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Summary 

651 

By making quantitative comparisons between theory and observations it is shown 
that hydrostatic theories cannot account for the pressure changes which have occurred 
in the \Vairakei geothermal field. The pressures at three representative dates can, 
hnwever, be obtained on the theory that the hot water flows according to Darcy's 
law under the influence of buoyancy forces resulting from the surrounding cold ground 
water, allowance being made for the effect of the uncased parts of the bores in 
increasing the vertical permeability of the hot region. According to this theory a 
steady rate of drawoff from the bores will result after a period of the order of one 
ye,lr in an almost steady pattern of pressure with depth, the greater the drawoff the 
lower being the pressure at any depth. The ultimate source of most of the water 
withdrawn is the cold ground water surrounding the hot region, which is heated by 
the hot rock through which it flows and in so doing cools the outer parts of the 
hot region. The steady reduction in width of the hot region caused by this lateral 
.nflow extends much deeper than the botom of the bores, and at the 1963 rate of 
drawoff will lead to a reduction of 10% in the radius of the hot region over a 
period of about 70 years. This contraction of the hot region will cause a slow fall in 
pressure if the rate of drawoff is held constant. 

INTRODUCTION 

During the past decade, the rate of artificial drawoff of hot water from 
the Wairakei field has shown an irregularly increasing trend (Fig. I). 
reflecting the increasing capacity of the installed power-generating plant 
and the fluctuation in the load. Over the same period the pressure of the 
hot water at various points, all at a depth of about 2,200 ft (670 m) below 
the ground surface, has steadily fallen (Fig. 2). These pressures were all 
measured in bores from which no surface discharge was being taken, and at 
a sufficient depth to be below the water level (that is, there was no steam 
present). By assuming a pressure gradient corresponding to the hydrostatic 
p~essure of water at the appropriate temperature, they were adjusted to 
gIve the pressure at one particular depth, RL-900. 

There have been no continuous measurements in anyone bore, but the 
fragmentary records fall naturally into certain groups indicated by the letters 
A to D in Fig. 2. Group A consists of five bores all within 0·17 km of one 
another and within the same distance of power-producing bores. Group c 
consists of two bores about 1 km apart and each about 1·5 km south of the 
~roduction bores. D represents a single bore about 1 km east of the produc­
tl.on area, and about 0'3 km from the Waikato River. Group B consists of 
eIght bores drilled during 1959 to the west of the production area, spread 

.Y.z. JI Sci. 9: 651-73 
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FIG. 1-Total discharge from ali Wairakei bores. (Reproduced from Ministry 
Works report by R. S. Bolton.) 
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FIG. 2-Aquifer pressures at Wairakei, at reduced level (R.L.) -900, i.e., 900 ft 
below the survey datum. (Reproduced from Ministry of \\7orks report by R. S. 
B9Iton.) 
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om a kite·shaped area about 3'4 km long by 3'0 km wide, the mean 
distance from the nearest production bores being about 2'6 km. 

lr is obviously desirable to find some theory which will explain these 
observed pressure changes, in order that the geothermal field may be 
exploited ~o best advant~ge, ~nd that an estimate can .be mad~ ~f its useful 
life. It will be shown m thIS paper that the analYSIS of eXlstmg records 
disproves certain hypotheses which come to mind, but that a satisfactory 
theory can be developed, which can be refined as more data are obtained. 

CLOSED TANK HYPOTHESES 

At depths more than a few hundred metres below ground level, where 
there is no steam present, the Wairakei geothermal field consists of an 
lrea in which the ground water is at a temperature of approximately 250°c, 
surrounded by a boundary layer a few hundred metres wide in which the 
temperature falls steadily to normal values. 

The first question that arises is whether there is any hydrological connec­
tion between the regions with hot and cold ground water: that is, is there 
ln impermeable wall around the hot region? Consider the hypothesis that 
the hot region is surrounded on all sides and below by such an impermeable 
b.mier. 

Since the water inside this barrier is to a first approximation all at the 
SJ.ITle temperature, convection currents will be negligible and the pressure at 
lOy point will be given by the theory of hydrostatics: 

Pressure, p = - r p(z)g dz 
J 0 

l\pplying this formula to the temperature· versus· depth observations on pore 
19 in 1953 (Banwell, 1957), assuming the presence of liquid water at all 
depths, one obtains the value 801 p.s.i.g. for the pressure at depth 670 m. 
Figure 2, however, records pressure measurements at this depth which are 
more than 90 p.s.i. higher than this value. 

When the calculated hydrostatic pressure at other depths is compared 
with the minimum pressure required to keep water liquid at the temperature 
observed at the same depth, the calculated pressure for all depths between 
150 m and 400 m is found to fall short of that required, the greatest deficit 
being about 60 p.s.i. 

This hypothesis must therefore be discarded since it cannot account for 
pressures as high as those observed. Consider next what might be called the 
)ressurised tank" hypothesis, in which we assume not only impermeable 
Sides and bottom to the tank but a very low permeability lid. In this case 
some constant may be added to all pressures below this lid, so accounting 
for the observed high pressures. 

The difficulty with this hypothesis is how to explain the observed rate of 
natural outflow of hot water and steam from the field, which is of the 
order of 400 kg/sec, or 5 X 105 cm"/sec of water at 250°c. Since we have 
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postulated that there is no inflow, the outflow can come only from the 
expansion of water (and rock) in association with a steady decrease in 
pressure. Now estimate this rate of pressure drop. 

IE the volume of the tank is taken as 25 kma, corresponding to radius 
and depth each about 2 km, and the porosity is given the rather high value 
of 0'2, the volume of water is 5 km3 • Taking the compressibility, 

fi = : ( :;) , 
of water at 250°c and 40 bar pressure as 70 X 10-6 bart, we have 

Rate of pressure change 

1 

dp 

dt 

1 dV 

fiV dt 

------ (-5 X 105)31'56 X 106bar/yr - -45 bar/yr 
70(10-6)5(1015) '" -650 p.s.i./yr 

Thus even if the volume of the field were 10 times greater than assumed 
here, and the effective compressibility of the water also 10 times greater, the 
observed pressure excess over hydrostatic values would disappear in less than 
20 years-much less than the known historical age of the field. This 
hypothesis also is therefore untenable. 

The conclusion to be drawn at this stage is that no hydrostatic theory is 
satisfactory, whether the pressure at ground level is taken as atmospheric 
or some higher value. The only alternative is that there must be an inlet 
into the hot region somewhere, in which case there must be a potential 
gradient (that is, a pressure gradient additional to the hydrostatic one) which 
drives the hot water through the region from the inlet to the natural outlets 
of the ground surface. Before considering hydrodynamic models of the 
Wairakei field, however, it is desirable to consider in general terms what 
happens when hot and cold water are present together in one porous 
medium. 

BEHAVIOUR OF AN ISOLATED HOT REGIO~ I~ A GROUND WATER FIELD 

To fix our ideas, consider a roughly spherical region about 4 km in 
diameter in which the temperature everywhere is 250°c, situated in a 
saturated isotropic porous medium at 20C C (Fig. 3). Thermal conduction 
will immediately begin to reduce the steep temperature gradient at the 
boundary. The time for the thickness of the boundary layer to reach aoout 
200/'0 of the radius is given by 

t = (0'005r2 )/a (Carslaw & Jaeger, 1947) 

Taking the thermal diffusivity a as 0'003 cm2/sec, 
0'005 (2 X 105)2 

t = _______ sec ~ 6'7 X 1010 sec ~ 2,000 years 
0'003 
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It takes eight times longer for the temperature at the centre to begin to fall. 
Evidently the hot region will not diffuse away while we are considering what 
else may befall it. 

If all the water were at rest the isobars would be as shown schematically 
in Fig. 3. The density of water at 250°c being only 0'8 g/cm3, the isobars 
in the hot region are spaced 25% further apart than in the cold, and the 
pressure at A is greater ~han B whi.ch is at the same deJ:th. The state of rest 
is therefore unstable, bemg upset 10 the first place by mflow of cold water 
below the hot region. One can see that ~_ quasi-steady state will arise, shown 
schematically in Fig. 4. Upflow in the hot region compresses the spacing 
of the isobars there, while down flow in the surrounding cold water widens 
the spacing, stilI leaving an outward pressure gradient above the hot region 
and an inward gradient below. Water circulates in the direction ABCDA. 

FIG. 3-Hydrostatic isobars in and 
near an isolated hot region 
(schematic) . 

c _Q------------

A---------------
B 

FIG. 4-Isobars in the presence of 
vortex flow (schematic). 

This state is described as quasi-steady because the inflow of cold water 
into the hot region at B, and the outflow of hot water at C must disturb the 
original boundaries of the hot region. One might expect at first sight that 
the effect of this flow across a thermal boundary would be to cause a 
degradation of the high temperature as cold water permeates hot rock, or 
as hot water permeates cold rock, resulting in a steady broadening out of the 
boundary layer at the top and the bottom of the hot region. Provided, how­
ever, that the thermal diffusivity is not too small in relation to the linear 
dimensions of the pores in the porous medium and the flow rate of the 
water, i.e., provided the Peelet number, length X velocity -;- thermal dif­
fusivity, is not too large, the water and the rock in any locality will come 
into thermal equilibrium with each other in a time short compared with the 
time for the water to traverse the thermal boundary layer. In this case the 
effect of an upward flow of water through the hot region is to displace the 
hot region bodily upward without affecting its shape or boundary layer 
thickness. In a study of the heat-pulse method of measuring sap flow in 
conifers (Marshall, 1958), I verified experimentally that the same phe­
nomenon was occurring (on a much smaller scale). In that study I gave an 
equation relating the velocity of the heat pulse to what I called the "sap 
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flux", which is identical to the "filter velocity" or "macroscopic velocity" q 
used in the expression for Darcy's law: 

q = -(kplfL) grad cp (1) 

k is the permeability of the porous medium, p and ,1.1. the density and viscosity 
respectively of the water, and cp the potential of the water defined by: 

cp=p+~-~~ 00 
where z is the height and p the pressure. 

That equation is 

Heat-pulse velocity = (pc I p'c') q 

where c is the specific heat of the water, and p' and c' are respectively the 
density and the specific heat of the saturated porous medium. Typical values 
of p'c' for various types of rock lie between 0'52 and 0'55 c.g.s. units, which 
will also be the value for saturated rock if the porosity, f, is small. The 
velocity of a hot region in saturated ground may be nearly twice the filter 
velocity measured in the cold region. In ground with high porosity the 
multiplying factor decreases but is still greater than 1'0. The actual mean 
velocity of the water is given by qlt, which is much greater than the filter 
velocity if the porosity is small. 

This mechanism leads to some rather surprising results, Consider the 
situation when the 4 km diameter hot region has risen a distance equal to its 
diameter, whether due to the vortex induced by its own buoyancy or to some 
other upward stream of ground water. This might take about 10:: years. 
The majm' part of the region is still at 250°c, although the width of the 
boundary layer has increased somewhat, due to thermal diffusion, The rock 
which was originally at 250°c is now cold, while other rock which was cold 
is now 250°c. And if the porosity is 5% there will have been about 10 
changes of water in the hot region during this period. The heat "pulse" has 
an existence of its own apart from the matter which contains the heat at any 
time; the flowing ground water can transport this heat without degrading 
its temperature. This process has important implications for the Wairakei 
field. 

When the Peciet number increaSes beyond the values for which water and -
rock at any point have the same temperature, the first effect is for the heat 
pulse in the water to be displaced slightly downstream from the heat pulse 
in the rock; temperature changes in the water lag behind those in the 
surrounding rock, the temperature difference being proportional to the rate • 
of flow. (The Peciet number considered here is based on the pore size, and 
is therefore a "microscopic" Peciet number which must be distinguished 
from the "macroscopic" Peciet number considered by \'{'ooding (1963) 
which is based on the size of the whole hot region.) 

As the hot region rises under the influence of its buoyancy-induc·ed vortex 
the guest ion arises whether or not it will retain its original shape. Expressions 
for the rate of movement of a hot region of ellipsoidal shape can be derived 
from the solutions for a fluid mass imbedded in another fluid in a porouS 
medium (Yih, 1965). The situation treated by Yih is not the same as that 

1966] 

considered here, sin 
convertible (e.g., oi 
matic boundary con~ 
on each side of the 
the boundary, bein~ 
(e.g., hot water bee 
to our case is that t 
velocity) must be th 
tion is repeated wit 
equations (66) is tl 
(p21 Pl) fL1 (Yih' s n~ 

For the particulal 
of length 2a vertica 
the surrounding col 

q1 =~ 
til . 

where subscript 1 r 

P1 

, = p, I 
where ao = crr2 I 

I 
£ goes from zero t( 
when ria has the ~ 
0'892 I 

j 
It may be remar! 

the fluid mass witIj 
the mass is equal I 
numerical example! 
ours. For a porou/ 
value 2, a mass of! 

" I VISCOSIty as water j 

the mass, but if ti 
250°c and the flul 
move at only twicd 
!s not the same a~ 
III boundary condil 
ing behaviour is Ii 
simply an unchang 
the case of the h~ 
tUre changes as wi 
the medium as well 

Returning now I 
hot region as it I 

I 



§opiC velocity" q 

$ity and viscosity. 
'ffined by: 

i~' 
:~ 
~ 
1f 
';i 
~ 
l~ 

~ 
} respectively 
~:n. Typical values 
3:g.s. units, which 
jj, is small. The 
:;y twice the filter 
Jigh porosity the 
iIhe actual mean 
fer than the filter 
:s 
:; 
:; 

{ts. Consider the 
!tance equal to its 
'iyancy or to some 
jabout 103 years. 
the width of the 
ffusion. The rock 
k which was cold 
re been about 10 
!heat "pulse" has 
i~s the heat at any 
[lthout degrading 
for the Wairakei 
, 
r 

;which water and 
ct is for the heat 
im the heat pulse 
nd those in the 
:ional to the rate 
he pore size, and 
be distinguished 
«ooding (1963) 

:y-induced vortex 
1:1pe. Expressions 
le can be derived 
1uid in a porous 
the same as that 

1966] MARSHALL - W AIRAKEI GEOTHERMAL FIELD 657 

considered here, since in his case the two fluids are different and not inter­
convertible (e.g., oil and water) and he consequently uses the purely kine­
matic boundary condition that the normal components of the filter velocities 
on each side of the interface must be the same. In our case fluid flows across 
the boundary, being converted from one fluid into the other as it does so 
(e.g., hot water becomes cold water). The boundary condition appropriate 
to our case is that the normal component of the mass flow (density X filter 
velocity) must be the same on each side of the interface. When Yih's deriva­
tion is repeated with this new boundary condition, the effect on his result 
equations (66) is that In the denominators (only) P.l must be replaced by 
(pe/Pl)/-'-l (Yih's n9tation). 

For the particular case of a spheroidal hot region with axis of revolution 
of length 2a vertical, and maximum radius r, the upward filter velocity when 
the surrounding cold water is at rest is given by 

k(p2 - Pi) g (3) 

Vl + eV2 

where subscript 1 refers to the hot region and subscript 2 to the cold, and 

where ao = a/,2 JOO _____ d_>.. ____ _ 
o (a2 + ,\)3/2 (1'2 + A) 

f goes from zero to infinity as the ::atio rltl does the same, and in particular 
\\·hen ria has the values of 0'5, 1, and 2, e is respectively ()'168, 0'400, and 
0'892 

It may be remarked in passing that Yih wrongly identifies the velocity of 
the fluid mass with the (filter) velocity in that mass. In fact the velocity of 
the mass is equal to the filter velocity divided by the porosity. A simple 
numerical example will emphasise the difference between Yih's case and 
ours. For a porous medium with 5% porosity in which Plcli p'e' has the 
value 2, a mass of some fluid other than water having the same density and 
viscosity as water at 2500C will move at 20 times the filter velocity within 
the mass, but if the part of the medium containing this fluid is heated to 
2500c and the fluid itself replaced by water at 250°C, this hot region will 
:nove at only twice the filter velocity of the hot water, and this filter velocity 
~s not the same as that in the previous fluid mass because of the difference 
10 boundary condition just discussed. The physical. reason for this contrast­
I~g behaviour is that in the case of the two fluids the porous medium is 
SImply an unchanging framework within which the action occurs, whereas in 
the case of . the hot region the porous medium is involved in the tempera­
ture changes as well as the fluid, and the fluid has to transport the heat of 
the medium as well as its own heat. 

Returning now to the question of possible changes in the shape of the 
hot region as it rises, one might surmise from the expectation that the 
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system will tend to dissipate its gravitational potential energy as rapidly as 
possible, that the hot region will tend to become a tall, thin column, or 
perhaps a number of such columns, this configuration giving the lowest 
value for Il and therefore the greatest value for 11 (elf Yih, p. 228). 
Equation (3) is easily verified for this extreme case, for the downward flow 
in the cold region, having a much larger cross-sectional area to flow through 
than the slender hot column, has negligible velocity. Thus frbm equation (1), 
'Oepd'Oz = 0. By eliminating the pressure term p between the two forms of 
equation (2) corresponding to hot and cold water, one obtains for the 
relation between the two potentials at any depth, 

P1ep1 P2ep2 - (pz - P1)gZ 

Differentiating, P1(oep1/oz) - pz('Oepd'Oz) - (p2 - P1)g 

Hence since 'Oep21'Oz = 0, 'OepI/'Oz = - [(p2 - Pl)lpl)g (4) 

Since there is no horizontal flow except near the end of the column the 
values of the potential and therefore its gradient must be the same in both 
the hot and the cold regions. Substituting (4) in (1), 

kPI 'Oepl kp1 ' ( P2 - PI) k(p2 - p1)g 
11 = - - X - g = (5) 

/Ll 'OZ /Ll PI /Ll 

When an initially spherical hot region becomes tall and rod-like as it 
rises, the effect of thermal conduction becomes increasingly important and 
it will eventually dissipate by thermal diffusion. 

Equation (3) indicates an interesting contrast between the behaviour of 
a hot spot in an infinite cold region, and a cold spot in an infinite hot 
region. Since the viscosity of water at 250°C is only one-tenth of its value at 
20°C (lk1 = 0'001 poise as opposed to /L2 = 0'01) the rate of rise of the 
hot spot is quite sensitive to its shape, whereas the rate of fall of the cold 
one is not. \\i'hen ria = 1 the value of Il is 0'4 so 11 for the hot spot is 
only one-fifth of its maximum value. In contrast, for a cold spot with 
ria = 1, 12 is only 4% less than its ma..'{imum. 

It is interesting to consider the case of a small cold spot inside a hot 
region which in turn is contained in an infinite cold region. If the hot 
region is rising at the maximum rate, so that its filter velocity is given by 
equation (5), then if the cold spot is tall and thin it will remain stationary. 
For in this case ep2 is constant everywhere, and there is zero flow in the cold 
spot just as there is in the outer cold region. The cold spot, however, will 
soon begin to warm up by thermal conduction and begin to rise. If on the 
other hand ria for the cold spot is significantly greater than zero, it wiH 
rise but at a rate which is slow compared with the filter velocity in the hot 
region. This is because most of the upwelling hot water bypasses the cold 
spot which is a high resistance region because of the high viscosity of the 
cold water. The upward velocity of the cold water within the spot is conse­
quently much lower than that of the surrounding hot water. Thus a cold spot 
must either remain stationery or rise slowly in a hot region which is rising 
at the maximum rate. If, however, the hot water is. rising at a rate more 
than a few percent lower than the maximum a cold spot in it will fall. 
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Somewhat different from the case of an isolated hot region is that of a 
>te-ady source of hot water. The steady-state upward filter velocity of the 
hot water is determined by the potential gradient in the cold region and is 
not affected by t4e strength of the source. If this strength is. suddenly 
increased, the increased pressure causes an outward, horizontal flow and the 
greater magnitude of the source is accommodated by a greater area of the 
hot column, the actual velocity being the same as before. 

This discussion so far has assumed uniform permeability. If the upwelling 
hot column encounters a horizontal layer of lower permeability the velocity 
Olust decrease, by equation (1), and the area increase to provide for the 
constant total flow. These changes cannot occur suddenly right at the 
boundary, and consequently for some distance either side of a boundary 
between layers of different permeability there is a departure from the 
pattern of uniform potential gradient and parallel, upward flow. 

A typical example is shown in Fig. 5 for the case of a hot cylindrical 
wlumn encountering a layer 200 m thick in which the permeability is only 
l quarter of its value elsewhere. \'{1hen the continuity equation is combined 
with Darcy's law, equation (1), one obtains Laplace's equation, \J2cp = 0, 
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FI(" 5-Theoretical equipotentials for the steady Darcy flow of a column of water 
at 250°c, where it encounters a layer with permeability only one quarter of that 
of the rest of the aquifer. OY is the mid·plane of this layer; OZ the axis of the 
column. 

(If the horizontal unit of length were 500 m instead of 50 m, this would be 
the distribution of potential for ground in which the horizontal perme-ability is 
100 times greater than the vertical permeability,) 
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for the steady flow case (e.g., Fliigge, 1962). The solution in Fig. 5 was 
obtained by numerical analysis. Notice that the diameter of the column 
begins to expand some 200 m below the boundary with the less permeable 
layer. Although the surface of the hot column is everywhere in equilibrium 
with the cold water at rest which surrounds it, the potential at the central 
axis builds up to higher magnitudes which have the effect of adding a radial 
outward component to the flow, increasing the diameter of the column, and 
at the same time increasing the vertical potential gradient through the less 
permeable layer. In this particular case the pressure on the axis rises up to 
21 p.s.i. above the pressure at the same depth in the cold region; In spite of 
this outward' pressure gradient the whole system is in equilibrium, and if it 
is disturbed, for instance by withdrawing hot water from the high pressure 
region, causing even quite a small drop in pressure there, the diameter of 
the column must contract. That is, cold water will flow laterally into the 
hot region even though there is an outward horizontal pressure gradient 
there. 

Some other solutions for particular cases indicate the general pattern: 
with values as in the first example except that high and low permeability 
layers 400 m thick alternate, the maximum pressure rise on the axis increases 
slightly to 23 p.s.i., and the nature of the. solution shows that further 
thickening of the layers will not aHect this value. (The equipotentials have 
become parallel and horizontal a:, at the bottom of Fig. 5.) 

\Y/hen one takes the two·dimensional case of a vertical wall of rising 
hot water of the same minimum thickness as the minimum radius of the 
previous cases (namely, 200 m), and also makes the low permeability half 
of the high (rather than a quarter) the same maximum pressure rise 
23 p.s.i., is obtained. \Vhen the minimum thickness is increased to 500 m 
the maximum pressure rise increases to 34 p.s.i., in this two-dimensional 
case. 

FORMULATION OF A DIFFERENTIAL EQUATION 

It was concluded in the section on closed tank hypotheses above that 
pressure measurements at Wairakei indicate the existence of an inflow into 
hot water region. What is more, the general similarity of the pressures in 
virtually all bores at anyone time (Fig. 2) indicates that the inlet ro the 
hypothetical tank consists of the whole bottom of the tank; in other words, 
the region penetrated by the bores is the top end of a rising column of hot 
ground water. Although there can therefore be no impermeable bottom to 
the tank, the question is still open whether there might be an impermeable 
wall round the sides down to the depth of the deepest bores. In the absence 
of such a wall the observed fall in hot water pressures in recent years would 
induce a lateral inflow from the surrounding cold ground water. If the 
Peclet number of this inflow (based on pore size) \vere small enough, how­
ever, the incoming water would heat up to the prevailing high temperature 
in the geothermal field as it pa~;sed through the boundary layer, so such 
inflow would not necessarily cause any observable lowering of the temperature 
at the bores. The long term effect of any lateral inflow would be a steady 
decrease in the width of the field; and any bore in the thermal boundary 
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-lrer (i.e., where there is a horizontal temperature gradient) would become 
~,eadily cooler. It may be remarked that such a process would sweep up 
:i1e heat stored in the peripheral rock of the field with 100% efficiency. 

In attempting a quantitative treatment of the flow through an actual 
'found water field one immediately faces the difficulty that the permeability 
;11Y vary considerably from place to place in a manner that cannot be 
simply determined from other physical measurements. This is in contrast to 
,heoretical hydrostatic pressures deduced above which depend only on 
,:ravity and water density, the latter being a known function of tempera­
ture which itself does not change unpredictably from place to place. In 
de-a ling with porous flow one has no option but to choose the simplest con- . 
figuration of .permeability. wh~ch does not violate know:n facts, and which 
one judges Will not oversImplIfy to the extent of removmg the cause of the 
phenomena one hopes to explain. For the purpose of this mathematical 
treatment I postulate the configuration shown in Fig. 6. There are two 
regions in each of wh1ch the temperature is uniform, and the thickness of 
the boundary layer is neglected. The hot region is a solid of revolution 
Jbout the z·axis. In the surrounding cold region the permeability k is uni­
form and isotropic. (The hypothesis of an impermeable wall corresponds 
to k = 0.) In the hot region the horizontal permeability is taken to be 
infinite and the vertical permeability in the undisturbed, natural state to be 
uniform with depth and equal to kao· 

My justification for the catlier drastic assumption of infinite horizontal 
permeability is the similarity of the curves A, B, and C in Fig. 2. This 
.lSsumption removes the possibility of explaining the slight differences 
between these curves, but the aim of the present work is to account for 
the features they have in common. 

The assumption of uniform initial vertical permeability is not as restrictive 
lS it might seem because, as will be shown below, the effect of drilling the 

z 

FH;_ G-The conliguration of permeabilities used in the mathematical analysis. k" is 
the original vertical permeability in the hot region, assumed constant. In general. 
when this vertical permeability varies with depth, as after drilling the bores, it is 
denoted by R,_ 



662 NEW ZEALAND JOURNAL OF SCIENCE [SEPT_ 

bores has been to increase the effective vertical permeability very consider­
ably, making any variations in the initial permeability of secondary import­
ance. 

It is at shallow depths that the model in Fig. 6 most obviously differs 
from reality. In the first place it does not allow for the observed fall in 
temperature of the hot region as the ground surface is approached. The 
assumption, however, of uniform temperature and vertical permeability 
would be mathematically duplicated if the actual permeability were such 
that k3P/ p, remained constant with depth, and as just remarked the precise 
variation of k3 with depth is not of critical importance. . 

More important is the assumption that the ground remains saturated 
with hot water right up to the surface, whereas at depths less than 400 m 
pressures are in fact. not great enough to prevent some water Bashing off 
as steam. Some implications of the resulting two-phase flow will be dis­
cussed below but for the present its effect is ignored. 

In a region where permeability and viscosity are constant the equation 
for fluid flow is (Flugge, 1962, chap. 88) 

k/(p,ff3) '\j2p = ap/at 

which has the same form as the heat conduction equation with the diffusi'lity 
replaced by k/(p,ff3). With f = 0-2 and f3 = 70 X 10-6 per bar as u~;ed 
above, p, = 10-3 poise for water at 250oc, and k = 2-5 X 10-11 cm2, this 
diffusivity equals' 

2-5(10--11 ) 

K = --------'cm2/sec = 1-8 X 103 cmZ/sec = 0'015 km2/day 
10-3 (0-2) 70(10-12) 

If the pressure is suddenly changed at a point distant x from another point 
where the pressure is held constant, the time taken for a uniform pressure 
gradient, and therefore steady Row, to be established between the two points 

0'2 X2 

is given approximately by t = --- = 13 x~ days, in the present case 
K 

(for x in km). Thus for x = 2 km, t is less than two months. As will be 
shown below, the value taken for k is of the right order for the vertical 
permeability in the hot region. In the cold region p, is 10 times greater, but 
so also is the permeability derived below using steady-state theory. The 
assumption of steady-state conditions now made in obtaining the differential 
equation seems therefore not unreasonable in retrospect. For even in the cold 
region it should not take more than a few months to establish steady Bow 
conditions over a region within a few kilometres of some point of disturb­
ance to a previous steady state, and we are dealing here with pressure changes 
occurring over a period of some years. 

Let v and w be the filter velocities in the rand z directions respectively, 
and subscript 1 refer to the hot region, and subscript 2 to the cold. 
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The continuity condition requires that: 

~l?c/'ll~'J + 2/iR3R P2WZ - .,.(R + 3R)2p1 (Ul1 + 31V1) - 2/iR3
z
Pi

V
z = 0 

where R(z) is the radius of the boundary between the hot and cold 

regions. This reduces to: 

2pzvz + 2(dR/dz) (p1Wl - p2W2) + RPl (owl/oz) = 0 (6) 

Because of the infinite horizontal permeability in the hot region </>1 there 
must be a function of z only and Wi also is therefore constant for a given 
value of z. The 'V

2 
and W z in equation (6) refer to their values at the 

boundary, R. Using Hubbert's notation (1940), that </>,)k is the value of 9 
of the ith fluid in the region occupied by the kth fluid, 

we have 
V

z 
= _ ~( '0</>2_) 

p-z or 2 \ 
~ (7) 

md I 

k:WPI ( 0</>1 )1 , 
together with W 1 = - -- --

I.ll OZ 1 J 
Before equations (6) and (7) can be used to obtain a differential 

equation relating the potential to z, some expression must be found for 
(acpJor)2' the radial gradient of </>2 on the cold side of the boundary. 
This can be done by assuming that at some outer radius r e the cold water 
is unaffected by disturbances in the hot region. If the cold water at 
r = re is at rest, the potential </>2 there is zero. 

In the steady state the potential like the pressure satisfies Laplace's 
equation. Solution of this equation with the boundary conditions: 

(</>2(r, Z)2 - 0 at r = I'c 

Equations (6), (7), and (8), together with the equation relating </>1 and 92: 

and (</>2(1', Z))2 - (</>z(Z))l at r = R 

gives (O</>jor)2 - (</J2)I/(R In Rlre) 
(8) 

PI</>l = PZ</>2 - (p2 - pl)gZ 

(which follows from equation (2) ), lead to the differential equation 

(Pcpz 2 dR ( kp2/-l1) d</>z __ + _.- 1---- -
dz2 R dz k3oPlP-2 dz 

_ f 1 + ( dR) 21 kPZP-1 2 </>2 = -=- dR (P2 - PI) g (9) 

L dz U k3oP1/-'.2 R2 In re/R R dz pz 

Scicnce-12 
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The partial differentials have become total differentials since cpz, which is 
actually (</>2)1 the potential which cold water would have in the hot region, 
is a function of z only. 

For any particular choice of permeabilities, temperatures and boundary 
shape between the two regions, equation (9) can be solved to give the 
potential and therefore the pressure at any depth. The potential can be used 
to find the lateral outflow 'V2 from equation (7), and therefore the new 
position of the boundary at some later instant. 

THE IMPERMEABLE WALL HYPOTHESIS 

In using equation (9) to search for values of the permeability which 
would correctly predict observed pressure changes, I have chosen initially 
three observed measurements by which to test possible theories. These are: 

(i) The rate of mass discharge (steam and water) for the whole 
Wairakei geothermal field in its natural state. Fisher (1964) 
estimates this as 440 kg/sec. 

(ii) The pressure at reduced level-900 ft in 1955 (Fig. 2). Most of 
the measurements lie between 890 p.s.i.g. and 900 p.s.i.g. 

(iii) The pressure at the same depth in December 1961. The shape of 
the graph of total discharge (Fig. 1) during 1960 and 1961 would 
lead one to expect that if the time constant of the field were of the 
order of a few months or less, the pressure should be approaching 
an equilibrium value at this date. Figure 2 shows that for the bore 
groups A, B, and c this is inded the case, the pressures lying 
between 750 and 760 p.s.i.g. 

At this stage it is necessary to consider whether the drilling programme 
has caused any significant increase in the vertical permeability in the hot 
region. Banwell (1957) tabulates the bore data up to 1955. The lowest few 
hundred metres of most bores are uncased, so even when a bore is shut off 
at the surface this uncased length might be expected to serve as an important 
bypass for the upwelling hot water in the vicinity, which would flow into 
the bore near the bottom and return to the porous ground below the 
casing. 

At the potential gradients involved the flow in the bores will be turbulent 
(Reynolds number:::::: 10") and given by: 

.6.p = l(ll?!) (P1 ltm
2/2) (e.g., Giedt, 1957) 

where I is now the frictton factor, d the diameter of the bore, and 11m the 
mean velocity in it. Putting 

and 

gives 
bore. 

.6.pII = grad p = P1 grad </>1 

equivalent filter velocity of the 
(10) 
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Since the flow in the bores is turbulent whereas the flow in the pOroU5 
ground is laminar, the ratio of the two types of flow will vary with the 
f;orential gradient; as an arbitrary basis for comparison the gradient given 
bv equation (4), corresponding to cold water at rest, was chosen. To 
a~riye at a value for the natural upward filter velocity from the total mass 
discharge, an estimate for the area of ~he hot column (i.e., the whole geo­
thermal field) is required. From a map showing hot and cold bores I have 
chosen a circle of radius 2 km as being of the right order and used it through­
out these calculations. If we choose kao = (2·5 X 1O-1l)cm2, then equation 
(5) with the values Pl = O·S g/cm3, 1'-1 = 10-3 poise for water at 250

0
c 

and P2 = 1·0 g/cm3, 1'-2 = 10-2 poise for water at 20
o

C, leads to 
WI'.' = natural upward filter velocity = 0·49 X 10-5 em/sec. Multiplication 
by the area of the field and the density PI gives for the total mass dis­
charge, 493 kg/sec, which considering the approximate nature of the esti­
mate of the area is near enough to the mass discharge estimated from 
observations in the field. 

In equation (10) I have chosen f = 0·1 for the friction factor, which 
according to Rouse and Howe (1953) occurs when the depth of irregu­
larities in the wall surface is about 10% of the bore diameter. This is 
almcst certainly an overestimate of the friction factor for a bore with a 
slotted liner. In addition, in such bores I have taken the diameter d as that 
of the liner, neglecting any flow in the slot between the liner and the drilled 
hole. For these two reasons Fig. 7 is a conservative estimate of the increase 
in effective vertical permeability caused by the drilling programme. 

The hypothesis that there is an impermeable wall between the hot and 
the cold regions is equivalent, from the point of view of the hot region, to 
the hypothesis that k, the permeability of the cold region, is zero. If in 
addition we assume that the radius R is constant with depth, equation (9) 
reduces to d2 cp2/dz2 = 0, or d2 cpt/dz2 = O. (This, of course, could be 
obtained directly from the continuity equation and the postulated constancy 
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rIG. 7-The calculated ~ncrease in eff.ective vertical permeability of the hot region 
cl ue to the uncased parts of the bores. 
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of the vertical permeability in the hot region.) In the calculations I have 
approximated the effect of the bores in 1955 to three zones with a constant 
increase in permeability, thus: 

TABLE I-Depth Zones for 1955 

z (metres) 
e o to -130 -130 to -430 -430 to -590 -590 to -965 

o 0·48 0'94 0'32 

e is the equivalent increase of permeability due to the bores when the undis. 
turbed permeability kso is taken as 2-5 X 10-11 cm2, and dcpl/dz = 
- [ (P2 - Pl)/pr]g = -245 cm/sec2

• (For one particular solution I took 
e as rising linearly from 0 at z = 0 to 0-48 at z = -260 m, the values at 
greater depths being as before. This much closer fit to Fig. 7 made a 
difference of only 1-5 p.s.i_ to the pressure at RL - 900 (z = -670 m), 
indicating that the above lumping of the effect of the bores is not a very 
drastic approximation.) 

The 1961 permeabilities were approximated by a hyperbola in 0 > z > 
-450 m, a constant in -450 m, > z > -610 m, and a hyperbola again 
in -610 m > z > about -1100 m. When k3 has the form ka = 
[ak3o/(z+,8)],where a and ,8 are known constants obtained by fitting 
hyperbolas to the appropriate parts of Fig. 7, the continuity equation gives: 

Const. = ka(dcpl/dz) = [akzo/(z + ,8)] [dcpl/dz] 

By integration, CP1 = C 1 (tz2 + ,8z) + C
2 

Thus when the permeability in a given Zone is represented by a constant 
or a hyperbola the potential integrates to a simple function of z.The boundary 
conditions between zones are that CPt> and k3 (d(/>I/dz) be continuous across 
the boundary. 

Converted into the units of Fig. 1 the natural discharge of the field, 
493 kg/sec, becomes 2-:358 million Klb per month. From Fig. 1 the dis­
charge from the bores for 18 months prior to mid·1955 is seen to be close 
to 0-5 of the natural discharge. Similarly at the end of 1961 the average 
artificial draw-off for the previous two years at about 8-3 millions Klb/mth 
is 2'9 times the natural discharge. 

To estimate the mean depth and vertical distribution of the "sink" 
through which artificial draw-off is removed from the hot region, I used a 
table listing the mass flow from each bore at the test measurement nearest 
to but not later than December 1961, together with the number of months 
the bore was discharging during 1961. By weighting this data in different 
ways the following results are obtained: 

Weighting 
Mean sink depth (m) 
Mean uncased length (m) 

TAIlLE 2-Sink Data 

A 

523 
229 

B 

507 
1% 

c 
505 
239 

,I: \1(!eighted acccrding to tIle mass discharge at the time of test. 
B: \V'eighted according to this mass discharge multiplied by the number of months 

discharging during 1961. 
c: Equal weighting. 

1966] MAl 

The mean sink ( 
from each bore is 
length. Clearly the 
but the general Sill 
them as typical. Bet 
assuming the sink w 
(mean depth = .53 
with the upper 11m 
mean length 210 m): 
2 p.sj., indicating 
sink. I 

The effect of suc~ 
meat of equation (~I 
from a horizontal , 
equation is changedJ 
(p.l/kapz ) • (Q/To~2 ~ 
again integrates slO~ 
two boundary condil 
end of the whole s~ 
constants. When wrl 
no non-zero elemen/ 
solution is obtainedJ 
to a lower triangle I 

At the ground sui 
bottom of the ~mpe~ 
from a reservOIr at j 

I . I are postu atmg n~ ci 
have no preconce~vei 
Choice of a partlCu, 
natural discharge r{ 
presence of the borei 

II tvl f k
anp

_
J 

fJ., I 
I 

To keep the set I 
was to solve them fi, 
then use the mean i 
solution to get corr~ 
solution with the n; 
only a few p.s.i. I 

A number of sol~ 
3'0 times the natur~ 
Some of these whiJ 
With the initial potd 
various depths - z,] 
<Plb = -245zb, th\ 
to bring the pressurl 

f 



-590 to --')"~ 
0-32 

when the undi.s­
and d~:'II;d..:: ::::; 
solution I took 

m, the values at 
Fig. 7 made a 

(z ~ -670 m), 
IS not a very 

of the field 
I the dis~ 

seen to be dose 
1961 the averaae 
millions Klb/mth 

In of the "sink" 
It region, I used a 
easurement nearest 
:lumber of months 
s data in different 

c 
505 
239 

. number of months 

MARSHALL - W AIRAKEI GEOTHERMAL FIELD 667 

The mean sink depth is calculated on the assumption that the draw-orr 
(rom each bore is uniformly distnbuted along its un cased (or slot-cased) 
itngth. Clearly the mean sink depth and length are continuously changing, 
hut the general similarity of these three estimates encourages one to use 
:hem as typical. Before obtaining this data I made a number of calculations 
.l.5Suming the sink was uniformly distributed between -450 m and -610 m 
(mean depth = 530 m; mean length 160 m). On repeating some of these 
with the upper limit of the sink raised to - 400 m (mean depth 505 rn; 
mean length 210m), the pressure at --670 m, (RL - 900) changed by only 
2 p.s.i., indicating a fortunate insensitivity to the precise position of the 
sink. 

The effect of such a distributed sink is obtained by repeating the develop­
ment of equation (9) assuming Q crn3 of hot water are removed each second 
from a horizontal layer of the hot column lcm thick. The differential 
equation is changed only by the addition to the right-hand side of a term: 
(vt/ k*) . (Q/rrR2). With the present impermeable waH hypothesis, this 
.lgain integrates simply to a function with two integration constants. \Vith 
two boundary conditions between adjacent zones and one condition at each 
end of the whole series there are as many equations as unknown integration 
constants. When written in matrix form it is easy to arrange that there is 
no non-zero element more than one place above the leading diagonal. The 
solution is obtained without excessive labour by first reducing the matrix 
to a lower triangle by eliminating the unwanted elements in turn_ 

At the ground surface z = 0 the boundary conditions is 91 = O. At the 
bottom of the impermeable wall (z = Zb) we assume the hot region is fed 
from a reservoir at constant potential. Since on the present hypothesis we 
are postulating no connections between the hot and the cold regions we can 
have no preconceived ideas about the value of this reservoir potential, 91~' 
Choice of a particular value determines d¢t!'dz, which together with the 
natural discharge rate determines k:w The upward filter velocity in the 
presence of the bores is given by: 

2'5 X 1O-11J----~1 d~l) 
B - 245 -

k30 dz 
(11 ) 

To keep the set of simultaneous equations linear, the method adopted 
was to solve them first using the values of B for k30 = 2-5 X 10-11 cmz, and 
then use the mean value of I (d</>l/ dz) I for each zone of depth from this 
solution to get corrected values for e from equation (11). On repeating the 
solution with the corrected B the pressure at -670 m usually changed by 
only a few p.s.i. 

A number of solutions were carried out taking the 1961 sink strength as 
3'0 times the natural discharge rather than the more accurate value of 2-9_ 
Some of these which illustrate the general pattern are shown in Fig. 8_ 
With the initial potential gradient chosen as (d</>Jdz) = -245 cm/sec", and 
various depths -Zb chosen for the reservoir always keeping its potential, 
<plb = -245zb, the depth -Zb has to be reduced to as little as 1-H km 
to bring the pressure at Z = -670 m (i.e., RL - 900) up to the observed 
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value for this depth, 758 p.s.i.g. (For Zb = -2 km, the pressure is 700 
p.s.i.g., and for Zb = - co, it is 628 p.s.i.g.) 

For an initial potential gradient of (dp1/dz) = -175 an/sec2 corre­
sponding to k30 = 3'5 X 10-11 cm2, the pressure at -670 m when 
Zb = - co is 689 p.s.i.g, rising to 757 p.s.i.g. when Zb = -1'34 km. With 
k30 = 3'09 X 10-11 cm2

, and Zb = -1'34 km the pressure is 755 p.s.i.g. 
All these solutions were carried through at a time when I was erroneously 

taking the 1955' sink strength as zero instead of 0'5. For zero 1955 sink 
strength the pressure at -670 m in 1955 rises from 882 p.s.i.g. when 
kao = 3'5 X 10-11 cm2 to 928 p.s.i.g. when k30 = 2-5 X 10-11 cm2 • But now 
using the correct sink strengths for 1955 and 1961, respectively 0'5 and 
2'9 times the natural discharge, and choosing kao = 2'5 X 10-11 cm2 and 
Zb = -1'40 km one obtains 896 p.s.i.g. for the 1955 pressure and 755 p.s.i.g. 
for 1961. 
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FIG. 8-Typical solutions for the impermeable wall hypothesis. 

Thus this choice of k30 and Zb allows the impermeable wall hypothesis 
to be fitted to the three field measurements listed at the beginning of this 
section. In effect the depth of the reservoir is determined by the 1961 
pressure requirement and the permeability by the 1955 pressure. 

Before this hypothesis can be accepted as satisfactory, however, it must 
be tested against further field observations. Consider first the pressures in 
December 1963. From Fig. 1 the average discharge from the bores during 
the 10 months before this date was about 13'7 million klb/month, or 4'8 
times the natural discharge. With a sink of this strength and the permea­
bilities as in 1963 one obtains a pressure at Z = -670m of 675 p.s.i.g. 
Figure 2 shows, however, that the pressures in fact fell to about 650 to 
660 p.s.i.g.-not perfect agreement. This, together with the rather unlikely 
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predictions by this theoretical model of a zero-impedance source only 130 ill 
below the bottom of the deepest bore to date make it desirable to examine 
the lateral inflow hypothesis, i.e., that the permeability in the cold region 

is not equal to zero. 

THE LATERAL INFLOW HYPOTHESIS 

The effect of the bores on the vertical permeability can be incorpora(ed 
in equation (9) by replacing the constant k30 in the third equation (7) by 
k" (z), a function of z. On repeating the derivation of equation (9) with 
this modification, one finds the differential equation unchanged apart from 
the addition to the left-hand side of the term: 

~. dka { d<pz _ (PZ - PI)g 1 
ka dz dz pz J, 

(It is easily verified that when k = 0 and ka (z) is a hyperbola, this modified 
ditIerential equation leads to the same solution obtained more directly in 
the previous section.) Assuming for simplicity as before that the radius 
of the hot region R is constant with depth (and = 2 km), the differential 

equation is noW: 

d"ep2 1 dk3 depz kP2/hl 2<p~ 

+ --
dz~ ka dz dz kaPIP'z R2ln I'eiR 

1 dka (P2 - Pl) /hl Q 

- -.-- g+ 
(12) 

k3 dz pz kapz R' 

This equation is assumed to hold down to large depths (mathematically, 
to infinite depth); the undetermined parameter Zb is replaced in this 
hypothesis by the permeability of the cold region k, as a parameter which 
can be chosen to make the hypothesis fit the three field measurements listed 
earlier. The outer radius I'e has also yet to be given a numerical value, but 
since k and re occur only in the third term and in the form kiln rcl

R 
they 

are not independent and changes in their values have no effect provided the 
value for this quotient remains unchanged. In fact I chose I'e = 3 km because 
the cold bores 32 and 33 about 1 km away from the production bores have 
not been affected by the pressure changes in the hot bores-

In the impermeable wall hypothesis the reservoir potential <PlV' which 
determined the undisturbed vertical permeability kao, was also an undeter­
mined parmeter. We achieve a similar freedom with the present hypothesis 
if we allow for the possibility of a general downflow of cold water in the 
cold region such as might be induced if the upwell!ng hot water were heated 

ground water rather than juvenile water. 
Mathematically the effect of this downflow is that at r = I'e, (<P2)~ = Cz 

(C = constant) instead of zero. Equation (8) then becomes: 
(13) 
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The only effect of this on the differential equation (12) is that P2 in the 
third term must be replaced by (CP2 - Cz). If one then makes the substitu­
tion CP2 = CP3 + Cz, a differential equation in cpa is obtained which is iden­
tical in form with equation (12). 

As before the variation of ka was handled by dividing the depths into 
four zones. This time the sink was assumed to be uniformly distributed 
between -400 m and -610 m, as being a slightly better approximation to 
reality than the previous zone -450 m to -610 m_ In this zone the per­
meability was taken as k3 = ak30 = constant, leaving equation (12) as: 

(d2cp2/dz2) - b1
2cpz = (P.l/k3p2)' (Q/rrR2) (14) 

where 

The solution of equation (14) is: 
CP2 == c3eOt" + C4e-°l" - 1/b1

2 (P.l/kaP2) (Q/r.R2) 

In the lowest zone, below the bores, the differential equation is like' 
equation (14) except that Q = 0 and a = 1. Since at z = - 00, we want 
CP2 = 0 the solution is simply: CP2 = c7ebz• 

In each of the zones 0 > z > -400m and -610 m > z > about 
-1,100 m, Q = 0 and a fairly simple analytical solution can be obtained 
if the permeability ka has the form: 

ka = akao (:r + (3)2 (15) 

In this case equation (12) is reducible to homogeneous linear form, giving 
the solution: -

CP2 = c1(z + f3)Dl + '~2(Z + (3)D, 

+ [(P2 - Pl)/ pzJ[2g(z + (3)/(2 - bZ
/ a)} 

where D1 and D2 are the roots of the auxiliary equation 

D2 + D - bZ/ a = 0 

namely, Dl and Dz = -i -t- Vi + b2/ a 

While the parabolic approximation to k;1> equation (15), is not as close 
as the hyperbolic approximation (used in the previous hypothesis) in the 
zone -610 m > z > about -1,100 m, it is a slightly better approximaion 
in the shallowest zone. (See Fig_ 7.) 

The search for the pair of values for kao and k which would best reproduce 
the 1955 and 1961 pressures proceeded much as for the previous hypothesis, 
trial solutions gradually displaying how the pressures vary with changing 
permeabilities. The best result after four solutions at each date was 
k:lO = 2'5 X 10-11 cm2

, and k =.: 2-3 X 10-10 cm2 • These permeabilities 
make the pressure at z = -670 m in 1955, 892 p.s.i.g. and the 1961 
pressure 764 p.s.i.g. The indications are that a better fit might be obtained 
with kao = 2-5 X 10-11 cm2 and k = 2'0 X 10-10 cm2; these should give 
pressures of about 890 p.s.i.g. and 757 p.s.i.g. respectively. 

As before I next checked fo see how closely this lateral inflow model 
would predict the pessure in 1963. With k = 2'3 X 10-10 cm2 the 1963 
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nre'55Ure came to 665' p.s.i.g. and with k :::;:: 2'0 X 10-10 cm
2 

it carne to 
~,,() p.s.i.g. giving quite satisfactory agreement with Fig. 2. 

DISCUSSION 

In both the impermeable wall and lateral inflow hypotheses the original 
rcrtical permeability in the hot region, k30 , was left as a parameter to be 
determined by fitting the calculations to the field observations. It is signifi­
(lnt that in each case k30 came out as 2'5 X 10-11 cm2, the value which in 
the lateral inflow hypothesis corresponds to the cold water at r = r e being 
J.t rest, and which in the impermeable wall hypothesis corresponds to the 
potential at the bottom of the wall Z = Zb being that of cold water at rest. 
In fact the constant potential reservoir postulated at Zb in this latter 
hypothesis could mathematically be a continuation of the hot column 
surrounded now by a cold region with infinite permeability. For on putting 
k = :J) in equation (9) one obtains the solution .p2 :::;:: O. 

With this in mind it can be seen that the two results form part of a 
pattern. As shown above, if there were an inpermeable wall extending to 
great depths, the pressure would have to fall well below observed values 
in order to supply the 1961 rate of discharge. The amount of pressure 
drop can be relieved either by replacing the wall below a depth of 1,400 m 
by unimpeded inflow, or by having some inflow at all depths of an amount 
determined by k = 2 X 10-10 cm2. It is almost certain that numerous other 
Jistributions of the permeability k with depth (and azimuth) could be 
found to fit the 1955 and 1961 pressures, and those in 1963. The value 
k = 2 X 10-10 cm2 is just an average value. 

The acceptability 'of the impermeable wall hypothesis is reduced by con­
sidering the effect of allowing for two-phase flow at shallow depths. At 
high Reynolds numbers the pressure gradient required for two-phase flow 
at the pressures involved here is of the order of 10 to a hundred times the 
pressure gradient for liquid flow (Owens, 1962). If this also holds true for 
Darcy flow, then the original vertical permeability at shallow depths in the 
hot region must have been 10 to a hundred times greater than assumed 
above, in order to transmit the natural outflow without a gross increase in 
the area of the hot column. In this case the relative effect of the bores on 
the vertical permeability at these depths must be reduced by the same factor. 
An indication of the effect of two-phase flow should therefore be given by 
ignoring the effect of the bores in the zone 0 > Z > -400 m. 

If as before the depth of the impermeable wall is determined mainly by 
the 1961 pressure, a quick estimate of Zb in this case can be obtained by 
~nding the value which gives the required pressure in 1961 without bother­
mg about the fit in 1955. The result is that Zb must be raised from -1'40 km 
to -1'29 km, only 20 m below the bottom of bore number 223. 

In contrast to this the lateral inflow hypothesis is not shaken by this 
allowance for two-phase flow, since the parameter k is not bordering on an 
unacceptable value. In any case a pressure measurement at the bottom of the 
deepest bores would decide between the hypotheses because it is there that 
the predicted pressures differ most (by over 100 p.s.i. at Z = -1,200 m in 
1963). 
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By giving a measure of the vertical gradient in the cold region at r = re 
these calculations give an indication of the extent to which the hot water' 
may be recirculating cold ground water. My calculations above indicate 
that the constant C in equation (13) is not greater than about 5. From this 
it is easily verified that if the permeability of the cold region is isotropic, 
the area over which uniform downflow must occur to supply the natural 
rate of outflow from the hot region is greater than 40 times the area of the 
hot column. If the cold ground like the hot has greater horizontal than 
vertical premeability this area must be even greater. 

For C < 5, if the cold region has isotropic permeability the downward 
filter velocity there is not greater than 10-7 em/sec. It is interesting that 
Wooding (1963) suggests that a downflow of this order could be induced 
by entrainment of cold· water into the rising hot water column. Since my 
work gives an estimate of the ratio of the permeabilities of the hot and the 
cold regions, it can be used to estimate the depth of Wooding's "virtual 
source". The models differ in that Wooding took the permeability as iso­
tropic but temperature dependent, but if my ratio k/ k30 of cold horizontal 
permeability to undisturbed hot vertical permeability is equivalent to his 
permeability ratio ko/kl (an assumption that needs investigation), Wooding's 
Table 3 shows that the depth to the virtual source is about 9 km. 

One of the points of greatest interest in the lateral inflow hypothesis is 
the actual rate of inflow and the consequent rate of contraction of the hot 
column. From equations (7a) and (8) the inward filter velocity -V2 in 1963 
at the depth of 670 m is 5'0 X 10-6 em/sec when k = 2'0 X 10-10 cmz• 
For k = 2'3 X 10-10 cm2 the velocity is about 10% higher. The velocity is 
near the peak of a broad maximum at this depth, the value at z = -1,038 m 
being only 7% lower, but 22 % lower at z = -400 m. It may be noted 
that this rate of inflow is about 40 times greater than that due to entrain­
ment obtained by Wooding. 

As mentioned earlier the boundary between the hot and the cold regions 
moves at nearly twice the filter velocity in the cold region, i.e., at about 
10-5 em/sec or 3'0 m/year. The contraction of a radius of 2 km at this 
average rate should not cause great concern to power-production authorities. 

It is of interest to consider where the water removed from the ground 
through the bores comes from. On the impermeable wall hypothesis it can 
come only downward from the ground surface and upward from the 
reservoir at the bottom of the wall. The solution for 1963 conditions shows 
36% of the total drawoff as coming down from the surface. This corresponds 
to a downflow of nearly twice the natural rate of outflow before drilling 
began, and does not agree with the observed fact that while the outflow of 
hot water and steam at the ground surface has been reduced it still has a 
positive value. 

On the lateral inflow hypothesis the source of the water can only be down­
flow from the surface and lateral inflow from the cold region. This lateral 
inflow extends to much greater depths than the deepest bores, but ultimately 
the reduction in potential in the hot column caused by the drawoff through 
the bores falls to zero, leaving the rate of upflow at great depth unchanged 
at its natural value. The amount of inflow between two levels is given by 
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the difference between the vertical flows at the two Levels, exce?C in me 
dr;twOff zone where the sink strength must be t3.ken into acmunt .. In lS,63 
51j( of the total drawoff came from lateral inflow be~'een the suria<;:e ;w.d 
the Jepth of 400 m, a further 5% between 400 m and 610 ill, ;w.d 12:% 
between 610 m and 1,038 m. The upflow at 1,038 m depth :ucOc:::lted ior 
.1Y!c of the drawoff, this representing the lateral inflow at all deptb greLIer 
than 1,038 m. The remaining 35% comes from downdow at the scrface~ as 
in the impermeable waH hypothesis. 

It is not surprising that both theories show their greatest d.,::"'erge:nce 
from observed facts near the ground surface, since the occurrence: of G;\'O­

phase flow and the fall in temperature of the hot region at shallc,"W deprhs 
were ignored in each case. The success of the theory, however, in :ll:councing 
for the observed pressure changes at depth encourages the hope th:l:t shallow 
depth phenomena might also be predicted correctly if the theory were 
modified by including these two neglected aspects, a..'1d also allawing for 
possible variations in the permeabilities and radius of the fieid wim d<:?th. 

It may be remarked that the author considers the main contrroutioCl of 
this paper to be the demonstration that some of the gross pressuI'e chac.ges 
\\'ith varying rates of drawoff at WaJrakei can be reproduced by an iLdmitredly 
oversimplified model in which some of the physical constants are dedoced 
fairly directly from field observations, while others are inferI'ed i::y mmng 
the model fit a portion only of the pressure-drawott measurements. Such 
constants as the area of the hot column were chosen simply a-; being of 
approximately the right magnitude, and in fact the next sta.?e in this 
investigation is to programme these calculations for the electronic computer 
and discover how sensitive the predicted pressures are to variatio'!:lS in such 
parameters as the area of the hot column. Thereafter the sarch ::nust con­
tinue for a model which, while still successfully accounting fcc pres.5Ure· 
changes, does not make the incorrect prediction of a considenble dowdow 
of hot water from the surface. 
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