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ABSTRACT gradients and heat fluxes have lacked some of the refine-
. A new computational method is prese nt ed which calcu- ment recommended here (f OYNER 1960; G RI SAFI, RIEKE, 

· Inles geothermal heat flow values and geothermal gradients SKIDMORE 1974) In these former solutions the actual 
with more recision than ~ermitted by ~y publisbed---,--_. . ---' .. --,--- --.-- ,----1 
tccnniques. The d,:ta required are: geo\ hermal temperature ; t- IIThographlc ·column was replacedoy a regional or local 
n knolVn depth, mean surface tempcralUre. the rock types in characteristic column composed of rock with intermedi-

, the stratigraphic column and the thermal res istivity values for t til I' I . . . .. Th' . I . I'f' d 
the different types of I'ock s. This mcthod is valuablc in areas a e e ma plOpertles. IS I cp acement simp I Ie 
that have no measured gradient values. Bas ic equation used the calculation of heat flux values or geothermal gradi-

, was the. Fourier heat transfer equation 61 A = -lip, (aT/ax) ents but the simplification gave ave raged answers which 
where 0 1 A is heat flux in !lcal!(cm ~ s), p, is thermal resistivity . ., ' 
("C s cmlilcal) and aTlax is the x component of the temperature lost alai ge degl ee of local detail. 

• gradient ("C/ cm) . The thermal resistivity was allowed 10 vary In other simplifications (GRtSAFI, RIEKE, SKIDMO-
linearly with lemperature p, = p,o [I + K, (T - 30)J where 
p, is thermal resislivity of the lithographic segment "i» at a . RE 1974), segmental values of thermal resistivity have 
temperature T , p;" is thermal resistivity al 30 "C and K, is been grouped rather than ordered naturaJly, have been 
the temperature coefficient of thermal resistivity. The procedure averaged over temperature, 01' have been presumed 
consisted of intergrating the combined equation for heat flux 
in terms of temperature dcpendenl res istivily. constant with temperature . As wil,l be shown, each of 

[Two iteralive solutions were used to simplify the caicu- these assumptions has an effect upon heat flow values 
lalions: exact and approximate . The heal flu x for each well 
was assumed to be 1.0 H FU and segmenlal lemperatures were as weJl as overaJi and segmental geothermal gradient 
calculated from the bottom (arbilrarily) up , until a surface values. These effects are compared by means of the 
temperature was obtained. The calculaled surface tempera- computational methods proposed by the authors. 
lure could Ihen be c9mpared wilh the mea n surface tem-
perature (MST) . Correction in the heat flu x value was made The methods presented here provide two im-
unlil Ihe calculalecl surface temperature and MST agreed. An I d d . I 
Inalysis of three deep Appalachian test wells was made and proved SOlutions to t le stea y state con uctlve leat 
the resulls showed the erilical imporlance of lithographic order- transfer problem. These solutions, however still have 
ing and the temperature dependence of thermal resistivily upon several constraints. The constraints are: 

[ calculated geothermal quantities. 

Introduction 

Individual geothermal gradients and heat flux 
values are important for predicting slII'face or ill situ 
lemperatUl'e effects which result from thermal pertur­
bations. Some perturbations result from therma l recov-

. , cry of heavy oil, ill situ shale oil 01' coal conversion, 
or geothermal energy extraction. [n addition, [he in­

I, dividual thermal effects are often accumulated into va­
·rious types of regional geothermal surveys, such as 

. geothermal gradient and hea t flow maps. These maps 
Irc then correlatea ble with historical geo logic factors , 

, ',"'Ophysical factors and phenomena, geochemical ob­
I ' 1Ctvations, and large-sea Ie plate tecton ic theories in 

order to formulate a theoretical thermal model of the 
~trlh's crust (SCHUBERT, AND ERSON 1974) . Some former 
$Olutions to the problem of determining local geothermal 

• Ph ys ics Dep <Ii'llllenl. Wesl Virginia Universily, Morgan­
town, W. Va. 26506, USA. 

•• School of Mines, Wesl Virginia University , Morga nlown , 
W. Va. 26506, USA . 

- the thermal resistance consists of horizontal stacked semi­
infinile slabs so that hea t fl ow lines are parallel outward 
and are unaffected by edge effecls, 

Ihe lithographic segments all hough differing from each 
other are internally homogeneous and isotopic , 

- the hea t generated or absorbed in a segment is negligible. 

- Ihe thermal res istivity (or conductivity) values vary with 
each segmenl and change instantaneously at the segmental 
boundary, ancl 

- the thermal res istivity vari es from segment 10 segment and 
wilhin a segment increases linearly with lemperalure (JOY­
NER 1960). 

Equations goveming heat flow by conduction 
under these constraints have been written and solved 
by two approaches, namely, exactly and approximately . 
In both the exact ancl approximate solutions the heat 
flow equ ation was solved by formally integrating the 
hea t eq uation and manipulating that result. The exact 
so lution used the the rmal res istivity function exactly, 
whereas the approxi mate solution used the arithmetic 
mean thermal resistivity for a lithologic segment. The 
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I' exact solution was ' applied to the litliographic column 

and the column was artificially altered in the following 

ways: 

- inverted, 

- rock types, i.e. sandstones , limestones a nd shales, together, 

- rock types grouped together and inverted, and 

- thermal resistivity held constant at pO for 30 "C for a given 
rock type (K, = 0) . 

Mathematical approach 

The data used for these calculations are: 

- mean surface temperature, 

- thermal properties of extant rock types, 

- lithologic character of the stratigraphic column (rock type, 
sequence, and thickness) , 

bottom hole temperatures and \Veil depth. Good subsur­
face temperature data are often not available. 

Uncertainty is greatest in bottom hole temperature 

measurements which may have been obtained for ther­

mal non-equilibrium situations. SCHOEPPEL and G[LAR­

RANZ (1966) have shown that the maxil11ul11 logged tem­

peratures, when properly recorded, provide better basic 

data than previously realized. In addition the rock type 

was inexactly described owing to mixtures of different 

lithologies, e.g., silty sandy shale. 

Data lIsed in the illllstrative computations were 

extracted frol11 well logs of exploratory wells drilled 

in West Virginia. Description of each well and the lo­

cation are presented in Table 1. With these data, the 
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FIG. I . - Physical /orll1 0/ solution. 
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heat flow pel' u'nit al'ea can be calculated using the 

Fourier heat transfer equation 

(j aT 
(I) 

A P ax 

where Q is the x-direction (upward) heat flow per unit , 
A . 

area in Ilcal/(cm" s), p is the thermal resistivity (DeCmS/ 
Ilcal), aT is the temperature difference (DC) across a slab 

thickness dX (cm). The negative sign governs the con­

vention from the second law of thermodynamics; i.e., 

that heat flows from hotter to cooler regions. 

TABLE I. - Basic data Llsed to demonstrate computation method. 

A. WELL No . I 
Randolph Co., HUllonville District. WY (Randolph No. 103·) 

Elev. 2036 feet; 38" 45' N; 79" 55' W 

I 
2 
3 
4 
5 
6 
7 
8 
9 

10 
II 
12 

~ ... 
C Q) 
... .n 

fo E 
Q) :l 

r.n C 

I 
2 
3 
4 
5 
6 
7 
8 

· 9 
10 
II 
12 
13 
14 
15 

MST = 12.8 "C I3HT = 119 "C 

Depth range 
(ft) 

o 2280 
2280 2310 

230 2480 
2480 2695 
2695 2830 
2830 3460 
3460 4906 
4906 5703 
5703 5917 
5917 7310 
7310 10118 

10118 13121 

Vl C Vl Q) 

~E~ 
"" 00 E u Q) U 
. ..... V)~ 

..c: 
f- .... o 

Lithology 

69494.40 Sh 
914.40 LS 

5181.60 Sh 
6553.20 LS 
4114.80 SS 

19202.40 LS 
44074.08 LS + SS + Sh 
24292.56 Sh 

6522 .72 Impure SS 
4245R.M Sandy Sh 
85587.84 Sh 
91531.44 LS 

B. WELL No.2 

296 
t62 
250 
184 
95 

162 
170 
296 
157 
211 
296 
162 

Springfield Dis trict; (Hampshire No. 12 0 ) 

Elev. 900 feet; 39° 30' N, 78° 35' W 

MST = 12 .8 nc BHT = 82.2°C 

~ 

VlC 
co .cu ~ :G ... 

. :; 0 .• :::..: 

Depth range cE~ Lithology 
"" 0 0 E '=0 E 

(ft) u ... u .~r') u 
. - en '-'" ..c: Q) ~Vl 

f-'- e<:"'u 0 
~ 

0 295 8991.60 Sh 296 
295 660 11125.20 Impure SS 157 
660 2360 51816.00 . LS 162 

2360 2560 6096.00 SS + Sh 157 
2560 2760 6096.00 Sh + LS 221 
2760 3140 11582.40 SS + Sh + LS 157 
3140 3188 1463.04 Impure SS 157 
3188 3780 18044.16 Sh 296 
3780 3850 2133 .60 Impure SS 157 
3850 4144 8961.12 Impure SS 157 
4144 5600 44378.88 Impure SS 157 
5600 6510 277J6.80 Impure SS 157 
6510 8000 45415 .20 Sh 296 
8000 9300 39624.00 Sandy Sh 211 
9300 14000 143256.00 LS 162 

/\ 

(,'C- I) 

0.001 
0.00) 
O.OUI 
0.00) 
0.(0) 
0.[lO3 
0.001 
0.001 
0.00) 
0.001 
0.001 
0.003 

K 

("C- l ) 

0.001 
O.DO} 
O.(lO) 
0.001 
O.llOl 
0.001 
(l.tlOl 
0.001 
O.DO ) 
0.001 
O.llO} 
O.(lOI 
O.tlO l 
O.cXJ I 
o.OO} 

l 

M," 

2 
J 
4 
5 
6 
7 
8 
9 

[0 
II 
12 
IJ 
14 
15 
16 
17 
III 
19 
20 
21 
n 

23 
24 
25 
26 
27 I ' 
2R I · 
29 I I 
30 I. 
31 1 
32 I · 
33 Ie 
)4 II 

• \ 

llul11bcl 

'1 
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C. WELL No.3 

Marshall Co., Liberty District, WV; (Marshall No. 539 *) 

£lev. 1423 feet; 39" 50' N; 80" 30' W 

MST = 12.8 "C BHT = 115 "C 

Oi 
we u 

>. =# 
!(I <1) ·~U" K Depth range cE~ Lithology 'E~ § ~ bO E 

(ft) U <1) U .~('"t) 
(OC-I) .- cn_ 

~ ro V) ..c: 
E-'- r::t: U 0 

e.... 

I 0 280 8534.4 Impure SS 157 0.003 
2 280 450 5181.60 Sh 296 0.001 
1 450 560 3352.80 Impure SS 157 0.003 

" 560 650 2743.20 Impure SS 157 0.001 
S Ji50 .~~ .. 730 2438.40-ImpUl·e 5S 15T~~ O.O(J3--
6 730 780 1524.00 LS+Sh 162 0.003 
7 780 940 4876.80 Sh 296 0.001 
8 940 1120 5486.40 LS 162 0.003 
9 1120 2280 35356.80 Sh 296 0.001 

10 2280 2370 2743.20 LS 162 0.003 
II 2370 2620 7620.00 Impure SS 157 0.003 
12 2620 2973 10759.44 Sh 296 0.001 
J3 2973 2993 609.60 Impure SS 157 0.003 
14 2993 3170 5394.96 Sh 296 0.001 
IS 3170 3205 1066.80 Impure SS 157 0.003 
16 3205 3240 1066.80 Sh 296 0.001 
17 3240 3285 1371.60 Impure SS 157 0.003 

. 18 3285 3310 762.00 Sh 296 0.001 
19 3310 3350 1219.20 Impure SS 157 0.003 
20 3350 3520 5181.60 Sh 296 0.001 
21 3520 3540 609.60 Impure SS 157 0.003 
22 3540 7575 122986.80 Sh 296 0.003 
23 7575 7802 6918.96 LS 162 0.003 
24 7802 7890 2682.24 Impure SS 157 0.003 
25 7890 9780 57607.20 LS+DO 162 0.003 
26 9780 10150 11277.60 Sh 296 0.001 
27 10150 10190 1219.20 DO 162 0.003 
~8 10190 10470 8534.40 Impure SS 157 0.003 

10470 12400 58826.40 Sh 296 0.001 
12400 13800 42672.00 Sh+LS 221 0.001 
13800 14040 7315.20 LS 162 0.003 
14040 16095 62636.40 DO 162 0.003 
16095 16275 5486.40 Impure SS 157 0.003 
16275 16512 7223.76 LS 162 0.003 

Virginia Geological and Economical Survey well 

The major mathematical problem when emploving 
Fourier heat transfer equation is that the thermal 

resistivity is a function of temperature of the material. 
According to JOYNER (1960) a linear relation between 
lemperature and thermal resistivities of different rocks 
exists and can be expressed as 

Pi = pt (1 + Ki (T - 30» 

where pio is the thermal resistivity at 30 "C, Ki is the 
temperature coefficient of thermal resistivity (OC-1

), 

and T is the temperature in °C. 
The variation from linearity of the T vs x ex pres­
is determined by the change in thermal resistivity. 

Thus, a thicker segment with a higher temperature 
coefficient would tend to deviate more from a linear 

vs x relation. 

Values of g were calculated for each of the three 
A 

exploratory wells described in Table 1 using both the 
exact and approximate methods. These values are 
listed in Table 2 and the two methods, for these cases, 
give identical results. Results upon heat flow of various 
assumptions about the lithographic column, calculated 
exactly, are presented in Table 3. As expected, signif­
icant changes occur in HFU. Maximum value changes 
at K = 0 reflect lower resistivities which result from 
the neglect of the resistivity temperature dependence. 
Other changes occur with inversion of extant stacking 
order, grouping by K, and inverted grouping by K (Ta­
ble 3). The need for prec;i?e ClIlCLdelailed~JitbographiG 
sfacKing-oraer~~s wdl as thickness and rock type, is 
obvious. 

The same factors which influence heat flow also 
determine segmental geothermal gradients. Table 4 
shows the effect upon each segmental gradient of each 
of the transpositions described. Inversion places a seg­
ment into a different temperature range and thermal 
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CALCULATE 

NO 

CAN 

ITERATION 

ONVERGE 
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FIG. 2. - Logic fur computation of heat flow (('21 A). 
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TABLE 2. - Va/lies of heat flail ' (0 1 A) for three test wefls 
calculated by tlllO differellt methods. Lithology is il1 normal 
stratigraphic sequellce for each well. 

TABLE 4.' - Descriptions of three wells used to demollstratc 
computatioll method. 

1\ 1 
II, (I Well No, 2 3 

Lithologic Exact Inverted Grouped 
by K 

(0.001 
first) 

Grouped 
by K 
(0.003 
first) 

R \ i 
segment solution order 

It !' 
I, ! 

6J A I.l.Cal/(cm2 s) 

Exact 

Linear approximation 

(12 
lithologic 
segments) 

1.25 

(15 
lithologic 
segments) 

0 .82 

(34 
lithologi c 
segments) 

0,74 

~d I,. in 01 1.25 0 .82 0.74 2 

II) I 3 

: i! ! ~ 
Ii II! j' . 6 
II' I TABLE 3. - Neat flail' (O I A) values exactly calculated lor the 7 

2.49 
2.74 
2.75 
2.17 
3.8\ 
2.17 
2. 11 
1.23 

A. RANDOLPH No. 103 

2.02 2.02 2.47 
2 .09 2.17 2.10 
2.76 2.78 2 .70 
2.19 2. 17 2.33 
3.91 3.86 3.75 
2.27 2.20 2.13 
2 .40 2 .10 2.38 
1.42 1.23 1.39 

Normal 
order 

K=O 

2.15 
2.15 
2.S0 
2.0S 
3.n 1 
2.25 2 
2.15 J 

: r-=ll three test \IIells ~m!J/oying diifere/~t stratigraphic arral1g~e_- ___ __ ~ 
I mel1t~for the varIOus iltho/OgIC- WlItS . 10 

II, 
.9 2-:-75---2.3'1--- 2-:-68 

1 .~6 4 
--2.441- -+- -'5;--

! 
i I. 2 3 II 

Lithologic unit 12 
arrangement (12 (15 (34 

I. I litholog ic lithol ogic lithologic 
If ~ segments) segments) segments) 

'II 
II 
.j: ~ 
! ! 

Normal order 

I nverted order 

Grouped by K 
(K = .001 first) 

Grouped by K 
(K = .003 first) 

Normal order 
K = 0 

1.25 

1.27 

1.27 

1.24 

1.32 

0 .82 0.74 

0.85 0.74 

0 .85 0.75 

0 .82 0 .72 

0 .85 0.79 

resi stivity . range while negl ec t of temperature de­
pendence lowers resistivity and changes geothermal 
gradient. Segmental interlayer temperatures and effec­
tive res istivites (not shown) varied slightly for the 
lithographic transpositions described. 

Additional contributions could be made by extend­
ing the resistivity function in temperature to the quad­
ratic and by determining effective surface tempera­
tures and heat flow values in the field. 

Conclusion 

A simple met hod was devised for computing hea t 
flux, segmental and overall geothermal gradients and 
effective thermal resistivities for lithographic columns 
from data comprising bottom hole temperature, depth , 
mea n surface temperatures, rock types, thermal resisti ­
vity at 30 nC and variation in thermal resistivity with 

. the temperature coefficient of thermal resistivity .• 
Results on three test wells show that use of an 

average (arithmetic mean) thermal resistivity in a seg­
ment leaves exact values unaltered while neglect of K, 
and various rearrangements of lithographic segments 
change important values significantly. 

The computational method was programmed using 
FORTRAN IV. The program and complete outputs for 
the three test wells are available upon request frol11 
the authors. A sample output is presented in Table 5. 
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2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 

I 
2 
3 
4 
5 
(, 

7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 

3.16 
2.08 
3.68 

1.50 
1.79 
2.48 
1.31 
1.32 
1.29 
1.31 
2.44 
1.29 
1.29 
1.82 
1.29 
1.30 
1.24 
2.40 

1.50 
1.45 
1.48 
1.46 
1.74 
2.31 
1.34 
1.38 
2.29 
1.35 
1.30 
1.34 
2.34 
1.20 
2.21 
1.19 
2.21 
1.19 
2.22 
1.19 
2.21 
1.18 
2.20 
1.16 
1.18 
2.16 
1.15 
2. 15 
1.14 
1.11 
1.14 
1.11 
2.14 
1.10 

3.38 3.38 3.12 
2.45 1.96 2.54 
4.06 4 .06 3.65 

B. HAMPSHIRE No. 12 

1.50 
1.79 
2.4') 
1.31 
1.32 
1.29 
1.30 
2.44 
1.29 
1.29 
1.82 
1.29 
1.30 
1.24 
2.40 

1.34 
1.79 
2.52 
1.34 
1.34 
1.34 
1.34 
2 .44 
1.29 
1.29 
1.82 
1.29 
1.30 
1.24 
2.40 

C. M ,II\SHALL No. 539 

1.50 
1.45 
1.48 
1.46 
1.74 
2.31 
1.34 
U8 
2 .29 
1.35 
1.30 
1.34 
2.34 
1.19 
2.20 
1.19 
2.2 1 
1.19 
2.20 
1.19 
2.21 
1.18 
2.19 
1.16 
1.18 
2.16 
1.15 
2.15 
1.14 
1.11 
1.14 
1.11 
2.14 
1.10 

1.13 
1.11 
1.15 
1.16 
1.62 
2.20 
1.20 
1.24 
2.22 
1.26 
1.24 
1.28 
2.44 
1.35 
2.30 
1.35 
2.32 
1.35 
2.31 
1.36 
2.3 1 
1.39 
2.31 
1.38 
1.45 
2.34 
1.48 
2.36 
1.49 
1.44 
1.26 
1.44 

2.37 
1.45 

1.41 
1.86 
2.58 
1.36 
1.31 
1.39 
1.30 
2.63 
1.40 
1.40 
1.97 
1.40 
1.33 
1.27 
2.65 

1.40 
1.36 
1.38 
1.37 
1.72 
2.35 
1.29 
1.34 
2.37 
1.32 
1.27 
1.30 
2.28 
1.16 
2.38 
1.16 
2.39 
1.16 
2.39 
1.16 
2.38 
1.16 
2.38 
1.14 
1.16 
2.39 
1.16 
2.41 
1.16 
1.12 
1.28 
1.1 2 
2.4 1 
1.12 

JJI C 
2.15 7 
3.92 II 

1.38 
1.79 
2.52 
1.34 
1.34 
1.34 
1.34 
2.52 
1.34 
1.33 
1.88 
1.34 
IJR 
1J4 
2.52 

1.28 
1.24 
1.28 
1.28 
1.74 
2JJ 
1.24 
1.2R 
2JJ 
1.28 
1.24 
1.28 
2JJ 
1.24 
2.33 
1.24 
2.3J 
1.24 
2JJ 
1.24 
2JJ 
1.24 
2.H 
1.24 
1.28 
2.H 
I.2R 
2.H 
1.~ 8 
1.24 
1.24 
1.24 
2.33 
1J.1 

9 
10 
11 
12 

I{ I I 

GIU 

SO l! 



TADLE 5. - Sample pr:ntou! for well No. I : Ilormal order, exact solutiolls. , _._- - - - -

DELTA 0.50E-07 HEAT FLOW IS 1 .25 ~lICROCALORIES/CM**2/SEC. 

N = 12 TBOT = O. 1190000E 03 TTOP = 0.1280000E 02 

AVERAGE Q OVER INTERVAL 1.25 COI~PARISON 11ITH THE CALCULATED VALUE -0.00 PERCENT 

t[VEL TEMPERATURE GRADIEtH, RHO AVE THICKNESS TOP TEt~P DEL TA TEMP RHO 30 K 

1 96.16 -0.25E-03 199.70 0.9153E OS 96.16 -0.228E 02 162.00 0.30E-02 
2 77 .84 -0.21E-03 171. 23 0.8559E 05 77 .84 -0.183E 02 162.00 0.10E-02 3 .1 , 66.17 -0.27E-03 219.86 0.4246E 05 66.17 ·0.117E 02 211 .00 0.10E-02 
4 64.75 -0.22E-03 173.70 0.6523E 04 64.75 -0.142E 01 157.00 0.30E-02 
5 55.49 -0.38E-03 304.92 0.2429E 05 55.49 -0 .92GE 01 __ 296.00-- 0.lOE~02 
6 4~.93 -0.221:-03--173 .52 0.11407E OS 45.93 -0.956E 01 170.00 0.10E-02 
7 41.88 -0.21E-03 168. 76 0.1920E 05 41.88 -0.405E 01 162.00 0.30E-02 
8 41.37 -0.12E-03 98.31 0.4115E 04 41.37 -0.506E 00 95.00 0.30E-02 
9 39 .82 -0.24E-03 189.85 0.6553E 04 39.82 -0. 156E 01 184.00 0.30E-02 

10 38.18 -0.32E-03 252.25 0.5182E 04 38.18 -0.164E 01 250.00 0.10E-02 
11 37.99 -0.21E-03 16S.93 0.9144E 03 37.99 -0.190E 00 162.00 0.30E-02 
12 12.40 -0.37E-03 294.58 0.6949E 05 12.40 -0.2S6E 02 296.00 0.10E-02 
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