown for the conductivity of water is 
experimental and not based upon any school. The presence of liquid water in 
permafrost has been demonstrated and known for several years. Basically, the 
water in between grains begins freezing frora the center of the intergranular 
space towards the grain walls. The freezing rate is very slow (thousands of 
years) and the freezing process tends to exclude impurities from the ice, 
thus increasing the concentration of impurities in the remaining water. Between 
this process and the similar effects due to the electrical fields of the 
double layer at the water/grain interface, the remaining free water has a 
freezing point which is continu.-5lly being deprossod. Thus at any given terape­
rature below 0''C there remains a small amount of unfrozen water. These proces­
ses ans the resulting properties of the raaterial have been reviewed by 
Andersonand Morgenstern (1973) and Anderson et al. (1973). The nonlinear behavior 
in water that is sensitive to the presence of impurities is the deviation of 
the frequency dependence of the transfer function (resistivity) from behavior 
that is consistant with che Hilbert transform (Kramers-Kronig transform) 
relating the real and imaginary parts to each other. Water with resistivities 
of 100,000 ohm-m does not (both at 20 kV/cm electric field). This is still 
under investigation. 
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