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Three-dimensional resistivity inversion using alpha centers 

Wm. R. Petrick, Jr.*, Wm. R. Sill*, and S. H. Ward:\: 

ABSTRACT 

The method of alpha centers represents a class of solu
tions to the three-dimensional (3-D) dc conduction equa
tion based on certain nonlinear substitutions for electric 
potential and earth conductivity. A solution is obtained 
which is sufficiently fast to make the inversion of 3-D re
sistivity data practical. The inversion routine results in a 
conductivity distribution defined by ex centers which 
simultaneously fits the data from several parallel or per
pendicular dipole-dipole profiles. 

To illustrate the characteristics of this modeling approach, 
we apply the inversion algorithm to three theoretical and 
four field data sets. The four field data sets represent 
samples from massive sulfide and geothermal environ
ments. The technique, when applied to theoretical data 
from prismatic bodies, gives fairly good estimates of the 
positions of conductive inhomogeneities but poor estimates 
of their actual conductivities. 

The entire inversion algorithm requires less than 15,000 
words of computer memory, thus making it tractable for 
small computers. We envision two major applications. The 
first is for in-field data interpretation to site drilling loca
tions or to guide further exploration. The second is for ob
taining a good initial guess for more sophisticated and 
costly multidimensional inversion schemes. 

INTRODUCTION 

Solutions of the dc conduction equation using alpha (ex) centers 
were completely derived by Stefanescu and Stefanescu (1974). In 
that paper references to the ex center method are given which date 
back to 1950. More recently, ex media (the term "alpha media" 
refers to the conductivity distribution defined by ex centers) have 
been used to calculate magnetometric resistivity responses (Ed
wards et aI, 1978). The method uses nonlinear substitutions for 
media conductivity and electric potential, followed by a straight
forward application of image theory. This results in an economical 
solution which is exact for ex media. 

Due to the speed and ease of parameterization of this forward 
algorithm, it seemed only natural to implement it in an inverse 
routine. The ridge regression inversion algorithm was chosen be
cause experience with the method has proven it to be stable and 
simple to implement in a wide variety of inverse applications 

(Inman, 1975; Rijo et aI, 1977; Petrick et aI, 1977; Pelton et aI, 
1978). 

We do not maintain that this modeling scheme is ideal, but it 
seems to be successful in locating the positions of conductive in
homogeneities in the presence of substantial geologic noise. It is 
also flexible enough to handle multibody problems and problems 
of mixed dimension. Run times for the examples presented here 
range from 18 sec to 5.5 minutes on the University of Utah Univac 
1108. 

THE ALPHA CENTER FORWARD SOLUTION 

This development follows Stefanescu and Stefanescu (1974). 
We start with the general dc conduction equation in inhomogeneous 
isotropic media 

(1) 

where (J = media conductivity, and <I> = electric potential. 
Through use of the transformations <I> = l\I / ex a.d (J = ex 2 , equa
tion (1) becomes 

Upon separating variables in equation (2), we obtain 

V2 l\1 V2 ex 
--;- = --;- = f (m), (3) 

where m is any point in a whole space. At this point f (m) is 
arbitrary and can be chosen so that closed form solutions to equa
tion (3) are obtained. In choosing f (m), we determine the func
tional form of ex which in turn fixes the form of the conductivity 
distribution since (J = ex 2 

• 

One possible choice for f (m) is f (m) = k2 where k is a real posi
tive constant. This choice of f (m) was the subject of Stefanescu 
and Stefanescu (1974). It leads to a formulation having ex media 
described by 

where Rim is the distance from point m to the position of the i th ex 
center. We first tested an inversion routine utilizing ex media of 
this type. In all test cases on data generated with prismatic bodies, 
k was forced to zero resulting in ex being a sum of C;/ Rim terms. 

Another choice for f (m) which results in equation (3) having a 
closed form solution is f (m) = O. This results in 

V2 l\1 = 0, V2 ex = O. (4) 
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FIG. I. Relationships between components summarized by equa
tions (7) for two 0: centers (0:1 and 0:2) in a whole-space. 

Choosing solutions to V20: = 0 of the form 

o:(m) = B + 2:: Ci/R im (5) 

allows us easily to specify a background conductivity (B2). Because 
of this ease and the fact that the inversion routine set k to 0, we 
chose the f (m) = 0 solution over the f (m) = k2 solution for the 
final forward problem. 

The solution to V2 1/1 = 0 which decays with increasing R is 

(6) 

1/10 may be determined by noting that near a current electrode in a 
whole space the primary electric potential <1>0 must behave as 
I/47rromao. Substituting this in 1/1 = <1>0:, we have 

1/10 = 1/ 47rrom 0:0, 

where 0:0 is the value of 0: at the current electrode and rOm is the 
distance from point m to the current electrode. 

At this point we have the following relationships: 

<I> = 1/1/0:, 
a = 0: 2

, 

o:(m) = B + 2:: Ci/R im , 

I/I(m) = I/47rromO:o + 2::Di/R im , 
i 

(7) 

wh.ere B, C i are chosen positive constants, 0:0 = value of 0: at the 
current electrode, rOm = distance from current electrode to the 
point m at which the potential is measured, Rim = distance from 
ith alpha center to the point at which the potential is measured, 
and Di = constants to be determined. 

The earth conductivity is determined by choosing B, C i, and the 
positions of the 0: centers. Once we determine 1/1, we may obtain 
the electric potential. 

The continuity equation 

- ap 
V' J + - = 0, at 

reduces to V . j = 0 in the dc case. To determine 1/1, we enforce 

J V . jdv = 0 

at each 0: center. This leads to a set of linear equations to be solved 
for the coefficients D i . From the constitutive relation J = aE 
(assuming isotropic media), E = - V <1>, and the relationship given 
by equation (7), the expression for current density, is 

Ip 

T 
+z 

FIG. 2. Relationships between components of ci center solution now 
taking into account current input at point p, current extraction at 
point q, and image 0: distribution resulting in a half-space solution. 
Image components are denoted by asterisks. 

j = I/IVo: - 0: V 1/1. (8) 

Figure I shows the relationships between the components 
summarized in equations (7) for two alpha centers. 

Substituting equation (7) into equation (8) and evaluating the 
expression at point m, we have 

- (B + 2:: Ci/R im) [(-I/47r0:0)(Vrom/r6m) , 

2:: Di V ~im J. 
i Rim 

(9) 

After constructing a sphere of radius Rjm about the jth 0: center, 
we have 

J. V· jdv = i j. Ddsj = L (j. V R>R]m dO = 0, 
Vj Sj OJ 

where n is the solid angle. Now taking 

lim [jradial. mR);n] = 0 
Rjm ---'? 0 

we obtain, noting that as Rim ---'? 0 then Rjm ---'? Rjj , 

- [I/47ro:orOj + 2:: Di R
I

, + Dj/Rjj] Cj 
, 1) 

ih 

+ [B + 2:: Ci/Rij + Cj/Rjj] Dj = O. 
i 

ih 

Solving for D, we obtain 

Dj [B + 2:: C,/Rij] - Cj 2:: Di/Rij = CjI/47ruorOj. (10) 
, i 

ifj ifj 

Equation (10) is valid for a point current source in a whole 
space, To account for a conductivity distribution in a haTf-space 
(z > 0) and two current electrodes, consider image 0: centers as 
shown in Figure 2. The image components are indicated by 
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FIG. 3. Comparison of 2-D finite-element solution and u center 
solution for dipole-dipole array. Electrode spacing is a. The 2-D 
inhomogeneity is approximated by a string of 36 u centers placed 
normal to the plane of the section spaced a distance a / 3 apart at a 
depth of 1.5 a below electrode seven. 

asterisks. Carrying out the same analysis as that leading from equa
tion (9) to equation (10) except now considering current input at 
point p, extraction at point q, and the image centers, we have 

= Cj~ [_1 ___ 1_]. (11) 
21T uprpj uqrqj 

The system of equations defined by equation (11) can now be 
solved for D. Two important characteristics of this system are (1) 
the coefficients defining the matrix are source independent, there
fore the matrix only need be inverted once for a particular alpha 
center distribution, and (2) the matrix is guaranteed to be non
singular for positive coefficients Band C i. 

The tunction I\J at point m on the plane z = 0 dut: tu current 
injection and extraction on the same plane at points p and q is 

I/J(m)pq = {I/2lT)[1/upi pm - l/O'qrqmJ + 2 L DdR;~. 
(12) 

The expression for (X at point m, where m may now be anywhere 
in the half-space z > 0 (z positive in the earth) is 

u(m) = B + L C
i 
(_1_ + _1_). (13) 

i Rim Rt;n 

The associated electric potential at point m on z = 0 is then 

(14) 

From equation (14), the apparent resistivity for any electrode 
array on the plane z = 0 can be calculated. Figure 3 shows a com
parison of the apparent resistivities calculated using the u center 
forward solution and a 2-D finite-element program (Rijo, 1977) 
for the dipole-dipole array. The agreement is everywhere better 
than 10 percent. Alpha centers were placed every dipole length/3 
normal to the plane of the profile in order to represent a 2-D body . 
The center of the string of 36 u centers is 1.5 dipole lengths 
below electrode 7 and has coefficients B = .001, C = 2. This 
particular u center body appears 2-D when its strike extent is 11 
to 12 dipole lengths. Although 2-D u media responses were pre
sented by Stefanescu and Radulescu (1965), we do not employ 
that solution due to the programming difficulty that would be en
countered when we invert to three dimensional (3-D) bodies in 
the presence of 2-D bodies. 

Figure 4 is an example of the type of conductivity distribution 
that can be expected with (X center modeling. This conductivity 
distribution is due to two centers located at rl = 500 m and 
r2 = 600 m. The three different curves indicate how the con
ductivity changes by varying the coefficients of the centers with 
the background conductivity given by B2 on Figure 4. The con
ductivity has the form a = B2 + 2BC / R + C2 / R2 showing a 
rapid 1/ R2 fall-off near the u center at R = 0 with a slower 
1/ R behavior at greater distance. The smaller the C coefficient, 
the more rapid the conductivity decrease. Note that with this form 
for u, it is not possible to consider compact resistive bodies. At 
R = 0 the conductivity becomes infinite so each u center may 
be thought of as a current sink. By enforcing 

f V . jdv = 0 

at each (X center and solving for the associated Dj coefficients, we 
are determining the strength of artificial current sources which 
must be applied at each u center. This forces a divergenceless 
current density everywhere except at true sources. 

For an analysis which compares the whole-space uniform 
electric field response of an u center to that of an infinitely con
ductive sphere, see the Appendix. Suffice it to say that an u center 
response is not dipolar. We assert that this lack of a dipolar re
sponse is the factor limiting the accuracy with which u center 
inversion is capable of fitting theoretical data from prismatic 
bodies. 

THE INVERSION ALGORITHM 

We have found in practice that by locking together several 
centers, we can represent responses due to conductive layers, 
dikes, podiform masses, cylinders or any combination of these 
fairly successfully. Alpha centers are locked together by fixing 
intercenter distances while allowing the group to move as a whole. 
Not only is the forward solution exceptionally fast, but parameter
ization in u center inversion is conveniently accomplished. The 
inversion results are not discrete blocks or sharp contacts; but a 
continuous resistivity distribution which, in some cases, may 
more nearly reflect the true geologic situation. The method is, 
however, not without its shortcomings, and we have attt:mplt:d to 
illustrate these as well as its advantages in several examples to be 
presented later. 

The actual inversion technique employed is weighit:d nonlinear 
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FIG. 4. Conductivity distribution due to two a centers. The three different curves show how the conductivity changes as the coefficients Ci of 
the ex centers are changed. a cs is the level at which the conductivity is 20 times the background conductivity defined by B2. r is the distance 
in meters. 

least-squares with ridge regression. Its application to electrical 
methods has been described in many papers (Inman, 1975; Rijo 
et ai, 1977; Petrick et aI, 1977; Pelton et aI, 1978), so, to be con
cise, we refer the reader to these. 

After having found a model which best fits the observed data, 
it is useful to have some idea concerning how well each of our 
model parameters is determined. We may obtain some feeling for 
this by examining the parameter covariance matrix, which for 
weighted least-squares is given by 

cov(p) = X~(ATWTWA)-l, (15) 

where P is an inversion parameter (in this case, B, C i , and Rim), 
X~ is the reduced chi-square value defined as the weighted least
square error divided by v (the problem degrees of freedom), A is 
a matrix of derivatives, and W is a data weight matrix. 

Taking the square root of the diagonal elements of cov (p) 
gives us an estimate of the parameter standard deviation, while 
normalizing equation (15) as follows 

COV(Pi) 
cor(Pij) = li2 

[COV(Pii) . cov(p»)] 
(16) 

results in parameter correlation coefficients. If the correlation 
coefficient is near + 1.0, only the product of two parameters is 
determined. If it is near -1.0, only the quotient is determined. 

To construct the A matrix, it is necessary to take derivatives of 
apparent resistivity with respect to parameters of the conductivity 
distribution, essentially a in this case. Repeating equation (13) 

a(m) = Va(m) = B + 2: C i [_1_ + ~ J, 
i Rim Rim 

we see that the conductivity distribution depends upon B, C i, and 
the x-, y-, z- coordinates of the a centers. Since B, Ci , and Zi can 
never be negative, we can most simply ensure this by inverting 
with respect to log B, log C i, and log Z i. Derivatives with respect 
to x i and y i are taken with respect to the normal Euclidean space 
parameters. When several a centers are locked together, the 
derivative is taken with respect to the component of a in which 
movement of the entire group is desired. The derivatives are ap
proximated using the first forward difference. 

We fit log apparent resistivity data, so the reduced chi-square 
data variance estimate refers to a percent data error. Similarly, the 
parameter standard deviation estimates are in terms of percent 
standard deviation for B, C i, and Z i while the estimates are in units 
of meters for the X-, y- coordinates. By percent standard deviation 
we refer to a measure that is normally distributed about the param
eter estimate in log space. For example, if we determine the 
parameter B to within ±60 percent, the upper value in Euclidean 
space is given by B x 1.6 while the lower value is B /1.6. 

Orginally a program was used which calculated the percent stan
dard deviations of the inverted earth model resistivities from the 
a center statistics. Experience has shown that the direct a center 
statistics provide more useful information concerning possible 
reparameterizations, The reason for this is that the direct ex param
eter statistics provide an analysis of exactly which aspects of the 
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FIG. 5. Test case 1: modeI9-3D. Parameterization 3 inversion re
sults using a centers to fit data from a prismatic model. The 
prismatic body which is bisected by the profile is two dipole 
lengths in strike and depth extent, has a thickness of one dipole 
length, and is .5 dipole lengths to the top. The prism has a resistiv
ity of 3il-m and is set in a 100 il-m background. 

ITERATIONS 

FIG. 6. Convergence for model 9-3D, parameterization three. 
Reduced chi-square value versus number of iterations. 

Table 1. Different parameterizations used to invert prismatic model9-3D data. 0" = a 2 = (B + .tCi IRi)2. Note that data fit is virtually the same for 
all parameterizations. x denotes an inversion parameter. 

Pos iti on Depth To Depth To 
Along Top Lower 

Parameterization B Ci = C Profile a Center a Center Dip Data Fit 

1 x x x 20% 

2 x x x x 21% 

3 x x x x x 21% 

4 x x x x x x 21% 
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Table 2. Alpha center parameters, parameter statistics, and correlation coefficients for model 9·3D, parameterization three. 

Inverted ParaMeter 
Parameters r40de 1 Statistics 

B .071 Fm ±25% 

Ci=C 1.6 ~ ±104% 

x.=x 
1 

748m ±.14m 

ZLo\~er 334m ±225% 

zUpper 91m ±63~~ 

model are poorly determined, while resistivity confidence limits 
represent a combination of all direct cr parameter statistics. The 
one standard deviation error bars on the following plots refer to 
the direct cr parameters B, e;, Xi, Yi, and Zi' 

INVERSE TEST CASES 

During the normal course of program development we, of 
course, assured ourselves that the algorithm was capable of invert
ing to the correct cr conductivity distributions for data generated 
by cr media. A more important practical question concerns the 
ability of the cr inversion to determine the location and conduc
tivities of more general conductive inhomogeneities. To test this 
ability, we used theoretical data from 3-D conductive prisms. Two 
data sets were obtained from finite-difference calculations (Dey 
and Morrison, 1979). The models chosen were a 3-D conductive 
prism in a half-space (model 9-3D) and Dey and Morrison's 
Basin and Range geothermal model. A third data set was ob
tained from G. Hohmann (personal communication) and repre
sents an integral-equation solution of two finite-length vertical 
dikes in a half-space. 

Test case 1: Model 9-3D 

The theoretical data shown in Figure 5 are from a profile bisect
ing the prism perpendicular to its strike. The strike extent is two 
units. 

These data were inverted several times with the different param
eterizations shown in Table 1. Since theoretical data were avail
able for only one profile, we constrained the lateral positions of 
four cr centers at ±.5 units with respect to the profile. The rather 
poor initial guesses for the positions of these centers are indicated 
by the open circles in the model shown in Figure 5. The cr centers 
are actually constrained to lie at ±. 5 units off the profile to mimic 
the strike extent of the prism. 

Table 1 shows that all parameterizations were capable of fitting 
the theoretical data to within about 20 percent. This is probably 
about as good a fit to data from prismatic models as we can expect 
from an cr center approximation. Note that the parameterization 
for inverse four in Table 1 includes dip as an inversion paran1etef. 
In this modeling approach, dip is approximated by allowing the 
lower two cr centers to move along the profile independently from 
the top two centers. We found that the positions along the profile, 
as well as the depth of these deeper 0' centers, were very poorly 
determined parameters supporting the observation that dip is not 
well determined by dipole-dipole surveys (Pelton et aI, 1978). 

Correlation 
Coefficients 

1.0 

-.99 1.0 

.04 -.02 1.0 

-.96 .99 -.01 1.0 

-.95 .95 .04 .93 LO 

The inversion results for parameterization 3 are shown in Fig
ure 5. The final positions of the a centers are shown by the solid 
circles. The one standard deviation error bars indicate that the 
depths to the top a centers and their positions along the profile are 
fairly well determined (±63 percent and ± .13 units, respectively) 
while the depth extent, as implied by the position of the lower 0' 

centers, is very poorly determined. Table 2 shows the parameter 
statistics and correlation coefficients. High correlations between 
cr center coefficients e and background value B were virtually 
always obtained. The reason for this is easily explained by Figure 
4, noting that the I; R component of conductivity fall-off (i.e., 
IT = B2 + 2Be; R + e 2; R2) is controlled by the product of B 
and e. The correlation is reduced by data containing more samples 
distant from the inhomogeneity. The remainder of the large corre
lation coefficients are all in some way associated with the very 
poorly determined depth to the lower a centers. 

These inversion results point out two serious defects in this 
modeling scheme. The first is that, although the location of the 
top 0' center is fairly well determined, we are given no clear cut 
indication of the actual depth to the top of the conductor . We may, 
however, be fairly confident that the a center position determined 
by inversion represents a maximum depth. The second defect is 
that we have no way of deducing the actual conductivity of the 
causative body from the a centers. This has been observed by 
practitioners of 2-D inversion using prismatic models who find 
that, without narrow constraints on prism boundaries, the con
ductivity distribution is very poorly determined from surface data 
(Oristaglio and Worthington, 1980). 

Ten iterations for parameterization three required 18 sec on 
the University of Utah Univac 1108 and cost $.07. Figure 6 shows 
the convergence. 

Test case 2: Dey and Morrison Basin and Range geothermal 
model 

This model is shown in Figure 7. Data from line 1 and line 4 
were inverted simultaneously. The initial guess is indicated in 
Figure 7 by the open circles. The small circles near the surface 
represent a distributiun uf 0' centers sufficient to account for the 
near-surface conductive layer and the more conductive material 
to the left of the vertical contact. The positions of these were kept 
constant, but their coefficients were included as inversion param
eters. Four 0' centers were used to approximate the deeper con
ductive prism, Their intercenter geometry was specified but the 
position of the array was included as another inversion parameter. 



1154 Petr:~k et al 

I NITIAL GUESS FOR 
RESERVOIR POSITION 

PLAN VIEW 

line I --

*-' ~....... indicates dipole - dipole 

survey lines and elec

trode position 

INITIAL GUESS FOR 
o1RESERVIOR POSITION 

J 300'o'm 

SECTIONAL VIEW BELOW LINE I 

This is tantamount to assuming that one knew approximately the 
size of the reservoir but not its location. 

The theoretical data from lines 1 and 4 are shown in Figure 8. 
Initially the data from line 1 were inverted along with the off
profile position of the reservoir specified. All attempts to locate 
the reservoir failed; instead, the reaction was simply to remove 
the 3-D inhomogeneity. This is not particularly surprising when, 
as Dey and Morrison point out, the difference between data along 
line 1 with the prism and data along line 1 without the prism is 
slight. The inclusion of the line 4 profile greatly improved the 
situation. Since we were simultaneously inverting data from 
orthogonal traverses, there was no further need to specify the 
lateral position of the prism with respect to line I. The simul
taneous inversion placed all four prism ex centers within the loca
tion of the hypothetical reservoir. 

The resultant position of the centers and their one standard 
deviation error bars are shown in plan and profile in Figures 7 and 
8 by the solid circles. Figure 8 shows the resultant best fit pseudo
sections. These represent a data fit of approximately 30 percent. 

The parameter statistics (Table 3) indicate that this combina
tion of parameters and data sets results in a well-determined 
model with no highly correlated parameters. 

Five iterations for this group of parameters, simultaneously 
inverting to both data sets, took 5 minutes and cost $4.20. 

Test case 3: Parallel dikes 
FIG. 7. Plan and profile view of Dey and Morrison Basin and Range 
geothermal model. Small open circles indicate position of surface 
ex center distribution sufficient to account for more conductive 
material to left of contact. Large open circles show initial guess 
ex center representation of reservoir. Solid circles indicate inverted 
position of reservoir with one standard deviation error bars on 
position. 

This model is shown in Figure 9. The profile is perpendicular 
to, and bisects, the dikes, each of which is eight dipole lengths in 
strike extent. 

The difficult aspect of inverting these data is that there is a 
rather attractive local chi-square minimum corresponding to a 
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FIG. 8. Test case 2: results of simultaneous inversion of data from orthogonal profiles (line 1 and line 4) of Dey and Morrison Basin and 
Range geothermal modcl. The final positions of the four a centers used to mimic the reservoir are shown as the solid circles projected on the 
appropriate plane. The one standard deviation error bars are also shown. For convenience a dipole length of 100 m was chosen. 
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Table 3. Alpha center parameters, parameter statistics, and correlation coefficients for Dey and Morrison Basin and Range geothermal model. 

Inverted Parameter 
Parameters 110del Stati stics 

B .024..,JSTm ±28% 

COverburden .19~ ±20% 

CReservoir 1.25VSm ±24;~ 

XCenter Res. 617m ±48m 

YCenter Res. 699m ±35m 

ZTop. Res. 184m ±21% 

single large, deep conductor located at the center of the profile. 
The a center difference in data fit between the local and the "true" 
minima is only three percent. The situation is aggravated by the 
low-contrast (P2/ PI = .2) bodies involved, but the major diffi
culty is due to the inability of the a response to duplicate the high 
apparent resistivities between electrodes 7 and 9 at n = 1. 

Three parameterizations were attempted. The first two involved 
starting with a centers locked together to form two separate verti
cal dikes with inversion variables being the background conduc
tivity (B), coefficient for the left dike (Cleft), coefficient for the 

Theorelical dipole- dipole pseudosection 
o 2 3 4 5 6 7 8 9 10 II 12 13 14 
I I I I I I I I I I I I I I 

101 104/~2 66 ~ 0/ 66 ~2 \104 101 
103 107/ 83 56 61 70 57 59 83 107 103 

108/ 78 66/~ 43 43 77 66 78 108 

108/75 70/88 61 44 58~~ 75 108 /N n _ u w ~ u _ n N 
78 96 ~70- 81_70 66 96 78 

Prism model wilh besl IiI alpha center model 

o 2 3 4 5 8 9 10 II 12 13 14 
I I I I I I I I I I I I 

o 
I 

INITIAL ~ GUEss1 
IOOnm 

20nm 

Best IiI alpha cenler pseudoseclion 
3 4 5 6 7 8 9 10 II 12 13 14 
I I I I I I I I I I I I 

FIG. 9. Test case 3: two parallel dikes. Inversion results using a 
c~nters to fit data from prismatic model of two parallel, finite
length vertical dikes. The dikes are bisected by the profile. Solid 
circles show projection of final a center positions with associated 
one standard deviation error bars. /', dipole length of 100 m was 
used for the calculations. 

Correlation 
Coefficients 

1.0 

-.69 1.0 

-.14 -.58 1.0 

-.61 .69 -.30 1.0 

.0 -.01 .01 .0 1.0 

-.44 .11 .55 .15 -.01 1.0 

right dike (Cright), position of the left dike along the profile 
(Xleft), and the position of the right dike along the profile (x right). 

The strike position of the dikes was held constant since we have 
only one profile. The difference between these two parameteriza
tions was that one included as variables the depth (Zleft and Zright) 

of each dike while for the other the depth was specified and held 
constant. 

In the cases where the depth was a variable, the inversion pro
cess converged to the local minimum. Only when the depth 
was specified were the correct positions along the profile deter
mined. This is certainly a serious constraint since in practice one 
would rarely have a better idea of the depth to the top of a body 
than of its position along the profile. Perhaps a better initial guess 
would remedy the problem, but it is probably safe to say that the 
false minimum is a broad one capable of engulfing all but the best 
of initial guesses. 

The third parameterization represents a more practical appli
cation of inversion in which the position along the profile of one 
body is known. The addition of this information deprives the solu
tion of the single central body local minimum, resulting in a very 
stable inverse. Included as inversion parameters were the back
ground (B), the position along the profile (Xleft) and depth 
(Zleft) of the left dike, the coefficients of both dikes (Cleft and 
Cright), and the depth of the right dike (Zright). 

The initial guess a center positions are shown in Figure 9 as the 
open circles while the inverted a center positions are the solid 
circles. Figure 9 also shows the resultant best fit pseudo-section. 
This represents a data fit of approximately 19 percent. Parameter 
statistics are listed in Table 4. 

Thirteen iterations required 5.5 minutes and cost $7040. 

FIELD EXAMPLES 

To test the ability of a center inversion to locate conductive 
bodies in the presence of geologic noise, we chose data from three 
massive sulfide environments and a geothermal area. The only 
available data for each of these test cases are from a single pro
file; therefore, the off-profile geometry of the conductor was held 
fixed. In the massive sulfide test cases, the off-profile geometry 
was known from drill hole information. 

Field example 1: Que River, N. W. Tasmania 

The field data from line 7350N and simplified geologic cross
section are shown in Figure 10 (Webster and Skey, 1977). Figure 
II is a plan view of the massive sulfide are outline. 
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Table 4. Alpha center parameters, parameter statistics, and correlation coefficients for test case 3, two parallel vertical dikes. 

Inverted Parameter 
Parameters Model Statistics 

B .06Fm ±17% 

CLeft .34Fm ±35% 

xLeft 637m ±59m 

zLeft 120m ±109% 

CRight .37~ ±42% 

ZRight 125m ±85% 

An effective approach to invert real field data is initially to fix 
the depth to the top of the conductive zones and invert to back
ground and conductor coefficients and positions along the profile. 
Once a minimum is obtained for this parameterization, the depth 
to the conductive zone is added as a new inversion variable. This 
approach was used on the Que River data allowing both P and S 

25 
I 

Field data - Que River Line 7350 N 

5100E 5200E 5300E 

f 7 I ~ : 7 I ~ ~ 7 I ~ : 7 
200 roo 5020 20 ~o 

259 340 208 295 246/ 140~78 3 27 87 306 466 277 

355 406 286 158 08/113 106 4 17 35 103 272 285 174 
538 204 124 186 126~ 4 28 22 30 77 171 178 

221 134 142 68 8}:?' 3 30 41 20 32 50 123 207 

157 162 56 51/,3 JO 43/si~9-20, 35 151 

200 173 63 20 /22 28 /73 79 ,21 ~'- 43 50 

100 50 20 50 50 20 20 

Simplified conductivity section and best 

fit alpha center model 

5100E 5200E 5300E 
25 50 75 25 50 75 25 50 75 25 50 75 

IOO.Qm 

P conductor 

5.Qm 

300.Qm 

S conductor 
.5.Qm 

Best fit alpha center pseudosection 

5100 E 5200 E 5300 E 
m w n m w n ~ w M ~ W n 
I I I I I I 1100 I I I I I I 1001 I 

200 ( 50 20 20 50 ~ 
383 290 ,21~ 144 91 53 26!. 14 _, 15 \:1 \64 110 170 

426 326 23i:':~66 107 63 31 (~ 38,\ 77 130 197 

363 269 189 124/ 73 36 22 27 28 24 44 90 150 

299 212' 140/83 41 27 36 40 37 30 151 '103 

23Yl56 193 46 33 ~5~6\57'1!6 
/ 172 104 / ,/58 72 76 70 57 '\41 \ 64 \ 

200 rio 50 50 ;0 50 100 

FIG. 10. Field example I: Que River line 7350N. Inversion results 
showing field data, best fit pseudo-section, and 0: center model. 
Error bars represent one standard deviation. Note that although 
the S conductor has been orecisely located, the inversion scheme 
failed to locate the deeper< P conductor. 

1.0 

-.41 

.38 

-.21 

-.72 

-.41 

Correlation 
Coefficients 

1.0 

.37 1.0 

.78 .22 1.0 

-.28 -.67 -.21 1.0 

-.17 -.25 -.07 .73 1.0 

conductor parameters to vary independently. The result was a 
correct placement of the large, shallow S conductor beneath 
5274E with the P conductor located at approximately 5250E. S 
and P conductor parameters were highly correlated, so we de
cided to fix the position of the S conductor and search only for the 
position (xp, zp) of the P conductor and coefficients Cs and Cpo 
This parameterization (regardless of any reasonable initial guess) 
resulted consistently in a conductor being placed deep below the 
electrode at 5250E. One might conclude that within the data fit 
error (approximately 120 percent), there is no dc resistivity in
formation about a P conductor beneath 5150E. 

At this point we should define the components of "data fit 
error" with reference to real field data. The first component is 
measurement error which, for modern equipment in conductive 
terrains, is perhaps of order 5 percent. The second component is 
geologic noise-the response of small (or possibly large) scale 
inhomogeneities not directly associated with the sought after 
ore body. The third component is actually very difficult to separate 
from geologic noise, and that results in the possibility, or in
evitability, of the wrong forward problem being done. Doing the 
wrong forward problem may be further subdivided into (1) the 
ability of a model conductivity distribution to fit what is actually 
in the subsurface, and (2) the adequacy of, or our interest in, 
modeling the geologic noise reflected in the field data. 

We have found that using an 0: center model to fit theoretical 
data from conductive prisms usually results in a data fit error in 
the neighborhood of 20 to 30 percent. 

To summarize, unless we really know the exact subsurface 
conductivity distribution, it is impossible to separate the geologic 
noise component of data fit error from the component due to doing 
the wrong forward problem. 

The model statistics and correlation coefficients for the last 
parameterization are shown in Table 5. Ten iterations required 
1.5 minutes and cost $1.90. 

Field example 2: Woodlawn, New South Wales, Australia 

Field data from this massive sulfide prospect are shown in 
Figure 12 (Tyne et aI, 1978). As shown in the plan view (Figure 
13), the profile crossed the northern edge of the near vertical ore 
body at an angle of approximately 30 degrees. 

Initial parameterization took into account only variation in 
parameters B, and C, and position along the profile. From an 
initial guess shown by open circles in Figures 12 and 13, the posi
tion of the 0: described body was moved horizontally along the 



Resistivity Inversion Using Alpha Centers 1157 

Table 5. Alpha center parameters, parameter statistics, and correlation coefficients for field example 1, Que River, N. W. Tasmania. 

Inverted Parameter Correlation 
Parameters Model Statistics Coefficients 

.313 -JSril ±58% 1.0 

.23~ ± 2505~ -.98 1.0 

5248m ±94m -.91 +.91 1.0 

55m ±141% .53 -.37 -.45 1.0 

5x10-4 ~ poorly determined parameter - fixed from earlier inversion 

5274m ±8m - fixed 

fixed as shOlm in Figure 14 

profile to approximate the actual position of the conductive (ap
proximately 1 il-m) massive sulfide body. 

At this point we reparameterized to include also the depth of 
the ex centers, using as an initial guess the results from the first 
inversion. This resulted in an insignificant position adjustment 
along the profile and a slight increase in the depth to the top ex 
center from 15 to 18 m. The final positions of the centers with one 
standard deviation error bars are shown by the solid circles in 
Figures 12 and 13. These results would certainly be accurate 
enough to locate a drillhole correctly along the profile. 

Table 6 shows the parameter statistics and correlation coeffi
cients for the final parameterization. The data fit was approximately 
160 percent. Each inversion took from 40 to 50 sec for 10 iterations. 

7600 N 

7500N 

7400 N 

from earlier inversion 

Field example 3: Elura, New South Wales, Australia 

The area in the vicinity of the Elura prospect is fiat with extensive 
alluvial cover and little outcrop (Ogilvy, 1976). There is no surface 
expression of mineralization. The .rriassive sulfide ore body is a 
near-vertical pipe (McCracken, personal communication) below 
approximately 90 m of overburden in a host of steeply dipping 
sediments. 

The data and outline of the ore body are shown in Figure 14. 
The dipole length is 30.48 m. Due to the abundant geologic noise 
and depth of burial, the inversion scheme faiied to locate the con
ductor. The approach was to attempt to fit the near-surface re
sponse with a surface ex center distribution, then hold their positions 

VS CONDUCTOR 

;F- ~ --- line 735 -- -- - - - - '-- - --I--
P CONDUCTOR 

ON 

7300 N 

I 
I I 

5000E 5100E 5200E 5300E 5400E 

FIG. II. Plan view showing locations of P and S conductors with respect to line 7350N, Que River, N. W. Tasmania. 
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Table 6. Alpha center parameters, parameter statistics, and correlation coefficients for field example 2, Woodlawn, N. S. W., Australia. 

o 
I 

o 
I 

o 
I 

Inverted Parameter 
Parameters ~1odel Statistics 

B .02~ ±167% 

C .37.ySm ±33% 

x 253m ±12m 

z 13m ±162% 

Field dolo - Woodlawn 

I 2 3 4 5 6 7 8 9 10 II 12 13 14 
I I I I I I 10 I I I I I I I I 

geologic seclion ond besl Iii alpha cenler model Simplilied 

2 3 4 5 
I 

6 7 8 9 10 12 13 14 
I I I I I I 

8esl Iii alpha cenler pseudosec!ion 

2 3 4 5 6 7 8 9 10 II 12 
I I I I I I I I I I I 

100 50 20 to 20 50 

149 III 79 f6 23' 13 I\~ 14 \ 24 41 \ 66 
128 \92 58 29 (20 14 12 171. 28 48 77 

10/8 6i 35 26 ~019 16 \21 34 (56 88 

100 50 20 50 

13 
I 

14 
I 

FIG. 12. Field example 2: Woodlawn, N. S. W., Australia. In
version results showing field data, best-fit pseudo-section, and a 
center model. Initial guess a center positions are the open circles. 
Electrode six represents a local position along the profile of 243.8 
m with a dipole length of 30.48 m. 

9400 N 

I 13 14 SURVEY LINE 

9300N -+---~--~---r~~~h-----~~;---_I-+-----

9200N 

9100N 
100m 

I 
9700E 9800E 9900E 10000E 10100E 

FIG. 13. Plan view showing position of massive sulfides at base of 
gossan with respect to survey line and electrode positions. Initial 
guess a center positions are open circles, while solid circles repre
sent the inverted position of the a-defined conductive inhomo
geneity, Woodlawn, N. S. W., Australia. 

Correlation 
Coefficients 

1.0 

-.89 1.0 

.14 -.08 1.0 

-.53 .81 -.05 1.0 
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I 
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FIG. 14. Field example 3: Elura. Inversion results showing the 
inability of an a center model to determine the position of the deep 
vertical conductor in a conductive host. All a center parameters 
were undetermined. The dipole length is 100 m. 

constant and invert to the position of an a center defined vertical 
cylinder. The inverted section in Figure 14 represents the a ap
proximation to the near-surface noise. All attempts to locate the 
vertical conductor failed. The inversion routine simply removed 
the cylindrical conductor from the area of interest. 

The data fit is approximately 75 percent. 

Field example 4: Black Rock Desert, Utah 

The data shown in Figure 15 are from the north portion of a 
3 km multi frequency dipole-dipole survey extending north for 
33 km from the north end of the Mineral Range. The pseudo
section reflects the apparent resistivity data from the low-frequency 
asymptote. A deep drillhole 3 km west of the north end of the 
Mineral Range is the only local geologic control. The lithologic 
log reveals approximatcly I km of Pleistocene sediments overlying 
Paleozoic sediments. The basalt and rhyolite flows shown in Figure 
16 have been dated at 2.1 to 2.2 mybp. The Cambrian sediments 
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FIG. 15. Field example 4: Black Rock Desert, Utah. Two sets of inversion results illustrating the trade-off between data fit and parameter 
resolution when more CI. centers are used in the inverse solution. The plots to the left show the results when only three CI. centers are used to 
define the conductivity distribution, while those on the right show the results for five centers. If any deep conductors exist in this region, the 
CI. center inversion scheme failed to discriminate between their response and the near-surface conductive areas. The dipole length is 3 km. 

comprising the Cricket Range just to the west of the profile are 
also present in thrusts at the north end of the Mineral Range. 
Water was virtually always encountered in shallow drillholes 
which penetrated the basalt and rhyolite flows. 

Since only one profile was available, we used what meager 
geologic information we had in constraining the CI. centers. The 
inversion routine insisted on only shallow conductors, so the off
profile centers played a negligible role in the interpretation. At 
this point all CI. centers were constrained to lie immediately be
neath the profile. 

The two different inversion results illustrate the trade-off be
tween data fit and parameter resolution. When three CI. centers are 
used, the data fit error is 97 percent and the CI. center parameters 
are fairly well determined (Table 7a). When five CI. centers are 
used, the data fit improves to 73 percent at the expense of param
eter resolution (Table 7b). 

The first model with three CI. centers defines, generally, the 
near-surface conductive zone due to the sedimentary fill between 
the Cricket Range and the Mineral Range. The two additional CI. 

centers improve the fit by defining a conductive zone between the 
rhyolite and basalt flows (stations 24-27). The location of the 
deepest CI. center is very poorly determined, indicating that from 
this single profile not much can be said about the conductive zone. 

This example serves as an illustration of how the inversion 

) 

FIG. 16. Arca map showing the north end of the Black Rock Desert 
3-km dipole-dipole survey line near the Roosevelt Hot Springs 
KGRA, Utah. 
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Table 7. Alpha center parameters, parameter statistics on correlation coefficients for two different parameterizations of the Roosevelt Hot Springs 
KGRA. (a) Three Ot centers, (b) five Ot centers. Where depths are not shown, they were constrained to be 10 m. 

Inverted Parameter Correlation 
Parameters t'lodel Statistics Coefficients 

a 
B . o 74,Js;m ±71% 1.0 

CI 321.~ ±35% -.34 1.0 

x, 16.7km ± 1. 4km -.11 -.13 1.0 
! 

C~ 296.~ ±47% -.47 -.33 .60 1.0 

xL 24Akm ±.9km .17 -.29 .05 .15 1.0 

C3 112.~ ±87% -.24 -.13 -.57 -031 -.14 1.0 

x3 13.2km ±202~m -020 .07 -.05 .13 -002 003 1.0 
--------------------------------, 

b 
B .02~undet. 1.0 

CI 72.6-{sm undet. -.34 1.0 

xl 26.9km ±8.6km -.46 -.96 1.0 

C2 ;~41.~ ±130% -.64 .28 .34 
x2 16.0km ±2.8km .62 -.23 -.29 

C3 260 • .ySr;; ±I20% .57 -.29 -.34 

x3 18.7klil ±2.3km .64 -.28 -.34 

C4 212 • ..Jsm undet. .33 -Ion -.95 

x4 25.8km ±7km -.32 .98 .92 

24 1.34km undet. -.49 .91 .97 

C5 90.2{s-; ±160% -.59 .16 .24 

x5 12.7 km ± 1. 3km .44 -.18 -.23 

algorithm could provide information to guide further exploration or 
a reasonable initial guess for more sophisticated and probably 
much more costly multidimensional forward moqeling or inversion 
schemes. The cost of obtaining these results was $.07 for ten 
iterations. 

DISCUSSION AND CONCLUSIONS 

Using this very fast and simple forward solution, the dc response 
of complex 3-D bodies may be easily calculated. Inverting data 
from prismatic bodies shows that their response can usually be 
approximated to within 20 to 30 percent. Multiple bodies and 
problems of mixed dimension present no special complications, 
alihough greatest efficiency is achieved for compact bodies. The 
most severe limitation inherent in this ex center formulation is the 
inability to approximate resistive bodies. Another limitation is the 
difficulty in determining the actual conductivity of prismatic 
bodies. 

The field examples illustrate the capability of the inversion 

1.0 

-.75 1.0 

-.94 .36 1.0 

-.95 .87 .96 1.0 

-.28 .23 .29 .28 1.0 

.27 -.21 -.28 -.26 -.93 1.0 

.33 -.28 -.34 -.32 -.90 .89 1.0 

.44 -.86 -.61 -.62 -.17 .14 .23 1.0 

-.51 .65 .55 .57 .19 - .17 -.21 -.49 1.0 

algorithm to determine, in most cases, the positions of conductive 
bodies in the presence of abundant geologic noise. The program 
size, including both instruction and data storage, is currently less 
than 15,000 words and could easily be decreased to to,OOO words 
with judicious programming. These storage requirements bring the 
program within reach of small truck-mounted computer systems 
such as those currently being employed in data acquisition 
systems. This application would make in-field data interpretation 
possible. 

A practical approach to inverting actual field data was first to 
use any available geologic information to determine the gross con
ductor geometry (e. g., podiform mass, vertical dike, manto, etc.) 
and lock together several ex centers to approximate this shape. 
Again using as much geologic information as possible, fix the 
depth to the body at some plausible figure and invert to the position 
along the profiles. After obtaining a minimum for this parame
terization, include the depth to the conductor as a variable and 
invert again using the initial inversion results as a starting model. 
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APPENDIX 
COMPARISON OF ALPHA CENTER RESPONSE WITH AN 

INFINITELY CONDUCTIVE SPHERE RESPONSE 

Virtually all numerical and scale modeling schemes calculate 
responses due to bodies with piece-wise constant conductivity 
distributions. In an effort to bridge the gap between this type of 
conductivity structure and an ct center conductivity distribution, 
we present the following simple analysis. 

We start by writing the x-component electric field response 
Est of a sphere in a whole-space subject to a uniform x-directed 
electric field Eox (Grant and West, 1965). 

Esx(xp, yp, zp) = Eox [1 - Ka3;3 (1 - 3~:2)] (A-I) 

where 

a = radius of the sphere, 
K = reflection coefficient (U2 - UI)/(U2 + 2UI), 

(T2 = conductivity of the sphere, 
(Tl = conductivity of the whole-space, 

R = [dx2 + dy2 + dz2]1i2, R 2: a, 
dx = (xp - xC>, 
dy = (yP - yC>, 
dz = (zp - zc), 

and the subscripts p and c refer to the positions of the field point 
and the center of the sphere, respectively. 

The same field component E ax due to a single ct center in a 
whole-space is 

Eax(xp, yp' zp) = Eox {B + ~ [1 + ~:2]} B /[B + i r 
where 

R = [~X2 + dy2 + dZ2p/2, 
dx = (xp - xa), 
dy = (yP - Ya), 
dz = (zp - za), 

(A-2) 

Band C are the usual ct center parameters, while the subscripts p 
and ct refer to the position of the field point and the ct center, 
respectively. 

Figure A-I shows a plot of equations (A-~) and (A-2) where 
K = 1 (infinitely conductive sphere) in equation (A- I). Results 
for two different sphere sizes and dz values are shown. As is 
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Fro. A-I. Comparison between ct center and infinitely conductive 
sphere responses to a uniform x-directed electric field in a whole 
space. The results are for two different dz values. (1) ct 1 and cteq(l) 

at dz = 50 m, (2) ct2 and G eq(2) at dZ = 200 m. ct cg is obtained 
by substituting B = .1, C = 1.0, and dz equation (18). 
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FIG. A-2. Plot of charge density and resultant secondary electric 
field pattern for one a center in a whole space subject to a uniform 
x-directed electric field Eox. Plot is in plane (x, 0, z) through an 
a center located at origin. Contours indicate values of p/oEo and 
vectors are in terms of Esec/ Eo. 

obvious from the plots, the a center response is not dipolar. An a 
center response can never exhibit the characteristic "overshoot" 
of dipolar responses. 

We will now attempt to explain the reasons for this by calculat
ing the charge density associated with an a center in a uniform 
electric field 

210 0 
P = EO V<T • V<j>/<T = -2 Va' (VtjI - tjlVa/a). (A-3) 

a 

In terms of a center parameters the charge density at point p is 

BR + 2C Llx 
P (p) - 2E 10 BC -

- ox 0 (BR + C)3 R ' 
(A-4) 

where the variables in equation (A-4) are the same as those de
fined for equation (A-2). Figure A-2 shows a plot of the charge 
density and the secondary electric field pattern on the plane 

Lly = O. The response from this diffuse cloud of charge may be 
understood by integrating equation (A-4) over the volume defined 
by Llx > O. The total charge in the right half-space is given by 

fro 2 [BR + 2C] 
Q = 2EoxCB7rEO R [ ]3 dR. (A-5) 

o BR + C 

If we pick an arbitrary hemispherical surface at point R e , we can 
calculate the total charge in the regions R < R e and R > R e . 

From equation (A-5) we have 

[ 
(Re BR3 fro BR3 

Q = 2EoxCB7rEO L [ ]3 dR + [ ]3 dR 
o BR + C R e BR + C 

fRe 2CR2 fro 2CR 2 ] 
+ &+ &. 

o [BR + C]3 R [BR + C]3 
c 

(A-6) 

All but the second of the integrals in equation (A-6) converge. 
For large R the integrand approaches a constant, indicating that 
no matter how far away from the a center you take R e , the com
ponent of total charge due to the charge density remaining in the 
region beyond Re is infinite. This forces the secondary electric 
field never to change sign and so it can never exactly duplicate a 
true dipolar field. Note that the total charge in the whole-space is 
zero since the component of total charge in Llx < 0 is opposite in 
sign from that in Llx > O. Also, equation (A-6) is not divergent 
for any region; it simply states that a charge density will be 
supported at any point in a media where one is willing to expend 
the energy necessary to maintain a uniform electric field Eo. 

Thus far, we have shown that an a center response is not dipolar 
and, furthermore, why it is not dipolar. We can still obtain some 
useful information concerning the parameters of a conductive 
sphere by considering the response directly above the sphere and 
acenter,Le.,Llx = OandLly = Oinequations(A-I)and(A-2). 
Making these substitutions, then equating (A-I) and (A-2) and 
solving for Ka3, we obtain 

Ka3 = Ll z3 ( C ). 
BLlz + C 

Therefore, in the simple case of a single a center, the inversion 
routine will supply all parameters on the right side of the equation, 
and from them an estimate of the reflection coefficient x volume 
product may be obtained. 


