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Theory of Heat Extraction From Fractured Hot Dry Rock 
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A theory of heat extraction from fractured hot dry rock is presented, based on an infinite series of 
;::arallel vertical fractures of uniform aperture. Fractures are uniformly spaced and drain heat from blocks 
Gf homogeneous and isotropic impermeable rock. Cold water enters at the bottom of each fracture, and 
soiutions are given in terms of dimensionless parameters from which the exiting water temperatures at the 
top of the fractures can be determined. An example of the application of the theory demonstrates how a 
multiply fractu~ed system provides a more efficient mechanism for heat extraction than a single fracture in 
hot dr; rock. 

UtilizaTIon of geothermal energy is currently limited to a 
small rrum b'!T of l1aIUrally occurring geothermal steam and hot 
water r::se:voITs. The growing interest in this new source of 
energy h3.:i a~5o s:imulated attempts to develop a method of ex
tracting :;;e:-r:-;al energy from ~he numerous regions of the 
earth's crust containing deposits of hot dry rock, which may 
constt"l~e:, ;:;!source much b:-ger than that permeated by 
groucc"vc;.:er. The basis of this concept is to develop an ade
c;uate h1\:~"r;; surface to be used for heat transfer purposes. 
Bec3.use c;f the lOW u'1ermal conductivity of rock a ve-y large 
heat transfer Jrea must be provided; otherwise, meaningful 
amounts of el'ergy cannot be extracted at practical rates, 

One proposal [American Oil Shale Corporation and U.S. 
Atomic Energy Commission, 1971] describes a method for 
recovering heat through a closed loop cycle of surface water 
from dry geothermal sites previously fractured by a suitable 
array of sequentially fired, fully contained nuclear explosives. 
Results from a preliminary analysis forecast operation of a 
200-MW power plant for 30 years [Burnham and Stewart, 
1973]. Soviet workers have also been considering the use of in 
situ explosions to create a highly fractured rock system so that 
circulating water could extract geothermal heat [Diadkin el al., 
1973]. 

Another technique, developed by Robinson et al. [1971] of 
the Los Alamos Scientific Laboratory, requires drilling two 
parallel deep boreholes, the second of which is directed so as to 
intersect a vertically oriented crack produced by hydraulic 
fracturing in the first hole, Water circulating down one well, 
through the crack, and up the other would carry off heat from 
the hot rock to the surface. A supporting theoretical analysis 
was presented by Harlow and Pracht [1972], which indicates 
that many tens of megawatts of thermal power could be 
supplied for several decades, provided that the initial fracture 
zone could be extended through the effects of thermal stress 
cracking in the adjacent hot rocks. A field experiment con
ducted in a test well drilled to a depth of 780 m at one edge of a 
volcanic caldera in the Jemez Mountains of northern New 
Mexico has shown that granite could indeed be fractured 
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hydraulically and was impermeable enough in this region to 
hold water tightly [Hammond, 1973]. The propagation of the 
fracture from thermal stress effects, however. has not yet been 
demonstrated. 

A third concept that could greatly increase the economic life 
of hot rock geothermal systems is that proposed by Raleigh et 
af. [1974]. Observing that in many regions the stresses in sub
surface rock are reasonably constant over large areas, they 
suggest that geothermal wells be drilled at an angle in a direc
tion perpendicular to the expected orientation of fractures and 
that a series of parallel, vertical cracks be created from a single 
well (Figure I). Strukbar et al. [1974] have discussed some of 
the problems of creating multiple vertical fractures from an in
clined well bore. 

The purpose of this paper is to present the results of a 
mathematical analysis of this third method. 

MATHD>IATICAL MODEL 

The following discussion will be based on a linear model in
volving an infinite series of parallel, equidistant, vertical frac
tures of uniform thickness, separated by blocks of 
homogeneous and isotropic, impermeable rock, the width of 
the individual fracture being assumed to be negligible in com
parison with the spacing between the fractures. 

Owing to the spatial periodicity of the temperature field it is 
possible to replace the infinite system by a finite one consist
ing of a single vertical fracture of thickness 2b between two 
matrix blocks with an insulating outer boundary at a distance 
from the midplane of the fracture equal to half the fracture 
spacing. As is illustrated in Figure 2, a rectilinear coordinate 
system is placed such that the x = 0 plane coincides with the 
midplane of the fracture. Water is injected at z = 0 and is flow
ing upward in the fracture. 

The following simplifying assumptions are made: 
I. The product of the density and heat capacity for both 

the water and the formation, and the formation thermal con
ductivity are constant. The linear volumetric and mass flow 
rate of the water is constant in the fracture. 

2. The water temperature Tw(z, I) is uniform in any cross 
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Schematic diagram of heat extraction from multiple fractures 
in hot dry rock. 

of the fracture and is equal for all z to the formation 

rature at x = b . 
. ' There is no heat transfer by radiation within the fracture 
bv conduction in the vertical dir\!';;tion within the fracture or 
form1tion. All heat transport is by horizontal conduction 

,he rock and by forced convectIOn along the z axis within 

fracture. . 
Initially", both the water :n the fracture and the forma-

are at the same temperature. This telT.perature is not uni
along the fracture but depends on z. if one takes the 

'al gradient into accmm:. At a given z value the ini-
.tem?erature is given by the intcial fOCK wmperature- at the 

of injection TRO minus the proauct of di-$iance r above 
injection point and the geothermal gradient~, v.rhieh is 

.ed to be constanL A,..cnm-e-r ="O~ "vater-is injecred at con .. 
injection te:nper-ature TWf!'" Nn heat ftu;;~ i~ assumed 

5s'the boundary at },::. = -'CR-

The differential equation goveiltUigthewater tercperature 
- I) is obtained by writing a heat:balanc~on an dement of 
ure volume (2b ·dz· I) between elevation z and elevation z 

dz above the injection point. Because of the symmetry with 
to the fracture midplane this can be written as 

b' [aTw(Z, t) + aTIV(z, t)-Ji 
PtrCw at v az 

= KR aTR(x, z, t)1 (1) 
ax ,z-b 

where v is the water velocity, Pw and Cw are the water density 
and specific heat, and KR is the rock thermal conductivity; 
TR(x, Z, t) is the rock temperature, which is governed by the 
heat conduction equation 

a2T.~(x,z, t) 
ax2 
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Fig, 2. Mathematical model for fractured hot dry rock. 

(2) 

The temperatures must also satisfy the following conditions: 

TR(x,z, t) = Tw(z, t) TRO - WZ t < z/v (3) 

RO 
(4) 

TIV(O, t) Two t > 0 

';f z, t (5) 

aTR(x, z, t)l = ° 
ax %="8 

(6) 

The simultaneous solution of (1) and (2) subject to con
ditions (3)-(6) is derived in Appendix A. The result for the out
let water temperature at a distance z from the injection point 
can be expressed in a general form as a function T WD(f:J. XED. 
tD') of dimensionless parameters such that 

TWD = [Tno -Tw(z, t)]/(TRO Two} 

/1 = wz/(Tno - Two) 

XED = (PwCw/Kn)(Q/Z)XE 

tD' = [(PwcwWKnPncn](Q/z)2t' (to) 

where Q is the volumetric flow rate per fracture per unit 
thickness of the system in they direction and t' = t - (z/u); z/u 
is the time lag between the depa':ture of the water from the in
jection point and the arrival at point z. Because this time lag is 
very small in comparison with the lengths of time involved in 
our problem, t' is practically identical to t. 

The dimensionless parameter /1 was found to affect the time 
variation of the outlet water qimensionless temperature at 
small values of dimensionless time. This can occur when there 
is a high geothermal gradient or a large fracture length. The in
fluence of geothermal gradient in the single fracture case is 
shown in Figure 7. For simplicity in the multiple fracture case 
the geothermal gradient has been neglected, Tno now being 
taken as the average rock temperature over the zone of in
terest. The results for this case are shown in Figure 3, where 
T WD is plotted as a function of tD' for various values of the 
dimensionless half-fracture spacing XED' 

The ratio of the amount of heat extracted by the water flow
ing through the fracture to the initial total heat available in the 
rock was also computed and is shown in Figure 4. 

Although the model presented in this paper is strictly valid 
only for an infinite number offractures, it can also be used as a 
good approximation when the number of fractures is finite but 
large enough; this should be the case in most practical 

applications. 

Fig, 3. 
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Fig. 4. Fractional heat r~covery versus dimensionless time. 

E:'C>\:"""PLE OF CALCULATION 

In designing a geothermal power plant that uses this concept 
a I'lumber of parameters are imposed, and others have to be 
adjusted. In the system under consideration the rock and water 
properties are given, and the total volumetric flow rate, 
minimum usable outlet temperature, and useful reservoir life 
are fixed by technical and economic considerations. What has 
to be chosen is the r:umber of fractures, the dimensions of the 
individual fracc:J.r:s, and the spacing between the fractures. 
These parameter5 can be determined from Figure 3. An exam
ple of this type d :alc"..llation :s described below. \ 

In order to aIle',;; ;;omparison with the system proposed by 
the Los Alamos 6T01IP the data given by Harlow and Pracht 
[1972J were user.i Hi .he computations. They assumed a single 
fracture with a ~rrhI of 1 kl11 and a length (v direction) of I 
kG and used. a \!;)iumetric no\.v ra·~e of 1.45 X lOS cm3/s. They 
,adopted a rock ,,::nperature of 300°C and an inlet water 
temperature of 65°C. Their remaining material properties 
were KR = 6.2 X W-" cal/cm s DC, PR = 2.65 g/cm3

, CR = 0.25 
cal/g °c, Pw = 1.0 g/cm', and Cw = 1.0 cal/g dc. Resulting 
temperatures are shown in Figure 5. With a single fracture the 
water outlet temperature drops very quickly after only a few 
years. This should be the case in Harlow and Pracht's model If 

, thermal fracture propagation turns out to be negligible. 
On the other hand, if the same total volumetric flow rate is 

now divided equaJiy between 10 vertical fractures, the much 
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Fig. 5. Water outlet temperature versus time for l-km' fractures with 
TRO = 300·C and Two = 40·C. 

reduced flow rate per fracture results in avery substantial 
crease in the water outlet temperatures. This is shown 

can anticipate that this will be the case from the 1IICI£lrp"i.-. 

results on Figure 3. Since water outlet temperatures will nGt 
begin to fall below TRO until tD' > 0.2, reducing Q to 1/10 arlit 
v~lue means. that the ac~ual time required to reach ~D' .. 01, 
Will be 100 tImes longer If all the flow passes through 10 f~ 
tures than if it passes through only one fracture. Thereafteril 
10 fractures are used, the. water outlet temperature will drop a 
a .much lower rate that IS dependent on fracture spacing. ~~.~ 

The number of fractures in our example was determined' 
the requirement of a 297°C water outlet temperature (~O~ 
0.013) after 20 years. It can be seen from Figure 3 tha~~' 
temperature corresponds to tD' = 0.325 and XED> 0.5, wbiCi' 
for t'. =: 2~ years yields Q = 0.145 cms/s. Since this number_hi 
defimtIOn IS also equal to the total volumetric flow rate (L4$X= 
1O~ cm3/s) divided by the number of fractures N and by ~ 
fracture length (1 km), the number of fractures follows"~'" 
mediately. The result is N = 10. . 

The spacing between the fractures is determined by the 
of the dimensionless spacing parameter XED, which for this~~ 
ample would be >0.5. It is obvious from Figure LG 
temperature will drop at a faster rate for smaller XED' On't1Je 
other hand, one can see from Figure 4 that the fractionOt 
energy recovered from the rock will be higher. For examplei'ir 
one were to increase the time period to 100 years (tD = L6k~ 
can be. seen from Figures 3 and 4 that there would be no ad
vantage in taking XED greater than 2 (which corresponds to~ 
fracture spacing of 160 m), because a lower heat recovet} 
would result and the drilling costs would be increased with no 
improvement in the outlet temperatures. .~ 

Obviously, the best choice for the fracture spacing is th~ 
Which would yield the highest electrical power outlet for the 
longest period of time. The electrical power output has bee! 
computed from the water in situ exergy by assuming 75%'llash 
efficiency and 65% mechanical efficiency [Bodvarsson dna 
Eggers, 1972]. The results are shown in Figure 6. It can be See! 
that electrical power output is highest for IO fractures with a 
l60-m spacing, and this spacing is capable of producing m~f 
times the power output of a single fracture. If 20 fractures were 
used instead of 10, the maximum output of about 19 MW 
could be maintained for a century. 

CONCLUSION 

Although it is much simplified, the mathern'atical model 
used in this study shows that the multifracture concept could 
greatly increase thy economic utilization of hot dry ro,k 
geothermal systems. If fracture propagation occurs through 
the effects of thermal stress cracking, as is expected by some 
authors, geothermal energy extraction will be even greater 
than that reported in the present study. 

ApPENDIX A: DERIVATION OF WATER 

OUTLET TEMPERATURE 

Special cases of the mathematical problem considered in the 
present paper have been studied by previous authors. Bad· 
varsson [1969] solved the problem of constant flow, .with 
sinusoidal temperature through laminated solid, and solutiolJ5 
for XE = en were published by Lauwerier [19551 and Carsi(llt 
and Jaeger [l959J. 

An exact analytical solution for finite' XE was recently pn:
sented by Romm [1972J. In the present paper the problem is 
solved in a slightly different way, and the results for infinite 

-
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Fig. 6. Electrical power output from l-km' fractures. 

and finite XE values are presented on the same graph in terms 
of suitable dimensioniess quantities (Figure 3). 

A solution is obtained as follows: we first 'substitute I' in 
place of I into (J)-{4): 

aT,,"(z, ttl BTaC'<, z, 1')/ (AI) 
pwcwbv ~-~---- = KR a~ I 

d.. ".... ,z>ab 

a2
TR (x, n 
ax~ 

lim TR(x, z,- t') == tim Tw-(z, t') 
1'~1) l'--I) 

lim T:F\;;"/) T ;:VI) .-0 

(A2) 

(A3) 

t' >~ (1 (A4) 

We then introduce t~le following dimensionless quantities: 

(A5) 

where Ii is an arbitrary length a.nd Q is the_ volulnetric flow 
rate per fracture per unit lenglh of the system in the y direc
tion: 

!3* = wH/fTRO 

XD = x/a 

Zv = z/H 

Equations (AI )-(A4), (5), and (6) thus become 

1 aTWD(XD, tD*) = aTRD(XD, ZD, tD*)/ 

a aZD aXD "Ddl 

a
2
TRD(XD, ZD, ID*) 1 aTRD(XD, ZD, 1D*) 

ax,/- = a 2 atD * 

lim TRD(XD, ZD, tD*) 
t D.-iO 

= lim TWD(ZD, tD*) = {3*ZD 
'D*""'O 

lim TWD(ZD, tD*) = 1 

(A6) 

(A7) 

(AS) 

(A9) 

(AIO) 

(All) 

(AI2) 

(AI3) 

(AI4) 

(AI5) 

Applying the Laplace transform with respect to tD* and solv
ing for the water outlet tern 

l'WD(ZD, s) = f [I + G1I2 tanh [(x:: _ l)/a]Sm) J 
( 

1/2 h XED - 1 1/2 \ . exp -ZDS tan a S 1 

B*- (.1* +'--.!:.!!. I-' 

s - -;72 tanh [(XED - 1)/a]s1I2 (AI 7) 

where T WD(ZD, s) is the Laplace transform of the dimensionless 
water outlet temperature. 

Equation (A 17) is most difficult to invert analytically except 
in the case of a single fracture (XE =' 0:». where inversion of 
(A 17) shows that TWD can be expressed as a function of {3 
(equation (S» and tD' (equation (10» only: 

TWD(tO') = I - 2{3(tO'hr)1/2 (l - exp (-1/4tD')] 

- (1 - (3) erf [~(tv')lIZ] (AI8) 

Parameter Two has been plotted versus to' in Figure 7 for 
various {3 values. The curves are very similar except at early tD' 
values, because the initial temperature at the top of the frac
ture depends upon the geothermal gradient. For high geother
mal gradients or large fracture height the temperature at the 
production well increases slightly and then decreases down to 
the injection temperature at very large time. For simplification 
in the solution of (A I 7) the geothermal gradient has been 
neglected, TRO being taken a.s the average temperature along 
the fracture height. Setting fJ* = 0 into (AI7) and neglecting 
the I following XEO yield 

- 1 ( 1/2 PwCwQXE liZ) TWD(ZD, s) = -; exp -ZDS . tanh 2KRH s (AI9) 

Equation (A 19) was inverted by means of a numerical method 
(Papoulis. 1957J, and the result expressed as a function of XED 

(equation (9» and tD ' (equation (10» is plotted in Figure 3. 

. ApPENDIX B: ELECTRfCAL POWER OUTPUT 

The total amount of heat in the hot rock per unit length of 
the system in the y direction, which could be recovered by 
cooling from TRO to Two, is 

(B1) 
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mal gradient. 
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The heat extraction rate or thermal power output by the 
water between T w and Two is 

or 

pwcwQ(Tno - Two)(1 - ~;: := ~:) 
The cumulative heat extraction by water over a period t' is 
given by 

I
,' 

Hw = 0 pwcwQ(TRo - Two} 

. (I - Tno - Tw) dt' . (B2) 
Tno - Two 

The ratio of the amount of heat extracted by the water to the 
initial heat content in the rock is thus equal to 

or 

Hw ==0 [" PwCwQ (r 
He Jo 2PeCRZXB \ 

Tno - Tw) dt' 
Tno - Two 

U 
..;:.t.w 1 j"D' 

[1 - TwD{tn')J dIn' 
2 .. :rED -.1') 

(B3) 
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